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The thermal capacity oPpure iron 

By J. H. Awbeby, B.A., B.Sc. and Ezbb Geiffiths, D.Sc., F.R.S. 

Physics Department, The National Physical Laboratory, Teddingion, 

Middlesex 

(Received 25 August 1939) 

Introditction 

Although the heat capacity of iron at different temperatures has been the 
subject of a number of investigations in the past, it is only recently that iron 
of purity greater than 99*9 % has been available. Furthermore, in most 
previous determinations the property actually measured has been the total 
heat over a relatively large temperature range. Specific heats deduced from 
such measurements are liable to ai)preciablo error, since if the total heat curve 
is smoothed, small fluctuations in the specific heat will be concealed, whereas 
if the actual observations are retained without smoothing, fluctuations which 
have no physical existence may appear in the result. Thus, suppose that 
the total heat is measured from 60 to 145 and from 60 to 165'' C, the former 
being in error by 1 part in 1000 in excess and the latter the same amount in 
defect, the error in the specific heat over the range 146-155® C will be almost 
2 %. Evidently a real variation of 1 or 2 % would be liable to pass unnoticed 
if any smoothing is undertaken, and conversely, fluctuations of this order 
may be introduced spuriously if the observations are used without smoothing. 
In general, calorimetiy from high temperatures cannot be carried out to an 
accuracy of 1 part in 1000 , and in any case, even this accuracy is insufficient 
at temperatures of the order of 1000 ® C. 

Iron of high purity having been prepared at the Laboratory, it was 
decided to determine the specific heat by an electrical method in which the 
thermal capacity is measured over ranges of 6 ® C or less. It is found in the 
present work that the specific heat rises fairly regularly from a value of 
0*113 cai./g. at 60® C to the “magnetic pointwhich occupies a range of 
more than 100 ® C, with a sharp peak at 765® C, where the specific heat is 
0*28 cal./g. The abrupt discontinuities which have boon reported by some 
authors (see for example, Naeser ( 1935 ) who gives details of the earlier work) 
at temperatures below 460® C were not found. There is, however, a broad 
band centred about 200 ® C in which the specific heat rises to a maximum of 
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2 J. H. Awbery and E. Griffith® 

about 2 % higher than it would do if the variation with temperature were 
linear. 

The cc~y transformation occupies a total temperature range of about 
10® Cj with the main absorption of heat at 903-908® C. The most striking 
point is that it is found to be double; at 903® C, the specific heat is infinite, 
since heat can be added without any temperature rise occurring, and after 
the specific heat has fallen to about 0-37 cal./g. at 907® C, it rises again to 
about 0*45, before falling to the value 0*13-0*14 for y iron. 



Fiqubb 1. Apparatus assembly. 
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Metood of measurement 

The specific heat was determined on a cylindrical specimen weighing 
about 1200 g, prepared in the Metallurgy Department of the Laboratory 
by Dr F. Adcock, The purity was higher than that of the 09*99 % iron of 
which an analysis is given in the N.P.L. pamphlet Physical constants of pure 
metals ( 1936 )** 




Fiouke 2. Furnace of utnall thermal inertia. 


The specimen was drilled out for the reception of a heater of nichrome wire 
wound on a steatite former, as shown in figure 1 , The resistance of the heater 
was approximately 80 D, and the lower part of the hole into which it was 
inserted was plugged with asbestos w^ooL The specimen was surrounded by 
a light metal jacket heated by radiation from a furnace of Kanthal strip 
built around it (figure 2 ). By means of two thermocouples, one attached to 
the surface of the specimen and the other to the jacket and connected to a 
galvanometer of special design, it was possible to have as scale reading the 
difference of temj^erature between the specimen and jacket. In practice, 
the current in the furnace was continuously adjusted by hand so that the 


♦ See also Adcock ( 1940 ). 
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jacket and specimen were always at the same temperature, and consequently 
there was no net loss of heat from the specimen throughout the experiment. 
The specific heat was thus obtained directly by measurement of the energy 
supplied by means of the internal heater and of the temperature rise of the 
specimen, as given by base-metal thermocouples plugged into the sur¬ 
face. 

It has been found in preliminary work that at high temperatures it was 
essential to insulate the thermocouples from each other in order to avoid 
errors due to parasitic currents, and a galvanometer was therefore used 
having two windings insulated from each other but so arranged as to have 
the same magnetic moment for the same current. The couples on the 
specimen and jacket were connected to the two coils of the galvanometer so 
as to be in opposition to each other. With such an arrangement, there is no 
natural zero when the two junctions of the thermocouple are at the same 
temperature, and further, the balance of the two coils is not quite perfect. 
The ‘‘zero” position was therefore determined at the commencement of a 
run and also half-way through by finding the condition under which there 
was no change of temperature of the specimen when no heat was being 
generated in the internal heater, although the specimen and the jacket were 
hotter than their surroundings. At the end of an experiment, after switching 
off the current in the internal heater, the galvanometer spot was maintained 
on this “zero” for some time, and the temperature drift of the specimen 
measured. Owing to the imperfect match of the coils of the galvanometer, 
and to unavoidable slight differences in the e.m.f. of different thermo¬ 
couples, this drift was not usually negligible. A correction was applied to all 
the results on the basis that the drift had grown uniformly throughout the 
experiment, and that at any time when the drift was a fall of n degrees per 
second, if the observed rise was N"" in t sec., the corrected rise was {N -f nt) 
degrees in the same time. 

In order to reduce heat loss and avoid thermal lag in the response of the 
enclosure to the adjustment of furnace current, radiation shields of stainless 
steel were used outside the furnace, but without any other insulation. The 
whole apparatus was enclosed in a large steel bell-jar, which was cooled by 
water flowing in a pipe spot-welded to it as shown in figure 1. The bell-jar 
stood on a massive steel base plate, and the whole apparatus was evacuated 
to a pressure of about 0-1 mm., the joint between the bell-jar and base plate 
being made with a rubber ring and sealed with de Khotinsky cement. The 
thermocouple wires were brought out through a tube through the base 
plate, sealed with wax. The electrical connexions to the furnace and to the 
internal heating coil were made through six sparking plugs with heavy 
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copper electrodes, screwed into the base plate. The specimen was supported 
on rods of high-speed steel, capped with steatite to prevent heat loss. 

When the current in the internal heater is first switched on, the tem}>era- 
ture of the specimen does not appear to rise instantaneously, since a tem¬ 
perature gradient has to be established in the specimen. Similarly, after 
switching off* the current, there is a further rise before the temperature 
becomes steady. The net heat input of course corresponds to the total 
temperature rise, and it would be possible to explore the curve of specific 
heat against temperature by a series of such isolated experiments, each 
covering a range of say 5^ C, though it would be difficult in the neighbourhood 
of a transformation point. It is preferable, however, to put the internal 
heater in action continuously, and to observe the time taken for the specimen 
to rise through determined temperature ranges. By this procedure, the 
temperature gradient in the specimen causes no error in the temperature 
rise, unless the gradient itself is changing, though the temperature measured 
at the surface is slightly below the mean temperature of the volume of the 
specimen. A simple calculation shows that it is unlikely to be in error by as 
much as 3"^ C under the conditions prevailing throughout the greater part 
of the temperature range. The change in s|)ecific heat for a change of 3° C 
in mean temperature is negligible. Near the magnetic and a-y points, where 
the specific heat increases greatly, the specimen rises much more slowly in 
temperature, and the gradient of temperature between the inside and 
outside is greatly reduced, so that again there is no serious error introduced 
by it. In practice, the specimen was heated at two different rates (the heat 
input being 50 and 36 W in the two cases) and the time was observed for 
each successive rise of 200 or 400 //V (about 5 or 10^ C) in the thermocouple 
reading, by stopping one stop-watch and starting another as the galvano¬ 
meter spot crossed the zero line. The potentiometer was then set for the nex t 
temi)erature, and the second stop-watch stopped as the spot again reached 
the zero line, the first watch being started at the same time, to read the time 
for the next period. When the transformation temperatures were approached, 
the temperature intervals were reduced sometimes to as little as i.e. 
20 /tV. In this case, since three scale-divisions (occupying 5 mm.) corre¬ 
sponded to 1 /tV, an error of one-fifth division in the position of the spot 
when the watch was stop|)ed would introduce an error of |%. Such an 
error would correspond to rather more than half a second of time. 

Results 

A curve (figure 3) is given showing the specific heat as a function of tem¬ 
perature up to about 960° C, as a mean of all the experiments carried out, 
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but it is necessarily on too small a scale to show much detail. The results 
over different temperature ranges are therefore discussed individually below. 



(a) Temperatures up to 300® C 

It is in this range that various experimenters have claimed to detect large 
variations, and even discontinuities, in the specific heat curve. Our own 
experiments do not reveal these, though, as mentioned above, they do show 
an incieased absorption of heat in the range from about 120 to 280® C, 
reaching a maximum of about % at a temperature in the neighbourhood 
of 200° C. Most of the exj)eriment8 were carried out with chromebalumel 
thermocouples, which are the most suitable base-metal couples for tem¬ 
peratures up to 1000° (1 They have, however, the defect that there is a sharp 
change in slope in the calibration curve at about 150® C, and it was thought 
desirable to verify that the local increase in specific heat was not a spurious 
effect introduced by slight errors in the calibration curve. Over this part of 
the temperature range, therefore, two sets of observations were taken using 
nichrome-constantan thermocouples. These gave a specific heat which was 
slightly lower than that obtained with the chromel-alumel couples, though 
the general features of the curve were confirmed. It was also found that the 
results were the same whether the energy input was at the rate of 50 or 
35 W. Altogether, ten out of the various series of experiments covered aU 
or part of the range up to 300® C, and a figure showing all the observations 
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would be too confused. The mean curve is given in figure 4. It was noted 
that the first and last sets carried out with ohromel-alumel couples agreed, 
showing that there had been no change in the specific heat with time or with 



Fioukk 4. Specific heat of alpha iron (mean of 10 experiments). 



Fiockk 5. Specific Jieat of nlplia iron (nichrome-oonstantan thermocouples). 

the successive heatings and coolings of the specimen. In figure 5 are shown 
the data obtained as the mean of the two series of observations using 
nichrome-constantan thermoelements. 
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There are inherent limitations to the use of thermoelements for the 
measurement of small differences of temi)erature on account of low sen¬ 
sitivity and calibration difficulties. If absolute values of high accuracy were 
required over this range of temperature, a modification of the method would 
be made as the present apparatus was designed primarily for high tem¬ 
perature work. 

(6) Ftovi 300 io 900^ C (the commeTiceinent of the a-y transformaticm) 

The main feature in this region is the magnetic point, which was found to 
have its peak at 755‘^ C. Its effect, however, appears to spread over a very 
large temperature range on each side of this peak; so much so that the limits 
can hardly be defined, and the question as to the heat absorption associated 
with the magnetic point is not susceptible of a definite answer.* The specific 



Figcuk (i. Spc(5ifi(! heat of alpha iron (30C—900^0). 

heat curve in this region, the mean of five sets of experiments, is given in 
figure 0, on which the individual observations of one set only are given, in 
order to avoid confusion. It was noted that, in general, the later experi¬ 
ments gave slightly higher values than the earlier ones in the range 400- 
750° C, though this was probably fortuitous since the last experiment of all 
gave lower values than the one which preceded it. 

* [ATote added 6 December 1939.] Experiments on steels wliioh have since been 
carried out suggest that the contribution to the specific heat which is independent 
of the magnetic latent heat can be separated from the total by means of Grtineisen^s 
law, if the ex{>ansion coefficient of the same material is known. 
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(c) The a-y trayiaformation 

Immediately above 900° C, the specific heat commences to rise rapidly, 
so that under the circumstances of these experiments, in which the heat 
input is constant, the temperature rises less and less rapidly, until the rise 
ceases altogether. In practice, it was usually found that the temperature 
fell slightly below its maximum, and returned to it again in a time of the 
order to 60 sec. The peak of the transformation was taken to be this maxi- 
imxm but the value observed varied by about 1 ° C. It is manifestly impossible 
to average curves which tend to infinity at different temperatures, but the 
best-defined curve is given in figure 7. It shows, as mentioned earlier, that 
after the specific heat has begun to decrease, it rises again to a minor 



toniperat-uro C 0-) 

Ficukk 7. Alpha-gamma transformation in pure iron. 


maximum before finally falling. This effect is not a peculiarity of this par¬ 
ticular experiment, but was found also in all the others, exce})t in one case 
where no observations happened to fall between the main and the sub¬ 
sidiary peak; in order to show this in the same figure, the observations in the 
remaining experiments are also plotted, with a shift of the temperature 
scale so os to bring the j^eak to the same place in each set. 

The precise values of the specific heat at the different temperatures within 
this range of 20° C are probably subject to some error owing to the annihila¬ 
tion and subsequent rebuilding of the temperature gradient in the specimen, 
but the curve must be correct in its main features. 

The quantity which is of most interest is the heat absorption associated 
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with the transformation. This has been calculated from each of the four 
experiments, as follows: The total time occupied by the specimen in rising 
from a temperature corresponding to an e.m.f. of 37,300 (lY to that corre¬ 
sponding to 38,100 /iV was taken from the observation record, and the 
total energy input in this time was computed. The heat necessary to raise 
the temperature of the specimen from the lower fixed temperature to the 
observed transformation point, and through a temperature interval corre¬ 
sponding to the natural fall of temperature (interpolated from the observed 
rate of drift before and after the experiment), was subtracted from this 
input, and a similar correction applied for the heat necessary to raise the 
specimen from the transformation temperature to the upper limit. For 
these corrections, the specific heats below and above the transformation 
range were extrapolated from the results of the particular experiment, 
though the results would not have been appreciably affected if a mean value 
had been used. 

The results of the experiments are set out below: 



Gross heat 
input 


Heat absorption 
at the a-y 
transformation 

Experiment 

(cal./g.) 

Correction 

oal./g. 

A 

6-91 

3-22 

3-69 

U 

7-70 

3*78 

3-92 

C 

7-47 

3-69 

3*88 

D 

6*48 

2-32 

4*16 

Mean 3*91 


(d) From 910 to 950® C (y iron) 

The data above the a-y transformation are shown on an o])en scale in 
figure 8. 


Disoxjssion of results 

The specific heat of iron has been the subject of at least twenty researches, 
but of these all save a few recent ones can be disregarded, either because 
they were carried out on iron of low purity, or because of the uncertainty 
of the temperature scale used, or, mdst frequently, because the difficulties 
of deducing the specific heat from measurements of total heat over con¬ 
siderable ranges led to large errors. These difficulties are enormously greater 
in a material like iron, where the specific heat is subject to rapid changes at 
different temperatures, than in a material of which the specific heat rises 
gradually and uniformly with temperature. The whole of the literature 
prior to 1935 was surveyed in a book entitled The metal iron published in 
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that year by Cleaves and Thompson, and earlier work calls for no further 
comment. 

Below room temperature, the results of recent work are fairly concordant, 
and the values given by Austin (1932), who reviewed the literature with 
great care, are probably still the most reliable. They are given in table 1. 



Table 1. Specific heat op iron below 0"^ C 
(VALUES SELECTED BY AtTSTIN 1932 ) 


Specific boat 


Temp. ° K 

(cal./g.) 

20 

000000 

30 

0*003 

40 

0 007 

50 

0*013 

75 

0*032 

100 

0*061 

126 

0*066 

150 

0*077 

176 

0*086 

200 

0*092 

226 

0*097 

250 

0*101 

273 1 

0*104 


From 0® C to the magnetic point at 760 ® C, the results of the more recent 
investigators are in fair agreement. These investigators include Oberhoffer 
and Grosse (1927), Wiist, Meuthen and Durrer (1918), Klinkhardt (1927), 
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Umino (1926, 1929) and Baerlecken (1933). Of these the most interesting 
work is that of Klinkhardt (x 927), who was the first to use a point method 
of determining the specific heat, instead of deducing it from heat capacities 
over large ranges. He heated the specimen through small temperature 
intervals by electron bombardment, and measured the corresponding 
temperature rise. His results are compared with our own in table 2 below. 
Three workers since 1933 have reported the results of measurements on true 
specific heat, viz. Mile Lapp (1936), Baerlecken (1933) and Sykes and Evans 
(1938). Their results are included in table 2, as also are those of Jaeger, 
Rosenbohm and Zuithoff (1938), which were determined by the method of 
mixtures. 


Table 2. Specific heat of iron below the magnetic point 



Klinkhardt 
(iron melted 
in ixicuo 

Lapp 

Sykeii 

Jaeger and 
colleagues 

Present 

authors 

UaerhK'ken (iron melted 


and chemie- 

(Heraeuw 

(electro¬ 

(electro¬ 

(electro¬ 

in vacAto 

Temp. 

ally pure) 

iron) 

lytic iron) 

lytic iron) 

lytic iron) 

0 

1 

i 

^0 

( 1927 ) 

(^936) 

(1938) 

(1938) 

(1933) 

ally pure) 

100 

0-116 

0106 

0*116 

0-112 

0-114 

0*114 

200 

0-128 

0124 

0-126 

0*123 

0-126 

0*124 

300 

0-140 

0-138 

0-136 

0-136 

— 

0*132 

400 

0-161 

0-161 

0-144 

0-146 

0-146 

0-143 

600 

0163 

0-176 


0-160 

0-161 

0-160 

600 

0-188 

0-194 

— 

0-176 

0-180 

0-180 

700 

0*230 

0*222 

— 

0-213 

0-227 

0-209 

700 

0*320 

0*230 

— 

0-288 

0-261 

0-249 


The temperatme of the magnetic transformation (the so-called Curie 
point) had been found by earlier writers as 7 80 - 785 C, and was stated to 
vary little with the state of purity of the iron. Klinkhardt (1927), however, 
using the electron bombardment method, found that the thermal effect 
associated with this point extends over a wide range of temperature on both 
sides of the maximum, and the latter occurred at 760 '^ C. He explains this 
lowering as due in fact to the residual impurities, to which he says the Curie 
point is very sensitive. We ourselves find the peak at 755 ° C, Jaeger and his 
colleagues (1938) give 760 ° C, and MU© Lapp (1936) locates it at 768 ° C. It 
would appear, therefore, that the thermal effect reaches its maximum at a 
much lower temperature than has usually been cited as the Curie point, and 
it is possible that, at high purity, it faUs as the impurities are reduced. 

From the magmtic point to the (x-y tranBjmm^tion 

Results in the region above the magnetic transformation, at the time of 
the pubUoation of Cleaves and Thompson’s book (1935), were very die- 
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cordant. The present position may be gauged from table 3 below, which 
compares the results of the same authors as were considered in table 2 , with 
the exception of Sykes ( 1938 ), who made no measurements in this tem¬ 
perature range. 


Table 3. Specific heat of iron from 760 to 900"^ C 


Ternp. 

Klinkhardt 

Lapp 

Jaeger and 
oolleagues 

Baerlecken 

Prosont 

'’C 

( 1927 ) 

( 1936 ) 

( 1938 ) 

( 1933 ) 

authors 

760 

0-320 

0*231 

0-288 

0-261 

0*249 

780 


0-202 

0*260 

0-223 

0-200 

800 

0-209 

0-203 

0-213 

0-219 

0-189 

820 

— 

0-189 

0-199 

0-207 

0-181 

840 

— 

0-176 

0-192 

0*203 

0-176 

860 

—, 

0168 

0-188 

0-201 

0-172 

880 

— 

0-163 

0-186 

0-200 

0-169 

900 

0-186 

0-160 

0*182 

— 

0-190 


Temperature of the transformation from, a toy iron 

As stated above, we find that the specific heat (commences to rise at 
about 900^^ C, becoming infinite at about 903° C and immediately falling, 
after which it rises again to a subsidiaiy maximum at 908° 0. The initial rise 
before 903° C is probably not characteristic of iron, but an effect due to the 
impossibility of instantaneously annulling the temperature gradient in the 
specimen. It is probable, therefore, that the centre of the specimen reaches 
the transformation temperature, 903° C, before the outer layers, and that 
actually the transformation is very sharp. The shape of the curve suggests 
that the subsidiary maximum is less sharp, though it probably only occupies 
a few degrees. Klinkhardt ( 1927 ) stated that the specific heat begins to rise 
at 904° C, passes through a very high maximum at 911° C and then returns 
to the normal value. His curve, however, does not show the rise, since he 
has extrapolated it smoothly to the transformation temperature at 908° C. 
Jaeger, Rosenbohm and Zuithoff ( 1938 ) give the transformation tempera¬ 
ture as 906° C, with no comment as to possible spreading over a range, and 
Mile Lapp ( 1936 ) states that it occurred at 910° C. Her observations, how¬ 
ever, were made at 886 , 910, 913, 914*4 and 918° C and were thus clearly 
insufficient to locate the point accurately; the highest value which she gives 
for the specific heat in this range is 0*175 at 914*4° C. 

Above the a-y transformation 

For the specific heat of y iron, our own results are less reliable than at 
lower temperatures, since the difficulties of securing equality of temperature 
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between the outer jacket and the specimen increased rapidly above 900 ° C. 
In figure 8 the results are shown on an open scale. Again, the speoifilc heat 
of 7 iron is subject to no discontinuities until the point is reached, at 
which a iron again became the stable form. The method of mixtures is 
therefore entitled to weight in this region, and in table 4 we include therefore 
the results of Umino (1926), who has used tliis method up to the melting 
point of iron. 


Table 4. Specific heat of 7 iron 


Temp. 

Umino 

Kiinkhardt 

Lapp 

Jaeger 

Boorlecken 

Present 


(1926) 

( 1927 ) 

( 1936 ) 

( 1938 ) 

( 1933 ) 

anthore 

910 

0*227 

0*160 


— 

— 

0-268 

920 

— 

0-160 

0142 

0*137 

0-173 

0-137 

930 

— 

0160 

0-142 

0-138 

0-175 

0-139 

940 

0*134 

0-161 

0-142 

0-139 

0-176 

0-141 

950 

0-150 

0161 

0-142 

0-140 

0-177 

0-137 

960 

0-163 

0-161 

0-142 

0-141 

0-177 

— 

970 

0-164 

0-161 

— 

0-142 

0-177 

— 

980 

0-163 

0-162 

— 

0*142 

0-177 

— 

990 

— 

0-162 

— 

0-143 

0-177 

— 

1000 

— 

0-162 

— 

0-144 

0-177 

— 


We have to thank Dr F. Adcock, of the Metallurgy Department of the 
Laboratory, for supplying the specimen of very pure iron to the size and 
shajs} required for this work, and for helpful discussion. Mr A. R. Challoner 
gave great help at each stage of the exxieriments. 


Summary 

The energy changes associated with the Curie point of iron are not con¬ 
centrated closely around that i>oint, but influence the specific heat curve 
over a wide range. In the range from 50 ° C to the Curie point, which was 
found to occur at 765 ° C, the specific heat rises fairly regularly except that 
there is a slight increase above the regular increment, amounting to rather 
less than 2 % at its maximum, over a broad band of temperature centred 
around 200° C. 

Above the magnetic point, the specific heat falls rapidly, but the thermal 
effect of the magnetic transformation is still visible when the a-y trans¬ 
formation sets in. At this point, iron changes from a body-centred to a face- 
centred lattice. It was found that the transformation is at least in part a 
true phase-change involving a latent heat, since energy could be added for 
a considerable time without any rise of temperature. The latent heat 
associated with the change was measured as 3 ’ 9 j cal./g. It was further 
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found that the transformation is double; the main peak occurs at 903® C, 
but after the specific heat has fallen to 0*37 cal./g., it rises again to a smaller 
but definite i>eak at 908® C, before finally falling to the value for the face- 
centred variety, known usually as y iron. The specific heat of the latter was 
found to be approximately 0-14 oal./g. 
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A new derivation of the quadratic equation for the 
masses of the proton and electron 

By Sir Arthur Eddington, F.R.S. 

(Received 10 October 1939) 

1 . In this paper I introduce some improvements of method which will, 

I think, bring about a considerable simplification of most of the physical 
problems treated in Part II of my book, Relativity theary of protons and 
electrons (hereinafter referred to as P. and JS?.). They also facilitate the 
extension of the theory to other problems awaiting solution. Here 1 confine 
myself to one of the problems, namely, the derivation of the fundamental 
quadratic 136wmo + m 2 = 0 for the mass m of a proton or electron. 

The derivation in P, and E. is, I believe, valid, though it now appears 
clumsy. But a proof giving more physical insight was greatly to bo desired, 
since a thorough understanding of the underlying meaning of this relation 
is the first condition for a general advance. 

A general acquaintance with the relativistic theory in P. and E, must be 
presumed; but, as it happens, there is little occasion to refer to the more 
specialized parts of the theory. 

2 . In relativity theory density is a component of a tensor on the 

other hand, rnass (or its equivalent energy) is not normally part of a tensor. 
If the mass of a body is defined as the integral of over a three-dimen¬ 
sional volume, the result is not a component of a tensor unless the space is 
assumed to be flat; but to assume flat space in treating is inconsistent 
with the fundamental equation -SttkT^^ == which determines 

the curvature in terms of A more significant quantity is obtained by 
defining the mass of a system to be that of an equivalent point-particle 
which would produce the same gravitational field at great distances. This 
is found to be equal to the integral of 7 ^ 4 + ^ 44 , where ^44 is the potential 
energy; but the expression (the potential energy pseudo-tensor) of which 
t^^ is a component is not a tensor. 

This difficulty associated with integration is especially pronounced in 
applications to quantum theory, because ‘‘the mass of a particle*' is first 
introduced as a density distribution over a large (nominally infinite) wave 
front. 

Accordingly, in extending relativity theory to microscopic physics, our 
starting-point must be the representation of density in wave mechanics 

t 16 ] 
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rather than the representation of mass or energy. By the general f)rinciplea 
of wave analysis the whole density of the system is considered to be the sum 
of contributions from a set of elementary wave functions. By a survival 
of classical terminology we often describe the density associated with a 
particular wave function as due to a particle occu[)ying the state which 
the wave function describes. This circumlocution is difficult to avoid, though 
it often involves using the term “ particle ” in a sense remote from ordinary 
concej:>tiou. If we assign the density and other j)hy8ical oharaciteristics 
directly to the wave function, we have to reword the exclusion |)rinciple 
appropriately. The density contributed by an elementary wave furiction 
has a saturation value which cannot be exceeded; the actual (contribution 
may be any fraction p (0 ^ 1) of the saturation value. A wave function 

will he said to be “fully occupied” if the density has the saturation value; 
and p will be called the “degree of occupation ” or “occupation factor ”, 
Our point of entry into wave mechanics is therefore the density of a fully 
occupied wave function in contrast to elementary quantum theory which 
begins with the mass {(w energy) of a jxirticle. 

Many of the w ave functions ir) current quantum theory are self-normal- 
izing; that is to say, the functions themselves define a saturated density 
distribution which, if collected together, amounts to the mass of the 
particle. Quite early in the development of quantum theory it is customary 
to restriijt w^ave functions by this condition. But the condition is not made 
retrospective, and the most elementary wave functions are not self-nor¬ 
malizing. Moreover, self-normalizing wave functions, w hen they are used, 
account for only part of the energy of the system; the remainder is left to 
he represented by functions of the elementary type. Thus we cannot evade 
the problem of normalizing functions which are not self-normalizing. 

The functions whi(di cause the difficulty are the “infinite plane waves”. 
Quantum theory assigns a mass to the particle associated with tlie wave, 
but does not indicate any particular saturation density. This gap must be 
filled before we can connect the relativistic description of matter by an 
energy tensor with the quantum description of it by masses and momenta 
of so-called particles; and the form of treatment which follows is largely 
determined by this requirement. Clearly we must find for these unbounded 
functions a “natural normalization volume” such that the mass of the 
particle divided by the volume gives the saturation density. This would be 
a straightforward matter were it not for degeneracy —a complication due 
to symmetrical conditions and therefore the more liable to occur the more 
we simplify the system under consideration. Degeneracy is treated rigorously 
in current quantum theory when it arises in the course of its developments; 
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but current theory does not seem to have found occasion to study the 
degeneracy brought into it at the beginning by the simplest elements with 
which it deals. 

The work thus falls into two stages. We first develop the theory of the 
natural normalization volume for non-degenerate unbounded wave func¬ 
tions. In § 10 we begin the discussion of degeneracy, 

3. We shall use a “natural system*’ of units of length, time and mass 
cliosen so that 

c = 1, Kh^ = 1, (1) 

where k is the constant of gravitation. The former is a common convention 
which eliminates the troublesome and unnecessary distinction between 
mass and energy; the latter is chosen primarily to simi)lify the relation 
between mass and density, w^hich is the problem that will occupy us. 
Although the particular conventioiiH are arbitrary, the fixing of definite 
relations betw^een the units of length, time and mass by two such conventions 
is not an arbitrary procedure; and it is rather important to understand why 
the retention of trif)ly-variable units in this branch of physios would be 
obstructive. 

The purpose of the conditions (1) is to reduce the redundant fluidity of 
description of a ])hysical system occasioned by referring it to three in¬ 
dependent standards; it is redundant because, in so fat as fluidity of descrip¬ 
tion is advantageous, physics nowadays employs a much more compre¬ 
hensive transformation theory (tensor calculus, etc.) better adapted to 
theoretical needs. The meaning of conditions such as (1) is that we employ 
in our formulae the numerical ratio of a physical magnitude to another 
comi^arable physical magnitude covered by the theory instead of its ratio to 
a physical magnitude outside the theory. It is clearly necessary to make a 
distinction in theory between a standard defined by a theoretical description 
and a standard (such as the kilogram) defined by pointing at it. Reference 
to the latter kind of standard means that wo have come to the end of 
coherent speech and can only gesticulate. When we ascribe the dimensions 
to energy the symbols M, L, T stand for gesticulations. We cannot 
sacrifice the development of physics to the curious tradition that at the end 
of any statement it is necessary to point three times to make clear what we 
mean. Normally, in relativity theory and quantum theory what we want to 
say is of a form which makes it only necessary to point once. We retain om 
extrinsic standard because that corresponds to the conditions postulated 
in the problems usually treated; for, so long as the system is supposed to be 
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observed from outside, the ‘‘observables" contain reference to something 
not comprised in the theoretical description of the system. 

The extrinsic standard may be taken to be length, time or mass, or indeed 
any physical quantity which implies reference to a standard. We shall here 
take it to be mass, since that is the standard most directly concerned in our 
problem. By the conditions (1) every j)hysical quantity will have a dimen¬ 
sion-index specifying the way in which it varies with the extrinsic unit 
of mass. 

By the formula 0 = ^ttkT - STr/cp^,, Kp has the same dimensions as 
namely (The condition c = 1 is understood to be already employed, 
so that L stands for length or time.) By the quantum expression for momen¬ 
tum { — ihl27r)dldx, Mjh has dimensions Hence, eliminating //, Kh^p 
has the dimensions M'^. Then, since p has the dimensions Jf®. 

We shall accordingly write the density of a fully occupied wave function 
in the form 

p ( 2 ) 

where are masses, and f(x, y, z, t) is a pure number. 

It may be noted that in our units length has the dimensions ilf so that 
the reciprocal of a volume is a mass. The ordinary definition of density is 
obtained by interpreting the second mass in (2) as the reciprocal of a 
volume. But we shall proceed with the investigation of (2) unprejudiced 
by this interpretation. 

4. Since all components of the energy tensor have the same dimension- 
index, (2) can be extended to 

0, (3) 

whereis a purely numerical tensor function. 

By the theory of the relation of sparse tensors and wave tensors a sym¬ 
metrical tensor of the second rank/^,, is derived from double wave vectors 
(P. and E. § 10*2); that is to say, the components are the appropriate 
matrix components of the product of two double wave vectors, or 

of a sum of such products. The wave tensor has other components 

besides those which form the energy tensor ; their interjiretation is treated 
in P. imd E. § 11-4, where it is shown that the Riemann-Christolfel tensor is 
also included. Only one of the double vectors IP, X need be specified, the 
other being derivable from it by the reality conditions of the theory; this 
is well known in Dirac’s theory which employs Hermitic reality conditions, 
and H, T. Corben (in an unpublished investigation) has shown that the 
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form of reality conditions obtained in my own relativistic theory yields the 
Hame result. 

We can now see the appropriateness of the two masses in (3). In special 
cases may be a product and the reality conditions then show that 
will also be a product Xy(0s- The complete space tensor is then the outer 
product of two complete space vectors = ’t/f aXy Thus, when 

the numerical tensor is the product of two numerical vectors the 

energy tensor is the product of two mass-like vectors = Wj Jj and 
Jifjj = which may be regarded as the momentum vectors of two par¬ 
ticles of f)roper masses m^. In this way our approach to quantum theory 
via tlie density or energy tensor begins to be connected with the usual 
elementary treatment which starts with masses or momentum vectors. 
I shall call the entity analysed in this way into two particles a bi-particle. 

No serious difference is made when is not factorizabl© so long as we 
confine attention to the case/^,, = constant. If is not a simple product it 
can be represented as the sum of products, and elementary quantum theory 
has provided for this by recognizing that a “particle” need not have an 
exact momentum vector, but may he in a number of superposed states with 
different momentum vectors; and similarly the bi-particle represented by 
a double vector need not be an exact pair of particles, but may be a super¬ 
position of exact pairs of particles. But a function cannot in 

general be represented as the sums of products of functions 

2 , ^); and in this respect the attempt to establish a universal associa¬ 
tion of density with particles characterized by momentum vectors, exact 
or inexact, breaks down. 

This fulfils our anticipations in § 2 where we saw that integration destroys 
the tensor character of so that either mass is not rigorously the com¬ 
ponent ol a vector (and accordingly the entity possessing it is not cha¬ 
racterized by a momentum vector) or it is not exactly the integral of 
density. Ihe introduction of field energy (potential energy), not localizable 
in individual particles, is part of the complication ensuing from this break¬ 
down of elementary conceptions. 

We shall find that the functions/^,, required for our purpoSiss are constant 
over the domain to which they apply, so that the complication will not 
arise. Nor does it arise is an algebraic wave function (P. and JS?. p. 120). 

5, That two particles are concerned in an element of density is obvious 
Irom the principle of relativity. What we observe is, not the particles, but 
lelations between the particles. An observable, such os density, can theire- 
fore only be associated with the relations between pairs of particles, which 
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are contained in the double wave funotiona 8pecif3dng their combined 
probability distributions. But alongside the relativistic outlook we have 
to keep in mind the ordinary conception of density as made up of contri¬ 
butions of individual particles. The principle of this change of conception is 
that, of the two particles which furnish the contribution, m 2 is understood 
to be a standard comparison particle providing a reference frame for the 
“object-particle m^ to which the density is attributed. In order to connect 
with relativity theory the quantities (such as the masses of the proton and 
electron) which appear in the ordinary treatment, we rnust follow the con¬ 
ventions of the ordinary treatment where they are permissible, and we shall 
therefore distinguish the two masses mg as the masses of an object- 
particle and a comparison particle. The ordinary treatment goes further 
and treats the physical reference frame furnished by the comparison 
particle as a purely geometrical Galilean frame, ignoring the (jombined 
uncertainty of position and velocity dependent on ; so that is forgotten 
about except in so far as it reappears in the empirical values of the constants 
of nature. Naturally we cannot follow the conventions of the ordinary 
treatment which are unpermissible—the mistakes—so we shall take due 
account of the mass of the comparison particle. 

We shall now examine more closely the way in which one particle furnishes 
a reference frame for another. 

Considering the co-ordinates t^ and ajg, Sg, ^.^of two particles, let 

_ m^x, _ mi;yi-hm. 2y a ^ _ rniZ^ + m^sig ^ -f 'j 

"" m^ + mg ' ~ m^ + mg * + m^ + mg M. 

( 4 ) 

Then a function of Xj, y,, z,, x,, Zj, can also be expressed as a 

function 0,^ of x, Y, z, t, g, n], r. The formal theory of 0 is the same 
as the formal theory of in § 4; that is to say, we can (under the same con¬ 
ditions) represent the energy tensor as the product of the momentum 
vectors of two particles associated respectively with the co-ordinates 
X, Y, z, T anti 71, C, T" which we call the external particle and the internal 
particle. The proper masses of the internal and the external particle are 
well known to be 

/ij = THi + wig), /tj = TOj + Wlj. 

Hence /zj/z, =* niim^. (6) 

The internal and external particles are commonly said to be fictitious; but 
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it is difficult to say in what sense one circumlocution can be more fictitious 
than another. 

6. The internal wave function 8|)ecifie8 the probability distribution of 
the relative co-ordinates 17^ C, r. Since these co-ordinates express spatio- 
temporal relations between two ordinary physical particles, we usually 
regard the observable properties of a system as concentrated in its internal 
wave function. But in saying that the co-ordinates ^ of measured 
from a comparison particle tn^ are observable, whereas the co-ordinates 
?/i’ h measured from a geometrical origin are not, we pay attention only 
to the origin. An origin does not suffice to define a frame of co-ordinates. 
In substituting g, rj, t for Sj, ti we eliminate only the part of the 

unohservability of the reference frame which refers to the origin, and not 
the part which refers to the orientation of the axes. In particular the 
orientation of the time-axis which determines the velocity of the frame is 
not replaced by anything observable. Now in practice in studying internal 
wave functions, e.g. those of a hydrogen atom, we choose a frame such that 
the momentum of the system as a whole is zero; that is to say, the time-axis 
is chosen to coincide with the external momentum vector. When therefore 
we ascribe an observable energy to an internal wave function, our reference 
frame is (so far as four-dimensional orientation is concerned) not a Galilean 
frame but the physical frame defined by the momentum vector of the 
external particle. Relative to a Galilean frame the physical frame has the 
same uncertainty of velocity as the external particle. 

.Just as the position vector of the particle m2 provides a physical origin 
from which yiositions of the object-particle can be measured, so the 
momentum vector of the external particle provides a physical time-axis 
or standard of rest from which the momenta of the internal particle can 
be measured. Properly the resulting momentum should be considered to 
belong equally to the internal and external particles; but the same kind of 
convention which leads us to assign the observable co-ordinates to wij, 
treating as a comparison particle, leads us to assign the observable 
momenta to ju-i treating /ig as a comparison particle. 

Since we are here concerned with momentum vectors, we must adopt 
the resolution into external and internal particles which provides for the 
reference of one momentum vector to a standard of rest provided by the 
other. That we cannot provide simultaneously for the reference of the 
position of one particle to an origin provided by the other is intelligible; 
because, when the momentum vectors are exact, the positions are entirely 
uncertain and there is nothing more to be said about them. 
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7 . A certain conflict of conception must be noticed. We have just seen 
tliat the object-particles to which the observed mechanical characteristics 
are transferred are internal particles, the external particles constituting 
the physical reference frame. This gives us the ordinary picture of matter 
as a collection of particles with mass and momentum. But in the ordinary 
picture these are genuine particles—protons and electrons—whereas 
internal particles are generally labelled fictiiuym. This conflict merely 
emphasizes that the terms ‘"genuine” and “fictitious” do not mean any¬ 
thing in particular as apf)lied to particles in quantum theory. What we have 
shown is that in the present a])proac!h, via the energy tensor, the elementary 
mass-bearing particles a})pear as internal particles. Elementary quantum 
theory starts with these as its ordinary particles; so that the internal par¬ 
ticles occurring in it (e.g. the particle associated with the internal wave 
function of a hydrogen atom) are, as it were, doubly internal. 

In transferring the mec^hanical characteristics of matter from the relations 
between particles to the particles themselves we necessarily modify the 
concept of a particle, since we attribute to the particle characteristics 
which, according to the primary concept, it could not possibly possess. We 
shall call this modified concept the serondary cAnicept, and the corresponding 
particles se/^ondary %>ariielea. 

We cannot simultaneously transfer the geometrical characteristics of the 
relations between particles to individual particles, since that would involve 
converting instead of //j, into secondary particles. It is this in- 

coherency which makes the secondary particles an unsuitable starting-point 
for theory, and drives us back to the primary particles for enlightenment. 

To embody the concjlusions of § 0 wo should rewrite ( 3 ) as 

(6) 

By ( 5 ), is not altered, but it is now made clear that its arguments are 
those of the comparison (external) particle The object-particle 
abstracted from its comparison particle, has no position in apace or time. 
Its co-ordinates f, 7, r do not associate it with one region of space-time 
rather than another. What they signify as applied to a particle is difficult 
to describe, since we have transferred to a particle properties which cannot 
be i»otared without invoking two particles, but we may perhaps call it a 
polarization. The distribution over g, 17, ^ t may be called the internality 
of the object-particle. It is only connected with the energy tensor as an 
integrated whole.* If the internal wave function is self-normalizing, its 

• Including integration over r —an itnportant point, but not required in the 
present discussion. 
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‘‘ density ’’ is integrated into a mass; then, by associating the object-particle 
with its comparison particle, the mass is distributed along with the com¬ 
parison particle over the co-ordinates x, y, z, T in space-time* lor infinite 
wave functions a natural normalization volume must exist in both sets of 
co-ordinates; otherwise there is no systematic way of collecting density 
from one set and distributing it over the other set, and the link with the 
energy tensor is broken. 

The whole energy tensor of a piece of matter is made up of a ntimber of 
contributions such as we have been analysing. We shall speak of the com¬ 
parison particles collectively as the com.parison fluid (P. and i?. § IM) and 
the object-particles as the object-system. Current theory concerns itself 
solely with the object-system, the comparison fluid being represented partly 
in the empirical constants and partly by the mistakes which become pro¬ 
minent when it attempts to deal with energies of the order of magnitude of 
the mass of a comparison particle We are concerned especially 

with two of the em])irical constants (the masses of the proton and electron) 
which are no longer empirical when the comparison fluid is studied as part 
of the system, 

8. Comparison particles and object-particles play an unsymmetrical 
part in the description of phenomena. We shall now formulate this difference 
mathematically. Consider the momentum vectors oi an internal 

and external particle. When the latter is adopted as comparison particle, so 
that its momentum vector defines the time-axis, .4 automatically becomes 
the matrix ^^45 associated with the time-direction. Thus the form of the 
momentum vector of a comparison particle is limited to whereas in 

the momentum vector of an object-particle (an “ordinary” particle 
of current theory) 4 may be any unitary matrix. 

I present liere a rather cut-and-dried picture of the comparison fluid, 
because I have a definite problem in hand, and the requirement in this (as 
in a large class of ])roblems) is that the comparison fluid shall provide a 
definite standard of rest from which momentum can be measured. Various 
modifications of the scheme of separation into an object-system and com¬ 
parison fluid can be made to meet the requirements in other problems. 
The point that we have to notice is that, whereas an object-particle can have 
a multiply infinite variety of relationship to a comparison particle, a com¬ 
parison particle has only one possible relationship to itself—that of identity. 
They have therefore different immbers of degrees of freedom in the reference 
frame furnished by the comparison particle. We shall find later that this 
difference is expressed in the statement that the phase space of an object- 
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particle is ten-dimensional and the phase space of a comparison |>article is 
one-dimensionaL 

We have seen that a different separation of comparison particles and 
object-particles is needed according as we require the former to furnish 
an origin for the measurement of position or a standard of rest for the 
measurement of momentum. This scarcely exhausts the possibilities; and 
it may well be that other types of problems will arise in which the require¬ 
ment is a standard of non-rotation for the measurement of angular momen¬ 
tum. For this we should require “spin-comparison-particles’’. In a general 
way one would exi>ect nuclear problems to be of this ty pe. 

9 . As initially derived the comparison particles have exact momentum 
vectors //jj and therefore complete uncertainty of position. Each particle 
fills all space. But the particles have no individuality (the torn “particle” 
being an epithet associated with a fully occupied wave function), so that the 
analysis of the comparison fluid into individual particles follows the analysis 
into eigenfunctions and is changed if the system of eigenfunctions is changed. 
By this generalization the term “comparison particle” means '’as much 
comparison fluid as would amount to one of the original particles if dis¬ 
tributed in the same way ’ ’. The simplest reanalysis is to divide th e comparison 
fluid into non-overlapping volumes F, each containing one comparison 
particle. We shall call this vertical sectioth in contrast to the original horizontal 
section into particles each extending over all space. It should be added that 
(except in horizontal section) the comparison particles are delineated in, not 
detached from, the comparison fluid; for, if detached, they would have un¬ 
certainty of momentum corresponding to their limitation of extension. 
This is expressed more formally by noticing that the momentum vector 
/*2^45 has ceased to be a true vector, since by nominating its particle as a 
comparison particle we have made it impossible for it to have a component 
in any direction other than Thus what we are really reanalysing is a 
scalar which gives no field of application for the uncertainty principle. 

The functional factor in/^^ belongs jmraarily to the comparison particle, 
its arguments x, y, z, t being the co-ordinates of that particle. But as the 
object-particle acquires position in space by its association with a com¬ 
parison particle, so it acquires a distribution of position by association with 
a comparison particle which has that distribution of position. Thus th© 
“delineation*’ of the comparison particle referred to in the preceding para¬ 
graph is also the distribution of the object-particle associated with it; and in 
practice it is more conveniently handled in the latter aspect. Naturally, 
current quantum theory before proceeding to neglect the comparison 
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particloB transfers as much as possible of their attributes to the object- 
system; accordingly, the functional factor is attached to the object-vector 
instead of to the comparison vector Avhen the two factors of the double 
vector are separated. The comparison particle must retain its momentum 
vector (since the object-particle has one already and cannot take over 
another); except for this, the comparison fluid has only those qualities 
which exist also in the geometrical frame of space*time for which it is 
commonly mistaken. 

The consideration of functional factors, however, takes us beyond the 
point at which wo wish to make contact with current quantum theory. We 
are concerned with plane waves for which the momentum vector is constant; 
so there is no functional factor to be transferred. The waves are nominally 
infinite, but in actual application normalized so that there is one object- 
particle in a prescribed volume. It is important to remember that the 
condition is one particle in a given volume, say not (as is sometimes 
loosely stated) q particles per unit volume; for it is an elementary })rinciple 
that q particles are represented by a q^-tuple wave function. The wave front 
is therefore divided into cells, each cell containing one particle uniformly 
distributed. Since the positional distribution of an object-particle is that 
of the comparison particle to which it belongs, this corresponds to the 
‘'vertical section ’’ of the comparison fluid in which the comparison particles 
occupy non-overlapping volumes V. Thus the volume V is the natural 
normalization volume, and the formally infinite wave function is applicable 
only within the volume F. 

Since vertical section seems a very artificial device, I would point out 
that our reason for considering it is that the formulae of elementary quantum 
theory (which we have to connect with our own relativistic formulae) are 
expressed in terms of vertical section, since it is unable to deal with over¬ 
lapping particles except by multiple wave functions. 

" By extending the same wave function over a number of cells, we should 
represent a number of particles having the same characteristics. This is 
forbidden by the exclusion principle. The continuation can only be approxi¬ 
mate, and the complete momentum vector for each particle must be slightly 
different. This difference is evidently the quantum itspresentation of the 
tjurvature introduced into space when it is occupied by mass and momenttim. 
The exclusion principle is in fact a quantum adaptation of the equation 
^ The cellular division gives a polyhedral space 

closely approximating to the continuously curved space contemplated in 
relativity theory. The so-called cosmological developments of relativistic 
quantum theory transform the unnatural vertical section, imposed by the 
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limitations of elementary quantum theory, into a more nearly horizontal 
section associated with the eigenfunctions of spherical space. The corre¬ 
sponding development within quantum theory itself is the introduction of 
second quantization which enables us to treat particles overlapping in space 
without multiple wave functions. 

When we decide the curvature of the space in which this cellular arrange¬ 
ment is to be constructed, we make provision for a density corresponding to 
the curvature. “Full occupation” normally means that the density is that 
for which provision has been made. We here encounter a feature of quantum 
theory which has no counterpart in relativity theory. Quantum theory erects 
a skeleton frame of eigotifunctions, leaving itself free to settle and vary 
afterwards the extent to which they are occupied. The framework is sup¬ 
posed to be there before anything is put into it. That is a survival of the 
classical outlook. Relativity theory admits no such flexibility; we cannot 
put anything into sy)ace without remodelling its curvature. This makes its 
problems so difficult that the exact solution, even of the problem of two 
bodies, has not yet been found. The more flexible method of quantum theory 
is, of course, an approximation—sometimes a bad approximation—but it 
is the beginning of a systematic method of successive approximation (the 
method of the “self-consistent field”) so that ultimately it fulfills its pur¬ 
pose. When applied to a system of many particles, it avoids a vast number of 
individual adjustments most of which would in practice cancel out. The 
difference is that, if the (content of the system differs from that for which 
provision has been made, relativity theory demands immediate readjust¬ 
ment of the reference frame, whereas quantum theory postpones it to a 
second approximation. Thus an exact comparison of the formulae of the 
two theories can only be based on the content for w hich provision has been 
made, i.e. for full occupation. 

If our physical reference frame (the comparison fluid) is uniform, the 
volumes V of the comparison particles will all be equal. If the physical frame 
is non-uniform, the geometrical frame will be correspondingly non-uniform 
and represent a space of non-uniform curvature; but it will remain true that 
equal natural volumes correspond to equal numbers of comparison par¬ 
ticles, for otherwise volumes which are observationally congruent according 
to relativity theory would not be observationally congruent according to 
quantum theory. The natural normalization volume V is thus a universal 
constant; its evaluation in terms of better known constants belongs to the 
cosmological branch of the theory. 

10 . I return now to the concept of a fully occupied wave function. This 
presents no difficulty when the eigenstates are discrete, but a complication 
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arises when they form a continuum. We have to distinguish continuity 
which arises from symmetry or indistinguishability (degenerate con¬ 
tinuity) from continuity which arises as the limit of close packing (non¬ 
degenerate continuity). Broadly speaking, we can trust commonsense to 
deal with continuity from close packing, but continuity from symmetry is 
likely to be a pitfall. DegeMenicy. which is the continuity arising from sym¬ 
metry, does not signify a close packing of the eigenstates, in any one 
complete set of eigenstates, but a multiplicity of the admissible systems of 
analysis into complete sets of eigenstates. Thus if in unsymmetrical con¬ 
ditions we have two eigenstates associated correspondingly with an x-axis 
and a y-axis, when there is circular symmetry these will become similar 
(excej)t for direction) and will be connected by a continuum of eigenstates 
associated with every direction in the xy plane, siru^e there are now no 
distinctive directions in that plane. We call the number of original eigen¬ 
states amalgamatefi by symmetry into a continuum the degree of degeneracy. 
Evidently an (n—l)-dimen8ional continuum corresponds to the degree of 
degeneracy n. 

Degeneracy is os{)ecial]y prominent in ideal elementary systems, because 
they are abstracted from the environment which in actual physical systems 
would always be in some degree asymmetrical. Current quantum theory 
(through a mistaken analogy with macroscopic systems) regards them as 
having no environment other than a geometrical frame of space-time. This 
idealization goes too far, since it leaves the system without observable 
properties. The ideal environment (for which the elementary equations and 
definitions are valid) is a physical environment, but it has the same symmetry 
as a space-time frame. 

The local symmetry of space-time (which includes also uniformity, i.e. 
symmetry about a centre of curvature) is described by the group of its 
relativistic transformations. These will also apply to the idealized physical 
environment which has the same symmetry. The wave functions of a 
system in this environment will therefore have a degree of degeneracy 
ascertainable from a study of the group of relativistic rotations of the 
vectors or tensors defining the system. If the tensor has n - 1 independent 
relativity rotations, the eigenstates will fill an (n-l)-dimen8ional con¬ 
tinuum, and the degree of degeneracy will be w. A full analytical study of 
the relativity rotations of wave vectors and tensors (and of the corre¬ 
sponding complete space vectors and tensors) is contained in my develop¬ 
ment of wave tensor calculus, where n appears as the number of dimensions 
of the ‘^phase space’’ (P. and E, §§ 7 * 2 ,10-6). I am now able to add in § 17 
some further explanation, which I think will render this part of the subject 
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less obscure from the physical |)oint of view. Meanwhile I shall use the 
results of the analytical investigation, namely that n is 10 for a simple wave 
tensor and 136 for a double wave tensor. The wave tensor of a comparison 
particle is necessarily non-degenerate, being restricted as explained in § 8; 
hence for a comparison particle n = 1. 

One of the most striking achievements of ordinary quantum theory is the 
device by which it is able to employ rigorously these conceptions of elemen¬ 
tary particles and systems, which by their definition require symmetrical 
environment (or, as it mistakenly supposes, no environment at all), in 
problems which postulate unsymmetrical conditions. Relativity theory 
provides no means of describing the perturbation of a system by its environ¬ 
ment except as a change of its structure; but quantum theory describes small 
perturbations as changes of the degree of occupation of the various eigen¬ 
states, the structure and tensor characteristics of the eigenstates themselves 
remaining unchanged. This fundamental difference in the treatment of 
tinsymmetrical environment makes it impossible to correlate the formulae 
of relativity theory and quantum theory except in the most symmetrical 
conditions, i.e. in uniform space (sx^herioal or flat). Here we should notice 
that, according to the method of quantum theory, a degenerate wave vector 
or tensor does not cease to exist in unsymmetrical conditions; it becomes 
non-uniformly occupied. In certain cases new wave functions are intro¬ 
duced to describe permanent or semi-permanent non-uniformity of occupa¬ 
tion. 

Besides varying in orientation by relativistic rotation, a momentum 
vector M » mJ can vary in magnitude. Since J is understood to be normal¬ 
ized, this is provided for by varying m. The eigenvalues of m can only become 
continuous by close packing; there is no question of degeneracy, since change 
of m is not a relativistic transformation. We shall take the eigenvalues of 
m to be discrete; the continuous case can then be included (if necessary) by 
forming the limit in the usual way. 

Although cosmological considerations are outside the scope of this paper, 
it will be useful to have in mind the results of the cosmological theory in this 
connexion. There must, of course, be a vast number of possible values of m 
for an elementary object-particle; if there were only two eigenvalues, there 
could be at most twenty particles in the universe. But the values are ex¬ 
tremely close packed, so that unless we treat aggregations of particles on an 
astronomical scale the differences from the standard values are insignificant. 
In very large systems, in order to provide enough particles, we have to 
include eigenvalues of m sensibly lower than the standard value for small 
systems. This is the quantum representation of gravitational potential 
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energy, which makes the total energy or mass of a system sensibly lower 
than the sum of the standard values of the masses of its particles. 

11 . Although current quantum theory does not concern itself with the 
degeneracy of its ultimate particles, it deals with degeneracy in other 
connexions. In radiation problems it is found that the degeneracy factor 
represents the weight of an oscillator for the purpose of calculating the 
intensity of the emitted radiation. This is a problem which connects atomic 
quantities, described by momentum vectors, with field quantities (electro¬ 
magnetic waves), described by an energy tensor; and it is not difficult to 
verify that in our problem, which also connects atomic quantities with the 
energy tensor, degeneracy has the same effect as a weight. Thus we can treat 
degenerate particles as simple particles provided that we multiply their 
contributions to the energy tensor by the weight n. This rule is all that we 
require for the calculations later in this paper. But the degeneracy factors 
have so wide an importance in all branches of relativistic quantum theory 
that it is desirable at the outset to remove all obscurity connected with them. 

In the radiation problem a degenerate state is capable of occupation by n 
particle-units. But here we are dealing with the initial degeneracy of the 
vector wav© functions by w^hich elementary particles are defined. That 
which fully occupies a complete momentum vector is called an electron 
(or proton). To square with the practice in later applications of degeneracy, ^ 
we should say rather that it is a union of ten sub-electrons (or sub-protons). 
This is a mere formalism; but it is useful to remember that, according to the 
same system, the hi-particle is a union of 130 sub-bi-particles, and the 
comparison particle is just one comparison sub-particle. It is the three kinds 
of sub-particle that have the most simple analytical connexion with one 
another, since they (if they existed) would be free from degeneracy and 
would be represented by discrete wave functions. 

The degenerate wave function replaces n discrete wave functions amalga¬ 
mated by symmetry. The amalgamation is different from ordinary com¬ 
bination, because wave functions combine by multiplication. Instead of a 
discrete n-tuple wave function occupying a Sti-dimensional volume, we 
have a simple degenerate wave function occupying a space volume V, bid 
also exiemded over a contin/uum of orientation. The volume is V because 
references to the “object-particle” in our previous work must be under¬ 
stood to mean the whole particle occupying the momentum vector Mi, 

The important point to notice is that the amalgamation invoivos a partial 
replacement of the usual multiplicative occupation factors (or probabilities) 
by additive occupation factors. The occupation factor of the multiple wave 
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function is the product Pi P 2 -. p„ of the occupation factors of tJie n discrete 
wave functions composing it. This is now replaced by a simple degenerate 
A^ave function whose total occupation is distributed additively over the 
continuum of orientation. The original set of n discrete wave functions is 
obtained by concentrating the distribution at n orthogonal points in the 
continuum; but the occupation factors are now such that the total occupa¬ 
tion or probability is ... -f Thus if discrete wave functions are 

regarded as having an occupation factor 1 when fully occupied, the degen¬ 
erate wave function must be regarded as having an occupation factor n 
when fully occupied. This would be a departure from the original con¬ 
ception of degree of occupation; so we prefer to call n a “weight factor”, 
recognizing, however, that it has the same effect as an occupation factor. 

A case of 8[>ecial importance is when the probability distribution of the 
degenerate wave function is limited to a very small solid angle of orientation, 
so that the corresponding vector or tensor is “almost exact”; we shall call 
this a pseudo'di^crete wave function. There is no sensible fiilFerenoe between 
a jiseudo-discrete and a discrete wave function except that the former has 
a weight n —as if it were a discrete function occupied n times over. 

Thus if we calculate the contribution to the energy tensor as if the 
momentum vector were discrete and fully occupied, we must multiply the 
result by n to obtain the contribution of the fully occupied pseudo-discrete 
momentum vector. This is the rule already given at the beginning of this 
section. 

It will be noticed that in the pseudo-discrete wave function the con¬ 
centration of the probability in orientation is greater than that obtainable 
from a set of n orthogonal discrete functions; and it might perhaps be 
thought that such excessive concentration would be forbidden. But the 
degenerate function represents a physical particle or bi-particle, and there 
is certainly nothing to forbid the allocation of its whole probability to a 
single eigenstate. In saying that the degenerate wave function replaces 
n discrete wave functions, wo do not mean that it is merely a mathematical 
substitution. The replacement is occasioned by the fact that symmetry of 
environment affects the nature of our observational knowledge of a system, 
so that a new form of description must be introduced. Owing to the absence 
of landmarks for the determination of'orientation, the simple direct method 
of measurements of the characteristics of a system (postulated in the most 
elementary quantum formulae) is inapplicable. A change in the method of 
observation implies a different system of separation into object-system and 
comparison fluid (see § 15). 

It is worth noticing explicitly that a bi-particle (which fully occupies a 
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double vector) yields one object-particle and a comparison particle; but, 
expressed in terms of sub-particles, 136 sub-bi-particles yield 10 object- 
sub-particles and a comparison particle. Thus a weight-transformatioji 
factor 13*6 commonly ap|>ear8 in passing from the primary to the secondary 
concept of particles. 

To see how degeneracy affects the problem on which we are engaged, we 
must return to the factorization of the original double vector into 

two complete vectors and M^, We have identified them as the momentum 
vectors of certain particles, but that only means that our terminology has 
introduced particles (“genuine’* or ''fictitious”) for them to belong to. 
Primarily they are wave functions which happen to be constant over the 
domain to which they apply. We have treated the double vector as discrete; 
for otherwise we could not have factorized it without taking account of the 
element of solid angle over which its orientation is distributed. In my 
earlier derivation of the masses of the proton and electron I have taken 
account of the elements of solid angle associated with the double vector 
and with being discrete). Progress was difficult because the solid 

angles are in domains with different numbers of dimensions; but the difficulty 
was not insuperable. Now, however, we have a much simpler method of 
dealing with “almost exactness”. The double vector and the object-vector 
are pseudo-discrete, but we may continue treating them as discrete provided 
that we multiply thoir contributions to the energy tensor by their res|>ective 
degeneracy factors in accordance with the rule stated. 

12 . We began with the expression for the energy tensor in terms of 
primary particles. We have now to examine its constitution in terms of 
secondary particles. We consider an elementary object-particle, i.e. an entity 
fully specified by one complete momentum vector M ^ mJ. Its contribu¬ 
tion to the energy tensor is required to be a space tensor of the second rank. 
In principle there is only one way of forming such a tensor; we must take the 
outer square MxM. For if another vector M' were introduced, the con¬ 
tribution would be jointly associated with particles specified by M and 
It would, in fact, be a reversion to the primary concept which associates 
each element of density with two particles. 

For accuracy it must be stated that the reality conditions of the theory 
may require that the second factor is not M but a vector uniquely determined 
by M, e.g. its complex conjugate. This, however, is merely a convention of 
symbolism. To guard ourselves formally* it must be understood that the 
operator x includes the transformation (if any) imposed by the reality 
conditions. 
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The most general expression for the contribution of the fully occupied^ 
wave function of an elementary particle to the energy tensor is accordingly 
a(Jlif X M), where a is a pure number. Since there are no pure numbers in¬ 
cluded in the specification of the particle, a must be a constant of nature. 

This step in the argument is of great importance, because we shall find 
that there are two kinds of elementary secondary particles (protons and 
electrons), and it shows that a must be the same for both. Elementary 
theory seems to suggest that they ought to have different coefficients 
and proportional to the reciprocals of their masses; but this is excluded 
by the fact that we cannot work and into the specification of these 
particles. If we try to introduce the same difference solely in terms of the 
momentum vectors specifying the particles by taking the density equal to 

{M X ilf ) “ quarterspur My 

we obtain a quantity of the wrong dimensions. We do not say that there can 
be no physical entity whose specification requires a pure number in addition 
to a momentum vector; but such an entity does not fulfil the definition of an 
elementary object-particle. 

A comparison particle is an example of an entity whose specification 
includes a pure number as well as a momentum vector; for we have to 
qualify the momentum vector by the epithet “discrete”, which means that 
it harS only the degeneracy factor of a true vector. Thus if the momentum 
vector of a comparison particle is Mq, we must not assume that its contribu¬ 
tion to the energy tensor is a(MQxM^). But we have learned in § 11 the 
precise way in which the pure number ^ appears in the energy tensor. 
Writing a « 106 , so as to show the degeneracy coefficient explicitly, the 
energy tensors of the comparison particle and object-particle are respec¬ 
tively 

b{M^xM^)y 106(Jfxjlf). (7) 

The original expression for the energy tensor (according to the primary 
concept of particles) was the product MxM^of the two momentum vectors 
(§4). In order to postpone the discussion of the scale in which this is 
expressed, we shall write it more generally as 

136c(Jf xifo), (8) 

since we already know that it includes the degeneracy factor 136 of a double 
vector. 

The expression of the energy tensor of a secondary particle as the square 
of its momentum vector accords in principle with macroscopic relativity 
theory which sets the part of due to a particle of proper mass m eq ual to 
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%Pft'Pph^'> where = mdx^jda is the momentum vector. We have already 
remarked that our result omits the divisor m. The macroscopic expression is, 
of course, no definite guide to the individual contributions of protons and 
electrons, and the difference is not to be looked upon as a discordance. 

13. We can now express the condition that in the replacement of the bi¬ 
particles by secondary object-particles and comparison particles the energy 
tensor is not altered. The sum of the energy tensors of the object-particles 
and comparison particles must be equal to the sum of the energy tensors of 
the bi-particles. Accordingly, by (7) and (8), 

X ifo) + I06(Jf X M)} = 2T36c(Jf x Afp). (9) 

If a double vector is partially occupied, the occupation factor p is attached 
to the vector of the object-particle in the factorization, the comparison 
particle being understood to be a permanent constituent of the physical 
reference frame and therefore incapable of reduced occupation. Thus the 
factorp would appear in two of the terms of (9) but not in the term x il/^). 

Clearly the equation (9), corresponding to full occupation, wiU not remain 
satisfied when arbitrary occupation factors are inserted. This was to be 
expected, because we have seen that the difference in method of i^elativity 
and quantum theory in treating variation of the content of the reference 
frame makes it essential to connect their respective formulae on the basis 
of full occupation (§9). 

When we come to consider how it is possible to satisfy equation (9) 
certain difficulties appear. But it is necessary to remember that our dis¬ 
cussion has been confined to the most elementary material of quantum 
theory independent elementary particles in uniform motion—and the 
equation applies to object-systems composed solely of such material. 
Interaction energy, field energy, reaction at the boundary of the volume 
considered, would introduce extra terms whose form we have not yet 
discussed. Nor have we considered how a variation of the degrees of occupa¬ 
tion of a wave function would affect the energy tensor, except in so far as 
a quasi-static approximation is sufficient. 

The most conspicuous difficulty is that, whereas the left-hand side of (9) 
will generally yield a pressure component there is no provision for 
pressure components on the right. But a little reflexion shows that this was 
to be expected. If pressure is treated in the usual elementary way as a 
boundary effect, it corresponds to exchange of particles between the tegion 
W considered and the region outside W , and the corresponding exchange- 
energy must be introduced to represent it. If the pressure is treated as an 
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internal distribution, it is represented by the collision forces between the 
particles which are also a variety of exchange effect. Finally, if there are no 
collisions and no boundary exchange, so that the system is dispersing 
freely, terms representing the progressive evacuation dp/dt must be inserted. 

To avoid a long incursion into other branches of relativistic quantum 
theory in w^hich these matters are treated, we must find a simple application 
of (9) which steers clear of them. With this limitation the only problem we 
can tackle is that of particles at rest, since motion immediately raises the 
evacuation problem,* We can omit the summation, since there is now no 
advantage in considering more than one double vector and its factors. 

A(!CordingIy, taking the object-particle at rest and considering the 
double-time component of the tensor, (9) gives 

106m* = ISOcmmo, (10) 

where m, m^ are the proper masses of the object-particle and comparison 
particle. 

It is already clear from (10) that there wdll be two possible values of the 
ratio m/mo, there are elementary particles of two difFerent masses. 

14. The factors 1 , 10 , 136 in the three terms of ( 10 ) are the degeneracy 
factors of the respective wave tensors. By omitting them we obtain 

b(ml ^ m*) = cmm-o, (11) 

which would have been the result if degeneracy had been neglected. In 
order to find the ratio 6 /c, we examine how this simplified equation would 
be mterj)reted, weight factors being disregarded. We are considering a 
normalization volume V in which from the ordinary point of view there is 
only one particle whose mass is m. The two sides of the equation give two 
expressions for the density. The right-hand side corresponds to the ordinary 
expression /> = m/F, so that we innst have 

cmg=l/V. (12) 

The reciprocal of a three-dimensional volume is a vector normal to the 
volume; and, since in our units it has the dimensions of a mass, it has 
appeared in our analysis as the vector cMq w^hich has a time-component cm^y 
as expressed in ( 12 ). 

Relativity theory, however, insists that an observable such as density 

* We should have to express m terms of occupation factors the condition {obvious 
from relativity considerations) that a space com|K)nent of the momentum vector 
causes a particle to “move**, i.e. become associated progressively w'ith different 
elements of the oom{)ari8on iluid. 
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cannot be associated with one particle in empty space; so that the second 
vector, whether written as cMq or must represent a physical system 
and not a mere geometrical abstraction. Accordingly, the left-hand side of 
( 1 . 1 ) exhibits the same density divided between the particle which we 
recognize and a comparison particle. It shows that if the ordinary particle 
were removed, so that the space became technically empty, there would 
still be a density bm^ and therefore a mass 6w§ V in the volume. Since this 
must be the mass Mq of the comparison particle, we have 

niQ = 6m§ V “ 

by ( 12 ), Hence 6 — c. 

Using this result, ( 10 ) becomes 

ml -f 10 m® = 136mmo, (13) 

which is the equation for the masses of the proton and electron (Eddington 
1931 ). It equates the density of the rmUtuil energy of particles (on the right) 
to that of the equivalent self-energies of particles (on the left). 

15. If mj,, are the masses of the proton and electron, i.e. the roots of 
equation (13), the masses /i, m of the internal and external particles of the 
hydrogen atom are 

/I « mim2/(mi + ma) = mo/136, 

M = m^ + mg = 136mo/10. 

It is instructive to see how these masses can be derived directly instead of 
via the proton and electron. If the foregoing arguments were applicable to 
internal and external particles without modification, we should have had 

m® + ( 10 /i®) = 136/tmo, (16) 

(mg) -h 10 m® = 136Mmo. (16) 

The brackets show the terms which must be omitted to agree with (14), and 
therefore call attention to the points at which the argument becomes 
modified. 

A peculiar feature of the internal particle is that it has no rest-mauBS. The 
proper mass of the system is m, not m + /^. Alternatively, we can say that the 
particle has a rest-mass equal to its mass-constant //, but the zero of energy- 
reckoning has been lowered by a constant jn. Thus the density 10 /i®, corre¬ 
sponding to a mass /i, is either absent or cancelled, and must be omitted on 
the left-hand side of (16). 

For the external particle the term mg is omitted. The argument for 
inserting this term was that when the self-energy of the objeot-partiole is 
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removed there remaiiui the self-energy of the comparison particle. This no 
longer applies, because the self-energy of the comparison particle is provided 
out of the internal mutual energy as shown in equation (16). The 

difference is that when we remove the self-energy of a proton we have to 
remember to make provision for the energy of the comparison particle; 
but when we remove the self-energy of an external particle we leave an 
internal particle which undertakes the provision of the energy of the 
comparison particle. 

It will be seen that when internal and external wave functions are 
employed there is only one comparison particle instead of two. We have 
reached this conclusion by deduction; but the physical reason for it should 
also be considered. It turns on the fact that £, is not the difference of two 
co-ordinates measured from the physical origin, but a direct measurement 
of one particle from the other as origin. The transformation to internal and 
external wave functions is not simply an analytical transformation but a 
change of the method of observation, the new method being one which 
causts less disturbance to the physical frame \ for every measurement from 
the physical origin communicates an uncertain momentum to the physical 
frame just as it does to the particle that is being located. This lessened 
disturbance is represented by providing one comparison particle instead 
of two to take up the reaction from the measurements. 

16. We are now in a position to treat more fully the transformation (4), 
In §5 it was applied to primary particles; but we here consider the same 
transformation applied to object-particles so as to replace the wave func¬ 
tions of a proton and electron by internal and external wave functions. 
Being an initial step towards other developments, the transformation is 
limited to field-free non-interacting particles represented by '‘infitiite plane 
waves'*. After this step has been taken, interaction can be introduced in 
the internal wave function, which then fulfils its normal practical purpose 
of specifying the correlation of the proton and electron distributions. The 
transformation, like any mathematical substitution, is always valid, but its 
utility is limited to uncorrelated distributions. 

A well-known property of (4) is that the Jacobian 3(^, x)ld{Xy, x^) is unity; 
this has the effect of eliminating any difference between polarization space 
^ and ordinary space as regards normalization volumes. 

Another well-known result is 

mi ^mg ** M 3x*’ 


(17) 
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with similar equations for the other three co-ordinates. Hence 

The second order (relativistic) wave equation for a field-free particle is 

{( ihl2n)^ □ - rn'*} i/r--0, (10) 

where m' is considered to be the proper mass of the particle. Hence, for 
discrete eigenfunctions, (18) reduces to 

+ ( 20 ) 

This reduction is not quite so simple as it seems, because the four □ operators 
do not usually reduce to eigenvalues simultaneously. But it is justified by 
the familiar theory of invariancie of the density of the eigenstates in different 
modes of analysis, provided that the eigenstates are non-degenerate. When, 
however, non-scalar wave functions are employed, we must take account 
of their innate degeneracy. If in (19) ^ is a wave vector, it describes an 
amalgamation of ten discrete states and only of the eigenvalue m'* can 
be allotted to one discrete state. Thus the general form of (20) is 

( 21 ) 

where Wj, Wg, n, v are the degeneracy factors. When, as in the formation of 
a hydrogen atom, the wave functions are all simple wave vectors, all four 
factors are 10 and we regain equation (20); but the form (21) should be kept 
in reserve for future developments. 

Equation (20) or (21) expresses the condition that the pairs of wave systems 
and satisfying wave equations of the form (19), describe the 

same object-system. We can use it in two ways: (1) to show how the eigen- 
masses m', /// must be chosen in order that the condition may be satisfied, 
or (2) if m', /t' are assigned by convention in a way which does not satisfy 
the condition, we can find the nominal change of the energy of the object- 
system in passing from one mode of description to the other. 

We must adopt « Wj, since that is essentially the definition 

of the transformation we are applying. The practice of quantum theory 
commits us to the identification /^' = Then if the condition (20) is satisfied, 
wo have 

m'® == M(M~/^). (22) 

It is not impracticable to accord the external wave function the exceptional 
treatment which (22) demands, but it is confusing in conception. But a 
more illuminating point of view is obtained by following up alternative (2). 
We then adopt m' =» m, making no distinction between the external particle 
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and the other particles. Condition (20) is then not satisfied, but the dis¬ 
crepancy is regarded as a change in the zero-point of our reckoning of 
energy when we pass from a description of the object-system in terms of 
ordinary particles to a description in tenns of internal and external particles. 

A change of zero-point is justified physically by the fact that the trans¬ 
formation is not merely analytical but implies a different procedure of 
observation—a procedure which introduces one comparison particle instead 
of two (§15), so that a different separation of the object-system from the 
comparison fluid is involved. I may add that the change of zero-point is 
not the direct result of the elimination of a comparison particle (for our 
method of analysis has provided for that); it is due to the elimination of its 
interchange energy with the comparison particle which is retained (P. and 
P. §15»H). 

17. The derivation of the numbers 10 and 136, representing degree of 
degeneracy or number of dimensions of phase space, is given in P. and E. 
pp. 95, 165. The following is a more elementary physical derivation.* The 
mechanical characteristics of a particle consist of its energy, momentum 
and spin-momentum. The momentum and energy constitute a 4-vector 
(Wj^, wigg, and the spin momentum is a 6 -veetor (mag. 
m 24 ,mg 4 ), so that ten quantities arc required to specify the mechanical 
characteristics. If, however, we are considering the possible variations of 
the characteristics of a particle oi fixed proj)er mass m, there are only nine 
independent variations. In the postulated symmetrical conditions these 
form a nine-dimensional continuum of degeneracy; hence the degree of 
degeneracy is 10 . 

It is commonly assumed that the spin-momentum has only three com¬ 
ponents mgi, but this assumes that the particle is at rest, since a 
Lorentz transformation would introduc?e the other components of the 
6-vector, Bearing in mind that the particle is in general a superposition of 
elementary states with dilferent momenta, we see that the full 6-vector 
must be specified, and each component is capable of independent variation. 
This applies even when we are dealing with a single elementaiy state as 
ordinarily understood, because the momentum vector is not exact (discrete) 
but almost exact (pseudo-discrete). 

To exhibit the connexion of tins treatment with phase space, we have to 
consider the strain vectors corresponding to the above space vectors. These 
are (Sfi*, 5^*4, A^ig) and (6^, A'g,^Sgg), together forming the ten 

* This is the result of discussions with H. T. Corben as to the physical identification 
of the components of a strain vector. 
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spaoe-like components of the complete strain vector. Starting with jSi® =« m, 
the other components being 0, infinitesimal variations of the other com¬ 
ponents give nine dimensions of phase space. To these we have to add the 
algebraic phase conjugate to making ten dimensions in all (P. and E, 
§7*3). 

An interesting point is that only mechanical characteristics of the particle 
are taken into account. The electromagnetic characteristics (distinguished 
by their change of sign in passing from a right-handed to a left-handed 
frame) correspond to the six time-like components of the complete strain 
vector, and are not represented in phase-space. The meaning of this is that 
electromagnetic characteristics have no physical significance if the particle 
is alone in a Riemannian frame; on the other hand mechanical characteristics 
have a significance, since the constitute an inertial frame. 

Passing to the bi-particle, the ten mechanical characteristics of each 
component form 100 combinations. These are all capable of independent 
variation, because the bi-particle is not necessarily in one separable state; 
it may be a superposition of separable states. In addition, electromagnetic 
characteristics of one particle in combination with those of another 
particle have a physical significance. The six dormant electromagnetic 
characteristics of each particle give 36 combinations representing electric 
stresses, etc., in the bi-particle. Naturally, the specification is more com¬ 
plicated than that of a macroscopic electromagnetic field which is much 
simplified by averaging. The total number of significant characteristics is 
100 H-36 = 136. There are also 120 combinations of mechanical character¬ 
istics of one particle with electromagnetic characteristics of the other which 
are not physically significant when the bi-particle is isolated in space; these 
are distinguished analytically as time-like components of the double strain 
vector. 

Strictly speaking, one more degree of degeneracy is introducjed into the 
hi-particle when we nominate one of the two components as the comparison 
particle. Exchange of the nomination is clearly a relativistic transfonuation, 
so that it forms an additional dimension of the continuum of degeneracy. 
I have taken no account of this in the foregoing discussion, because the 
subject of interchange is better treated as a whole. If we neglect interchange 
in this derivation of primitive material, and then hand over the material to 
current quantum theory which continues to neglect interchange, we obtain 
a consistent theory into which the complicated effect of interchange can be 
introduced systematically. But if we take account of interchange in the 
preliminary stages and then join our results to current theory, we obtain a 
mixture which is not only incorrect but difficult to amend. I consider 
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therefore that the non-interchange masses in equation (13) should be 
regarded as the standard masses of the proton and electron. It appears from 
the theory of interchange that the mass of the internal particle of a hydrogen 
atom (and therefore approximately the mass of an electron) derived by 
applying the formulae of current quantum theory to observation is 137/136 
times the standard mass (P. and E, § 15'8). 

In many other j)arts of my theory the formulae are more easily derived 
and undet'stood when we interpret the numerical coefficients as degrees of 
degeneracy. Besides the coefficients 10, 136, 137 the coefficients most 
frequently occurring are 4 expressing the degeneracy of an ordinary (not 
a complete) space vector, and 3 for the three-dimensional vectors in 
static problems. But other combinations can arise according to the circum¬ 
stances of the problem under consideration. 
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The masses of the neutron and mesotron 

By Sir Arthur Eddington, F.R.S. 

(Beceived 10 October 1939) 

Tub neutron 

1. The development of relativistic wave mechanics in the preceding 
paper makes it possible to calculate the mass of the neutron. References, 
unless otherwise stated, are to the sections of that paper. We have only to 
express the fact that a proton and electron by emitting a neutrino yield a 
neutron. 

We consider the proton and electron initially without interaction, since 
the interaction energy would in any case have to be recalculated after the 
emission of the neutrino. They are equivalent to an external and an internal 
particle of masses m =■ m, + +w,). These, like the electron 

and proton, are specified by complete momentum vectors having the full 
degree of degeneracy 10. 1 take it that the emission of a neutrino is a way 
of saying that one of the particles loses its spin. Accordingly its complete 
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momentum vector, which (leaving aside the six dormant electrical com¬ 
ponents) consists of an ordinary momentum 4-veotor and a spin 6-vector 
(§17), is reduced to a momentum 4-vector, and its degree of degeneracy is 
changed from 10 to 4. The particle which undergoes the modification is 
clearly the internal particle, for the neutron in its external relations resembles 
a hydrogen atom; indeed a spinless external momentum vector would 
represent a particle capable of existing only in one Lorentz frame and there¬ 
fore immobile, since the spin 6-vector is necessary for a Lorentz trans¬ 
formation as Dirac’s pioneer investigation demonstrated. 

The reduction of the degeneracy factor from 10 to 4 increases the energy 
of the internal particle in the ratio 10 to 4, i.e. from pi to 2*5/4. This follows 
from § 16, equation (21), bearing in mind that it is the generalized form of 
equation (20) whose significance is followed up later in the section. The 
last term is the energy of the internal particle, which is increased in 

the ratio 2*5 by the change of the degeneracy factor v from 10 to 4. 

To satisfy ourselves that the change is effective—that it adds 1*5// to the 
whole mass and is not merely a formal change of reckoning—we must recall 
that (21) is not imposed as a condition to be satisfied unless we intend the 
system referred to on the right-hand side to be merely an alternative 
description of the dissociated proton and electron referred to on the left; 
in other cases the discrepancy of the two sides indicates the excess of energy 
of the system represented by the internal and external wave functions over 
the proton-electron system. By changing v from 10 to 4 this discrepancy is 
increased by 1*5/4; that accordingly is the increase of mass necessitated by 
the emission of a neutrino. The point to notice is that although we start 
with a discrepancy ji between the two sides of the equation, attributable to 
a formal change of reckoning in the transition from an absolute to a relative 
description, variations of the discrepancy are not formal changes. 

Accordingly the mass of a neutron exceeds the mass of a hydrogen atom 
by 1*5/4, or very nearly 1*5 electron masses. 

This result has already been obtained in an investigation by H. 0, W. 
Richardson * based on the theory as given in Relativity thmry of protons and 
edeclrons. Richardson’s work has been known to me for a year; and, although 
it did not profess to give a complete proof (some details being left obscure), 
I could feel no doubt as to its substantial truth. By indicating a new direc¬ 
tion in which advance was undoubtedly possible if certain parts of my 
theory were brought into better order, it has greatly helped me in these 
developments. 

♦ Owing to inoornplot«»ne8fi, Mr Richardson has withheld publication Of the 
investigation. 
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2. There can be no internal angular momentum in the neutron. Although 
spin momentum is normally only part of the whole angular momentum^ 
relativistic conditions make it impossible to attribute angular momentum 
to a spiniess particle (P. and E, § 8-3). The neutron therefore does not possess 
an internal structure with negative energy-levels analogous to those of a 
hydrogen atom. I think that the only possible form of internal motion open 
to it would be pulsation, but no solutions of the wave equation are of that 
form. It seems clear therefore that the neutron has only one state, namely, 
that in which the momentum vector of the internal particle is directed along 
the T-axis. Thus there will be no correction for internal energy, and the 
result found above is the true mass of the neutron. 

The magnetic moment of a free neutron is easily determined. Since there 
is no internal angular momentum, the magnetic moment is that of the 
external wave function only, which is identical with the external wave 
function of a hydrogen atom. This moment is 

2*5f»A/4;TCM, (I) 

that is to say, it is the moment erroneously attributed to the proton in current 
quantum theory. A derivation of (1) is given in P. and P. § 12*8, but this 
could now be considerably improved. It may be noted that (1) applies to 
the neutron as it stands, not with the mass of the neutron substituted for M. 


Thb mesotron 

3. The mesotron is more difficult to treat, and the following determination 
of its mass may not be so definitive as the corresponding investigation for 
the neutron. We have to express the fact that a mesotron by emitting a 
neutrino becomes an electron, or, more conveniently, that an electron by 
combining with a neutrino becomes a mesotron. 

The complete momentum vector representing an electron cannot absorb 
a neutrino in the sense in which it can emit one; it can lose the spin 6-vector 
incorporated in it, but it cannot be extended to accommodate an additional 
6-veotor. Thus we can only represent the association of an electron and 
neutrino as a combination, their respective vectors being combined into a 
double vector occupied by a bi-particle. The 10-fold degeneracy of the elec¬ 
tron vector coupled with the 6-fold degeneracy of the neutrino spin-vector 
gives a double vector with degeneracy 60. Since the pure spin-vector con¬ 
tains no electrical components to combine with the electrical components 
of the electron vector, there are no additional dimensions of degeneracy . 

I conclude that a mesotron is a bi-particle with degree of degeneracy 60* 
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One of the very few possibilities that present themselves for consideration 
is that the mesotron bi-particle includes what will ultimately be the com¬ 
parison particle; so that the actual transformation is 

mesotron — neutrino electron -f- comparison particle. 

This seems probable when we consider the origin of the mesotron. The 
nucleus appeal's to be a region qf intense angular momentum. The ordinary 
macroscopic theory of Riemannian space, which assumes that microscopic 
vorticity cancels out on the average, (leases to apply even approximately; so 
that both the geometrical frame and the physical comparison fluid which 
materializes it require the fuller specification explained in P. and P. § 11*4. 
We noticed (§8) that the ordinary comparison particles do not provide a 
standard of non-rotation, and that special spin-comparison particles might 
be required in certain types of problem. It seems reasonable to suppose that 
in the nucleus we have a certain number of ordinary comparison particles 
furnishing a standard of rest for the measurement of momentum, and a 
certain number of spin-comparison particles furnishing a standard of non¬ 
rotation for the measurement of angular momentum. The number and 
nature of the comparison particles is, of course, determined by the nature 
of the ideal measurements which we must suppose ourselves to have made 
in order to be in possession of the knowledge which we should regard as a 
full description of the system. 

When an electron emerges from the nucleus it may bring with it an ordinary 
comparison particle or a spin-comparison particle, depending on the nature 
of the measurements required to obtain full knowledge of the transformed 
nucleus. In the first case the comparison particle merges at once into the 
comparison fluid, and we observed only an ordinary electron in undisturbed 
environment. In the second case the combination remains for some time 
a distinct bi-particle—an electron existing in a vortex. The vorticity is 
gradually dissipated; that is to say there is a probability of transition into 
an Ordinary electron and comparison particle. The transition is described 
as emission of a neutrino, but it is an altogether different process from the 
emission of a neutrino in forming a neutron. I suppose that a physical picture 
of what happens is that, when released from the constraint of the nucleus, 
the bi-particle has new degrees of freedom which, by non-oommutatian with 
the neutrino spin, cause a precession which ultimately makes the origina.1 
])laue of spin untraceable. When it is necessary to distinguish the two ways 
of losing spin, I shall describe the mesotron process as emission of an 
The aw^t-ness lies in the fact that the spin is in the ooinparisQii 
part of the bi-partiole instead of in the object part. 



The masses of the neutron and mesotron 45 

We have therefore to consider the conversion of a pseudo-discrete double 
vector of degeneracy 60 into the oori'esponding pseudo-discrete double 
vector of full degeneracy 136 which is immediately replaceable by an elec¬ 
tron and comparison particle. In the case of the neutron we found that the 
change of degeneracy alters the mass in inverse ratio, and the same rule 
applies here; but the argument requires restating since we are now con¬ 
sidering a bi-particle. 

As in the case of the neutron, the key-condition is that energy must be 
gained or lost in the transition in such a way as to preserve a one-to-one 
correspondence of the particles. This requires that the mesotron wave 
function shall have the same normalization volume V as the electron and 
comparison particle. 

Each double vector consists of a mass-product multiplied by a unitary 
double matrix. The transformation of the double matrix of a mesotron into 
the double matrix of an electron -f- comparison particle is merely a relativity 
rotation of the double frame thus apart from degeneracy, a mesotron 
in one frame would actually be an electron -h comparison particle in another 
equivalent frame. The effect of degeneracy is contained in the formula 
relating the density to the mass-product (§12, formula (8)); the relation 
p « VMcmQm^ must be replaced in the mesotron by // = 60mo»w', Treating 
this as a change of s(?ale of energy, we must change p in the same ratio as 
Wy and since the normalization volume has to be kept constant. Setting 

, = am^, m' p' « ap, 

the conditions p ^ p' == 60cw.,Jm' give 

a ^ 136/60. 

Thus if we build an electron -I- comparison particle system on 136/60 
times the ordinary scale of energy, the result is equivalent to a mesotron; 
and conversely the transformation of a mesotron into an electron-*-com¬ 
parison particle is a deflation of this system to the normal scale by emission 
of th^ surplus energy. 

It may be noticed that the presence of the additional mass of the mesotron 
in the volume V must alter the curvature of space. This is represented in our 
formulae by the increase of the mass of the physical reference frame. 
The fact that both and have to be altered follows from the relativistic 
condition that we cannot alter what is put into the frame without altering 
the frame itself (§9). The ordinary approximation of quantum theory 
which m^lects the alteration of the frame would be hopelessly in error in 
this type of problem. 
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The mass ^(mo + m^) of the mesotron is measured from a zero-level 
- m„; for, after the emission of the excess energy, we are left with the mass 
(wio + nif) of which only m,. counts as object-mass. The actual object-mass 
of the mesotron is therefore 

if + (2) 

Since = ISo-iiawic, this gives 

M - 174*44 standard electron masses 
= 173-17 current electron masses, 

the mass currently assigned to the electron being 137/136 times the standard 
mass. 

Presumably there can exist also “heavy mesotrons” which change into 
protons (or negatrons). Their mass, obtained by substituting for in 
(2), is 2-36 proton masses. 

4, A very rough idea of the lifetime of a mesotron is obtained in the 
following way. We have first to find a basal time (, or equivalently a length 
I = ct, which is naturally connected with the mass-product mitn-g which 
characterizes the mesotron or the system into which it is transformed. One 
of the two mass factors is usually replaced by the reciprocal of the natural 
normalization volume F; and the most relevant association of length and 
mass is obtained by identifying with the mass of one of the simple 
jjarticles which can occupy it. Then is identified with the mass-product 
of two such masses. Accordingly for the most simple double vector the 
characteristic length Z is F*. Since we have left vague the particular mass 
or associated with F”', we cannot define more closely the I 
corresponding to the mass-product m^niQ of the mesotron; but since I varies 
only as the sixth root of the mass-product the indefiniteness is compara¬ 
tively small. 

By cosmological theory the volume V is found to be 250 cm.® (P. and E. 
§ 14*9), Hence Z = 6 cm., and Z == 2 x 10“^® sec. We cannot expect this basal 
time to be a close guide to the lifetime of the mesotron, because rather 
large factors, such as 60 and 136, will appear in the precise calculation of the 
transition probability. It seems clear that the basal time would apply most 
directly to a structure which offers no resistance to collapse, The fact that 
a neutrino is emitted would seem to place the mesotron transformation in 
the category of forbidden transitions. It is therefore not surprising that 
metastability prolongs the lifetime of a mesotron to 10* times the basal 
time. 
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NUCI^EAB STBITCTURK 

5. One or two points preliminary to an understanding of nuclear struc¬ 
ture appear to be settled by the foregoing results, coupled with an earlier 
investigation of the non-Coulombian force between protons (Eddington 
1937 ). Perhaps the most interesting conclusion is that mesotrons have no 
connexion with the so-called Yukawa particles. 

The elementary material to be combined in the nucleus consists of protons 
(p), electrons (e), ordinary comparison particles (c) and spin-comparison 
jmrticles {s). The comparison particles are virtual particles; they are not 
in the nucleus until we make the measurements necessary to obtain the 
knowledge which forms the quantum description of the nucleus. This 
material yields four possible kinds of bi-particles e^. Owing to the 

large rest-energy (2-36^^) of the heavy mesotron p^, the tendency will be 
to form the combinations rather than the opposite combinations p^, 
Provisionally we may suppose that an electron can only be inside the 
nucleus if it is attached to a spin-comparison particle; then if the number of 
electrons exceeds the number of spin-comparison particles, the electrons 
witli ordinary comparison particles wdll remain outside as satellite electrons. 
Tliis reduces the nuclear constituents to protons with ordinary comparison 
particles and mesotrons the former being in excess. 

We can advance one step in investigating the fusion of this material by 
complex interaction. Consider a combination of one with one e^. In a 
combination of p^ with p and e combine into the internal and external 
particles of a hydrogen atom and the two comparison particles reduce to 
one. To obtain the same combination of p^. and we must make convert 
itself into by emitting an anti-neutrino; this (presumably) will be cancelled 
if at the same time we make the internal particle of the hydrogen atom emit 
a neutrino, thereby converting the hydrogen atom into a neutron. Thus the 
result of the combination of p^ and is a neutron with an ordinary com¬ 
parison particle 

We cannot suppose that the mesotrons are selectively combined each 
with a particular Pc] but it is not unlikely that the condition can be repre¬ 
sented with sufficient approximation as combination with a p^ whose identity 
is being continually varied by interchange. But leaving aside the question 
whether it is the best starting-point for detailed investigation, we can see 
why the analysis of the nucleus into protons and neutrons (p^, %) has seemed 
so much simpier than the analysis into protons and electrons (p^, c,). In the 
proton^neutron analysis all the comparison particles are ordinary, so that 
the protons and neutrons are represented in a physical frame corresponding 
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to ordinary Riemaimian space; the proton-electron analysis requires spin- 
comparison particles and cannot be represented in Riemannian space. 

The ordinary comparison particle was chosen so as to provide axl exact 
reference frame for momentum; individually it provides no reference origin 
for position and no standard of non-rotation for the determination of 
angular momentum. But when we pass from horizontal to vertical section 
(§ 9), so that the volume V contains a mean of a large number of the original 
comparison particles, we obtain a fairly good standard of position and of 
non-rotation provided that the conditions are such that the law of chance is 
applicable. For example, different parts of the comparison fluid will {by 
averaging) furnish nearly the same standard of non-rotation unless we 
deliberately select a permanently disturbed region such as a vortex. The 
nucleus occupies such an exceptional region. It is well known that this 
occasional failure of averaging depends on the existence of integrals of the 
dynamical equations. There appears to be no integral which could cause a 
failure of positional averaging; and in any case the nucleus is not an excep¬ 
tional region in this respect. The uncertainty of the origin provided by the 
comparison fluid (or by a single comparison particle in vertical section) is 
found to be e"^*^**, where (in terms of oosmical constants) 

k ^ 1*66 X 10 -13 cm. 

(Eddington 1937 , equation (7*2))*. By this uncertainty a point in the 
physical reference frame corresponds to a Gaussian distribution in the 
geometrical reference frame and vice versa. It is this Gaussian spread which 
provides the “range of nuclear forces^' between protons. 

It is therefore the comparison particle attached to the proton or neutron 
which (by the uncertainty of its position relative to a Galilean frame) 
determines the range of nuclear forces. The “ Yukawa particles ’ ’ introduced 
by nuclear physicists to account for this range are therefore identical with 
the comparison particles already familiar in extra-nuclear theory. They are 
neutral spinless particles of mass tHq— 136m^. 

When the mesotron was discovered experimentally it was assumed to be 
identical with the Yukawa particle. I found this very puzzling because the 
comparison particle is essentially a virtual particle; and it was difficult to 
see how it could be turned into an object particle and lose its electrically 
neutral character. We see now that the mesotron is an altogether different 
particle. If we adopt the analysis e, of the nucleus, the Yukawa or 00 m- 

♦ This is one of the investigations which can be simplified by the degeneracy method 
of treatment. A not© by H, M. Thaxton and the author (not yet published) suggests 
that there will probably be a small change of k in the revised investigation^ 



iTAe o/iAe wetrfron awrf meaoifron 49 

pftritiK)!! particles c and the mesotrons are exhibited as distinct constituents. 
Since the mesotrons have an altogether different type of wave function &om 
the comparison particles, the present tendency to confuse them is likely 
to hamper the progress of nuclear physios. 

Our conclusions may be summarized as follows: In its normal state the 
nucleus may be taken to consist of protons and neutrons each with a com¬ 
parison (Yukawa) particle When a transition is about to occur the 

neutron is to be regarded as a combination of and If the transition is 
spontaneous, the available energy is insufficient to provide for the emission 
of a mesotron e,. Accordingly is transformed into before emission, by the 
process described as emission of an anti*neutrino, and we have the ordinary 
yff-ray disintegration. If the transition is a consequence of the entry into the 
nucleus of a large amount of energy sufficient to provide the rest-mass 
173m^ of the mesotron, direct emission of becomes possible and the second 
transition is deferred until the end of the natural lifetime of the 

mesotron in free space. 
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Kinetics of the thermal decomposition of fully 
deuterated diethyl ether 

By J. G. Davotjd and C. N. Hinshblwood 
(Received 28 October 1939) 

This paper describes an exiierimental study of the thermal decomposition 
of fully deuterated diethyl ether. In discussing the results it is assumed for 
brevity that reference will be made to the two most recent papera dealing 
with the reaction of the hydrogen ether, namely that of Davoud and 
Hinshelwood ( 1939 ) and Hobbs ( 1938 ). 

The experimental method was to observe with a mercury manometer or 
bourdon gauge the change of pressure with time when the ether decomposed 
in a silica bulb kept at a temperature constant to 0 - 6 °. Pressure-time readings 
were corrected by numerous analyses of the aldehydes formed (Davoud and 
Hinshelwood 1939 ). The heavy ether was obtained from the Norsk Hydro 
and was 99-0 % pure. All measurements with the heavy ether were repeated 
with light ether within a short time and under identical conditions: com¬ 
parisons are therefore independent of temperature errors, which in any case 
are small. The principal results are given consecutively below with the 
comments on each immediately following. 

(A) The i)re 8 ence of increasing small quantities of nitric oxide causes 
the rate of decomposition of ether to fall to a well-defined limit. According 
to the hypothesis of Staveley and Hinshelwood ( 1936 , 1937 ) this is due to 
the suppression of reaction chains: the fully inhibited reaction represents 
the chain free molecular reaction of the ether, and the ratio of the normal 
rate, p,, to that of the fully inhibited reaction, pa,, measures the proportion 
of chain reaction occurring in the absence of nitric oxide. This ratio is called 
the apparent chain length. 

Table 1 shows that the ratio p«„H,/p«,(D) has a mean value of 1*78: 
the rather greater value of 2 ’ 14. The proportion of chain reaction is therefore 
somewhat greater with the light ether, the apparent chain length averaging 
3*7 for the light ether, 3*0 for heavy ether. The ratios 1-78 and 2’14 are, 
absolutely, of the order of magnitude to be expected. The primary process 
of the chain reaction depends upon the breaking of a carbon-carbon or of a 
carbon-oxygen bond and is therefore not likely to be much slower for ^he 
deuterium compound. This would in itself tend to make the proportion of 
chain reaction higher for the deuterium compound, since the total rate for 

[ 50 ] 
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the deuterium compound is less than that for the hydrogen compound. The 
observed results, therefore, probably mean that the introduction of deu¬ 
terium slows down some later stage in the chain process more than it does 
the molecular reaction. This is consistent with the idea that one of the chain 
steps involves complete rupture of a C—or C—bond (Bice and Teller 
1938 ). 

Table 1. Reaction bates and apparent chain lengths for H- and 
D-ethebs. Temperature 650° C. /c\, is rate fob oompletblv 

UNINHIBITED REACTION. p„ IS RATE FOR FULLY INHIBITED REACTION 

Initial preasure / 1 | 1 PooOO 

mm. Podrt Poo{D) 


( 1 ) Ratos estimated from 26% proasuro increase 


100 

3*96 

2*99 

2*17 

1*63 

200 

3*64 

2*96 

2*10 

1*79 ^ 

300 

3*66 

3*18 

1*94 

1*72 

( 2 ) 

Rates estimated 

from 60 ^ 

, pressure increase 

100 

3*71 

302 

2-26 

1-83 

200 

3*61 

2‘93 

2-22 

1'80 

300 

3*73 

3*21 

218 

1*87 


(B) Table 2 shows the influence of the initial ether pressure on the rate 
of the maximally inhibited reactions. There is little difference in behaviour 
between the two compounds except that the variation with initial pressure 
seems to be a little slower with the deuterium ether. 

Table 2. Influence of initial pressure on reaction bate for H- 
AND D-bthers. Reaction inhibited by 6 mm. of nitric oxide. 
Temperature 550° C. Rate with 100 mm. initial pressure taken 

AS UNITY 


Initial pressure (mm.) 

100 

200 

300 

400 

H-other: 25 % increase 

1*00 

1*42 

1*79 

1*93 

60 % increase 

1*00 

1*29 

1*66 

1*78 

Mean 

1*00 

1*35 

1*67 

1*83 

D-other ; 26% increase 

1*00 

1*27 

1*42 

1*48 

60% increase 

1*00 

1*22 

1*37 

1*41 

Mean 

1*00 

1*24 

1*40 

1*45 


(0) Table 3 shows that the maximum aldehyde produced is nearly the 
saine for the D- and H-compounds. This means that, under the conditions 
prevaihog in the respective systems, replacement of hydrogen by deuterium 
changes the reaction rate to nearly the same extent for the aldehyde and 
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for the ether. In the previous paper (Davoud and Hiiwhelwood 1939 ) it 
was shown that radicals from the ether reaction intervene in the deoom* 
position of the light aldehyde and cause it to react 2*9 times as rapidly as it 
would in their absence. A similar calculation for the heavy ether gives the 
value 1 - 93 , which is not very accmate, since it depends upon the drawing 
of a tangent to a curve, but which is certainly less than the value for the 
hydrogen compound: the result is consistent with the conclusion already 
reached that the proportion of chain reaction is somewhat smaller with the 
deuterium ether. 


Table 3. Intbemediate bokmatiok of aldehyde, for H- and 
D-ethees. Presslteb 300 mm. Temperature 650° C 


H-ether 

Max. pressure Time 

of aldehyde for Pmax. 

mm, sec. 

Normal reaction 59'5 220 

Infiibited reaction 63*6 1000 


Ratio 


^max. (Ponnal) 

^max.(iJ^ibit©d) 


0-220 


Ratio 


F^(noTm&l) 

j^tt(inhibited) 


2-9 


D-ether 

Max. pressure Tim© 

of aldehyde for Pm&x. 

mm. sec. 

Normal reaction 68-2 530 

Inhibited reaction 52*2 1400 


Ratio 


fxnftx.(inhibited) 


0-379 


Ratio 


jF’^{normal) 

i?’a(mhibitod) 


1*93 


(D) The amount of nitric oxide required to produce a given degree of 
inhibition is independent of the initial pressure of the ether (Hobbs 1938 ; 
Davoud and Hinshelwood 1939 ). This has been explained by supposing 
that the nitric oxide reacts chiefly with a complex radical which does not 
propagate chains itself until it has suffered a thermal decomposition to give 
a simple alkyl radical—an assumption independently made to explain other 
kinetic properties of the reaction (Rice and Herxfeld 1934 ). The longer the 
life of the complex radical the more it is exposed to mtrio oxide and the 
smaller the amoimt of this gas required to produce a given degree of in¬ 
hibition. Table 4 shows that in this respect there is rather little difference 
between the two ethers, but that slightly less nitric oxide is required to 
inhibit the reaction of the D-compound; this means that the life of the 
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oomplex radioftl which has to suffer the spontaneous decomposition is 
slightly increased by putting deuterium in place of hydrogmi. One might 
have expected a rather greater difference. 


Table 4. Amount oe nitric oxide required to produce 

A GIVEN DEGREE OF INHIBITION. TEMPERATURE 660° C 


P"/>co 

mm. of nitric oxide 


H-ethor 

D-ether 

0-1 

1-90 

1-67 

0-2 

1-07 

1*05 

0-3 

0-70 

0*675 

0-4 

0-47 

0*43 

0*6 

0‘32 

0*26 

0-6 

0-20 

016 


(E) Activation energies are given in table 5. They differ from all pre¬ 
viously published values in that they are derived from reaction rates 
corrected in the manner explained in a previous paper (Davoud and Hinshel- 
wood 1939 ). 


Table 6 . Activation energies for H- and D-ethers, corrected 

THROUGHOUT FOR ALDEHYDE FORMATION. REACTION INHIBITED BY 
PRESENCE OF 6 MM. OF NITRIC OXIDE 


Initial pressure 

mm. E (firom <„) E (from t„) 

H-ether: 400 64,100 62,700 

200 62,800 61,600 

100 62,000 61,000 

D-ether: 400 69,900 67,800 

200 67,300 67,400 

100 68,200 69,600 


The figures show that there is little change in E with initial pressure of 
ether—a fact not previously established for the inhibited reaction—and 
that the value of E for the D-compound is several thousand calories greater 
than that for the H-compound. The difference amounts to several times the 
probable value of the difference in zero-point energy of C—and C—D 
bonds: this is not in itself surprising, since the compounds contain ten H- or 
B-atoms. But the difference is also greater than is needed to explain the 
diffietrenoe in reaction rate. If this is correct, then it means that the decom¬ 
position i>robabiIity of the activated deuterium compound is somewhat 
gnatei: than that of the hydrogen compound. Such a result is not inexplic- 



54 


J. G. Davoud and C. N. Hinshelwood 


able: in the unimolecular reaction of a complex molecule a correct internal 
phase is necessary for transformation: the frequency of this depends upon 
the difference of other frequencies. If the introduction of deuterium lowers 
the frequencies themselves to varying extents, certain differences may be 
changed in either direction. If the exjwrimental data were clearer cut and 
the whole system a simpler one, this result might indeed be taken as evidence 
of the internal complexity of the transformation process. In the circum¬ 
stances the result and its possible meaning are mentioned without insistence. 

Discussion and summary 

On the basis of the current hypothesis that the total decomposition 
consists of the two consecutive molecular reactions I and II, and the chain 
reactions 1 , 2 , 3 and 4 (modified in accordance with the views of Rice and 
Teller ( 1938 ) that radicals attack hydrogen rather than carbon), it will be of 
interest to see whether a rough sequence can be established showing which 
are most and which least affected when hydrogen is replaced by deuterium. 

I CsHj. 0. CjHs = CHs. CHO + C,H,. 

II CH 3 .CHO = CH« + CO. 

1 CjHj. 0. CjHs = CH 3 -I- CH jO. CjH,. 

2 CH3 -I- C3H3.0. CjHs = CH 4 -t- CH* . CHj. 0. CjH j. 

3 CHj. CHj. 0 . CjHj = CHg. CHO -I- CjHj. 

4 CgH* + C 3 H 5 .0. C 3 H 5 * C,H, CH,. CHg. O. CjHj. 

The probable order of decreasing effect appears to be 2 and/or 4,1 and II, 
3, 1. 

Placing 1 last is an initial assumption based upon the fact that no C—H 
or C—D bond is involved. Next comes 3 which is little influenced, the 
estimate being based upon the conclusions of section (D). Given that 1 
and 3 are low in the series, 2 and/or 4 must come above I and II, since the 
chain reaction is more sensitive than the molecular reaction to D/H replace¬ 
ment (section (A)). We are not in a position to deal separately with 2 and 4. 
Under the conditions of the experiments I and II are about equally sensitive 
(section (C)). 


The influence of deuterium 

Hydrogen has a specific effect in maintaining the unimolecular rate 
constant in the thermal decomposition of diethyl ether at low pressures 
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(Mitohell and Hin^helwood 1937 ). To further a comparison between ordinary 
and fully deuterated ethers, the influence of deuterium on the latter has 
been investigated. 

The measurements were made at 550° C. 

Pressure changes were followed with a bourdon, employing an optical 
lever for magnification. 

Reaction chains were eliminated by 5 mm. of nitric oxide. 

The initial pressure of ether was 20 mm. 

Deuterium was prepared by the action of sodium on heavy water. 

The results, given in table 6 a, show clearly that the presence of 500 mm. 
of deuterium increases the rate to the value found for an initial ether pressure 
of 500 mm. 


Iablb 60. Variation of for fully dkijteratbd ether, with 

FRESStJRK OF ADDED DEtTTERIUM, IN THE PRESENCE OF 5 MM. OF 

NITRIC OXIDE. Temperature 550° C. Initial ether pressure 


20 MM. 

^*5 

mmf of deuterium 

sec. 

0 

/915 

1930 

187 

f618 

1667 



tw 

min. of deuterium 

sec. 

300 

/514 

\629 

400 

476 

600 

\476 

/608 


Table 65. Variation of ^25 hydrogen ether, with pressure of 
ADDED deuterium, IN THE PRESENCE OF 5 MM. OF NITRIC OXIDE. 
Temperature 520° C. Initial ether pressure 20 mm. 


irun. of deuterium see. 


inm. of deuterium sec. 


/3600 

13280 

/2907 

\3040 


200 

2340 

216 

2370 

330 

1540 

400 

/1480 

\1410 


It was thought worth while to investigate again the influence of deuterium 
on ordinary ether at low pressure, in the temperature region 620-526° C. 
Mitchell and Hinshelwood ( 1937 ) had concluded from their results that 
deuterium had no effect on the rate of reaction; whereas the present work 
leads to the conclusion that deuterium has a marked effect in increasing 
the rate of reaction—as indeed might have been expected. 

The results are given, in tables 66, c, along with the earlier results. There 
is no question that both sets, as experimental measurements of what actually 
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occurred, are equally valid. There is therefore an unknown factor which 
influences the energy exchanges. The nature of this must be more fuUy 
explored. Further work on the subject being impracticable for the present, 
we think it more correct to record than to withhold these observations. 

Table 6c. Variation of hydrogen ether, with pressure op 

ADDED deuterium, IN THE PRESENCE OP 6 JIM. OP NITRIC OXIDE. 
Temperature 626° C. Initial ether pressure 60 mm. 


Besults found by Mitchell Results of present 

and Hinshelwood ( 1937 ) investigation 



<50 


<50 

mm, of deuterium 

seo. 

mm. of deuterium 

see. 

0 

/1940 

0 

/8265 

\1870 

13146 

200 

1953 

66 

2700 

300 

1985 

176 

2460 

400 

1973 

307 

2230 

600 

1945 

388 

2285 



508 

2120 


Summary 

A detailed study of the kinetics of the decomposition of fully deuterated 
diethyl ether has been made. The results are discussed and compared with 
those (already published in the Proceedings) on the hydrogen ether. 
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The lamellar structure of potash-soda felspars 

By S. H. Chao and W. H. TAyix)R 
Physica Department, College of Technology, Mancheater 

{Communicated by W. L. Bragg, F.R.S.—Received 13 June 1989) 

1 . Intkoddotion 

The structures of some typical members of the felspar group were deter- 
miued by Taylor, Darbyshire and Strunz (1934), and an attempt was made 
to explain the characteristic twinnings and the nature of the lamellar inter- 
growths known as perthites and microperthites. 

These authors emphasized that the Carlsbad, Manebach, and Baveno 
types of twin, which appear in monoclinic as well as in triclinic felspars, 
should be regarded as quite distinct from the albite and perioline types 
which are of frequent occurrence in the triclinic felspars. For in these last 
types the twinned triclinic individuals are merely simulating the higher 
B3rmmetry of the monoclinic structures: thus for example in an albite twin 
the individuals are related by reflexion in the plane (010) which is actually 
a symmetry plane of the monoclinic crystal, while in a pericline twin the 
individuals are related by rotation about the 6-axis [010] which is a digonal 
axis in the monoclinic structure. The formation of Carlsbad, Manebach, or 
Baveno twins is a consequence of certain special features of the structure, 
and is not due to the simulation of higher symmetry. 

It was also suggested that the lamellae in structures of the microperthitic 
type might represent regions of segregation of the large potassium ions on 
the one hand, and of the small sodium ions on the other, within a tetrahedron 
framework which is essentially continuous throughout the crystal. This 
hypothesis is based on the fact that the lamellae lie nearly parallel to the 
crystaUographio plane (100) containing the axes 6 and c which are nearly 
identical for the potash-felspar and soda-felspar, while the marked difference 
in length of the a-axes does not affect the "fit” of the different regions of 
the structure. 

Until recently, however, no attempt appears to have been made to apply 
X-ray methods to a systematic survey of the various microperthitic 
structures, Ito and Inuzuka {1936) examined powder photographs of various 
potash-soda felspars, and Ito (1938) has now described an extremely in¬ 
teresting investigation of Korean moonstone; the second paper wiU be 

r 1 
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discussed in a later section of this paper. In a paper read before the Minera- 
logical Society in January 1 939, and published in the Mineralogical Magazine 
in June 1939, the present authors with D. L. Smare { 1939 ) reported the 
results of a general survey by single-crystal methods of a number of speci¬ 
mens of potash-soda felspars, mostly of the orthoclase-microperthite type, 
which were very kindly supplied by Dr Edmondson Spencer. The results of 
detailed chemical, optical, and thermal investigations of these materials 
have been described in three imj)ortant papers by Spencer ( 1930 , 1937 , 

1938). 

The present paper contains an account of further work on three of 
Spencer’s specimens. Although it is not yet possible to give anything like 
a complete picture of their constitution, we have now succeeded in intro¬ 
ducing some apparent order in the classification of lamellar felspar struc¬ 
tures, and hope that the consequent simplification may enable further rapid 
advance to be made. 

The general survey (Chao, Smare and Taylor 1939 ) of orthoclase-micro- 
perthites containing various amounts, up to 60 %, of soda-felspar suggested 
the existence of three types of structure. The first is a simple monoclinio 
structure, and is found when the amount of soda-felspar is very small—not 
exceeding 10 % by weight. The second is a lamellar inteigrowth of two com¬ 
ponents, one (corresponding to the potash-felspar) monoclinio with unit 
cell edges a^biC^ and angle /7j, the other (corresponding to the soda-felspar) 
with unit cell edge a, parallel to but of different length, and edges 6 ,c, 
and angle identical with The third is also lamellar with two com¬ 

ponents: one corresponding to the potash-felspar, with monoolinic cell 
Uj Cifii, the other (soda-felspar) with a, parallel to Ui but of different length, 
62 inclined to but of the same length, c, identical with Cj. The limiting 
composition which divides the second from the third structure-type is not 
fixed with certainty: specimen F with 21 ' 6 % soda-felspar belongs to the 
second type, specimen I with 30-6 % belongs to the third type. [As in our 
previous paper ( 1939 ), all specimens are lettered and named in accordance 
with the fists in Spencer’s second paper ( 1937 , p. 465 and table 1 )]. There is 
an apparently significant change in the length of the axis Oj of the principal 
(potash-felspar) component in passing from the second type of structure to 
the third. 

For the new investigation now to be described, specimen F was selected 
as representing the second structure-type, and specimen M for the third 
structure-type; specimen P was also examined since it is from the same 
locality as the moonstone used by Ito ( 1938 ) and in fact is assumed by Ito 
to be identical with his material. 



The, lamdla/r structure of potash-soda felspars 


59 


2. Expbkimbntal data for untreated specimens P, M, P 

In our earlier work we examined the various materials both in the natural 
state and after prolonged heat treatment under specified conditions: th^ 
new experimental data, set out below, were obtained from the natural 
untreated materials. Chemical composition and optical properties of each 
specimen are taken from Spencer ( 1937 , p. 466 and table 1 ). Principal axes 
ttjhjCi refer to the potash-felspar component, subsidiary axes OjhgCg refer 
to the soda-felspar component. The angle /? (~116°) is approximately the 
same for all felspars, and is not measured directly in our experiments. A 
cylindrical film-holder was used throughout, so that when the axis of 
rotation of the crystal fragment is parallel to a crystallographic axis, the 
reflexions are arranged on a series of straight horizontal “layer-lines” and 
from the separations of these layer-lines the length of the crystallographic 
axis can b^ determined. CuAa radiation of wave-length A = I-64 A was 
used throuj^out. 


Specimen F (Burma Blue, No. II) 

The specimen shows blue schiller and microperthitic lamellar structure, 
and contains 18'5 % soda-felspar and 2-5 % lime-felspar. Prom rotation 
photographs with Mo Aa radiation, and with rotation axis parallel to each 
of the principal axes ai6jCj in turn, axial lengths were deduced as follows 
(Chaoetal. 1939 ): principal axes Oj = 8'60A,6j = 13*07 A, Cj = 7-18A; sub¬ 
sidiary axis fflj = 8 * 12 A. The use of radiation of longer wave-length, and of 
small angle oscillation photographs as well as rotation photographs, reveals 
new detail as follows; 

(i) a-azis. With rotation axis parallel to principal axis U], sharp reflexions 
due to potash-felspar lie on straight layer-lines, and are accompanied by 
subsidiary diffuse reflexions due to soda-felspar; the subsidiary reflexions 
are relatively very weak, usually (but not invariably) occur in close pairs 
connected by a streak of blackening and corresponding to a single principal 
reflexion, and lie approximately but not exacUy upon a set of subsidiary layer- 
lines corresponding to an axis a, ~ 8 * 16A. The subsidiary axis a, is not exactly 
parallel to %, and the appearance of small angle oscillation photographs is 
most easily explained on the assumption that there are three, crystallo¬ 
graphic coaxes: the principal axis is parallel to the rotation axis, and two 
subsidiary axes a* and oj, of equal length 8 * 16 A, approximately, lie in a 
plane which makes an angle of ~ 1 ‘’with the principal plane ( 001 ) containing 
Ui; the angle between a, and in this inclined plane is also ~ 1 ° and a, and 
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Of are symmetrically inclined on either side of Oj. The relations of these axes 
are shown in figure 1. The measurements of these smafl an^es are neces¬ 
sarily liable to be very inaccurate, and it should be emphasized that othw 
alternative explanations may be possible. 

(ii) b-axis. All reflexions lie accurately upon a single set of layer-lines 
corresponding to the principal axis hi. Subsidiary reflexicms are recognizable 
as rather diffuse and relatively weak satellites to many of the mote intense 
principal reflexions; reflexions with indices where h is zero (and I not 
very large), are not accompanied by subsidiary satellites. 

(iii) c-axis. With rotation axis parallel to principal axis the sharp 
potash-felspar reflexions lie on straight layer-lines, and are accompanied in 
nearly all cases by a pair of very weak subsidiary reflexions due to soda- 
felspar: the subsidiary reflexions in small-angle oscillation photographs are 
in positions which correspond to the existence of two subsidiary axes Cg and 
c j of lengths identical with within the accuracy of our experimental method, 
lying in a plane inclined at ~ 1° to the principal plane (100), and with an 
angle (in this inclined plane) of ~ 6° between Cg and Cg which lie symmetric¬ 
ally on either side of Cj (see figure 2). We may note that the two members 
of a satellite pair correspond to slightly different spacings, and that the 
reflexions are diffuse and linked by a well-marked band of blackening. Again 
we may stress that, in view of the complexity of the photographs, other 
explanations may be possible: that suggested appears to us to be simple and 
direct. 


Specimen M (Ceylon Blue, No. Ill) 

The specimen shows a blue schiller and microperthitic structure, and 
contains 40 % soda-felspar and 2*6 % lime-felspar. The following axial 
lengths and directions were deduced from rotation photographs taken with 
Mo^Ta radiation (Chao et al. 1939 ): = 8*66A, 61 ■» 12*84A, =« 7'18A, 

Ug 8*12A; axes 62Cg equal in length to respectively; axes OgCg parallel 

to UgCg respectively, axis 6| inclined to 6^ at an angle ~ 3°. The new expwi- 
mental results are as follows: 

(i) a-axia. With rotation axis parallel to principal axis Oj, principal 
reflexions lie on a single set of layer-lines, and are accompanied by weaker 
satellite reflexions due to soda-felspar. The satellite reflexions usuhlly occur 
in pairs, are relatively diffuse, and are in positions corresponding to a aingle 
subsidiary axis Sg of length 8*15 A approximately, approximately but not 
exactly parallel to axis both axes Og and Ug lie in the (principal) plane 
(010), and the angle between them is ~1°. 
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(ii) b'Uxis. Subsidiary reflexions due to soda-felspar accompany the 
prinapal reflexions due to potash-felspar, each principal reflexion on a 
layer-line being accompanied, in general, by a pair of satellites lying one 
above, the other below, the layer line, and corresponding to slightly different 
spacings both of which are smaller than that of the principal reflexion: 
principal reflexions {hkl} with I zero have a single satellite lying on the layer¬ 
line, those with h zero have two satellites with spacings much more nearly 
equal to the principal spacing than in the general case. In oscillation photo¬ 
graphs taken with a very minute fragment of crystal, a fine-structure is 
clearly visible within each of the best-defined subsidiary reflexions: for the 
present we neglect this fine-structure, and consider the subsidiary reflexions 
as pairs linked by a faint band of blackening.* 

From the arrangement of the subsidiary reflexions we deduce the exist¬ 
ence of two subsidiary axes and b'^, each of length equal to fej within our 
experimental accuracy, inclined symmetrically on opj^site sides of at 
angles whici^ are ~ 2° and ~ 3^” when projected on the (princii^al) plane 
(001), and oh a plane perpendicular to (001) and containing axis 6j, respec¬ 
tively (figure 3). 

The arrangement of reflexions is such that any photograph with oscilla¬ 
tion about the principal axis 6^ possesses a horizontal symmetry plane at 
right angles to the axis. 

(iii) c-axia. Subsidiary reflexions lie upon a single set of layer-lines which 
are almost exactly superposed on the principal layer lines: the axes Cj and 
c, are equal in length, both lie in the plane (010), and the angle between them 
does not exceed 0-6° approximately. 

Specimen P (Korea Blue) 

The crystals are glass-clear, show faint blue schiller, and have abnormally 
low optic axial angle for the chemical composition—51-6 % soda-felspar, 
0‘5 % lime-felspar—^resembling amidine in this respect. This specimen has 
not previously been examined by us. 

X-ray photographs with rotation or oscillation about all three (principal) 
axes «ae identical in every respect with corresponding photographs from 
specimen F, except that subsidiary reflexions are relatively more intense in 
specimen P as would be expected in view of the greater soda-felspar content. 

* This floe structure is also visible in one or two reflexions in a-axis photographs. 
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3. Interpeetation op expbsibiental data por 

UNTREATED SPECIMENS F, M, P 

The experimental data set out above in detail are discussed in the following 
paragraphs: 

(i) Compariaon with previoua investigation of apecimena F and M 

The new data confirm in a general way the results previously obtained 
for specimen M, but show that principal and subsidiary axes Oj and and 
Cl and Cj, are not exactly parallel as was previously stated: the interaxial 
angles are found to be ~ 1° and ~ 0-5° respectively. The lengths of principal 
axes, measured (without any attempt at great accuracy) on the new photo¬ 
graphs, agree with the earlier measurements within the accuracy of the new 
determinations; they are a^ = 8-66 A, = 12-86 A, Cj = 7-16A (all ± 0-05A), 

Por specimen F the new experiments reveal similarly that a mean axis 
Uj is inclined to a^ at an angle of ~ 1“, and confirm that 6j coincides exactly 
in length and direction with 6j, by contrast with the corresponding inclined 
6 axes in specimen M. It is now revealed for the first time that there are 
probably two equal subsidiary axes Oj and oj which are mutually inclined 
at ~ 1 and tuio equal subsidiary axes Cj and Cj mutually inclined at an angle 
of 5-6°, and each inclined at 2^-3° to axis Cj. [The probable reason for the 
failure to discover the existence of subsidiary c-axes in the previous in¬ 
vestigation is as follows. In a-axis rotation photographs the subsidiary 
reflexions are concentrated in regions near a set of layer-lines corresponding 
to an axis a^ of length 8-15 A (approximately) and parallel to a^: in spite of 
this the subsidiary layer-lines are very weak by comparison with the prin¬ 
cipal layer-lines. In c-axis photographs, owing to the greater tilt of the 
subsidiary axes with respect to the principal axis, the reflexions are spread 
over a much wider space in the photographic film and are correspontflngly 
harder to detect. We may say with some confidence that if the “F type ” of 
lamellar structure had persisted in specimens I, J, etc. (which are actually 
of the “M type”) the increased soda-felspar content would have revealed 
clearly the existence of the subsidiary c-axes.] The lengths of the principal 
axes are Oi = 8-65 A, 6^ = 12-96 A, Cj » 7-20 A (all ±0-06 A) which may be 
compared with 8‘60, 13-07, 7-18 A, the values obtained from the earlier 
measurements. 


(ii) Structural relationahip of the lameUae 

We have to explain two distinct sets of experimental data, givmi by 
specimens F and P, and by specimen M, respectively. In both oases it has 
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been i^hown that in order to account for the disposition of the reflexions 
observed it is not sufficient to assume a single set of subsidiary axes 
in addition to a single set of principal axes for F and P we must 

assume axes and for M we must assume axes a^b^Cj^ and 

a^b^b^c^, B,t the various angles of inclination given in §2 of this paper. It 
is therefore necessary to discuss two relationships: that between principal 
axes and subsidiary axes, and that between the two sets of subsidiary axes^ 
within the same lamellar crystal. 

All the data so far obtained* are explained if it is assumed that in all 
oases the potash-felspar is present as a truly monoclinic component, and 
that the soda-felspar is present in the form of lamellae which are triclinic 
and arranged in the mutual orientation characteristic of the j^ericline 
twin-law in specimens F and P, and in the orientation characteristic of the 
albite twin law in specimen M. The X-ray method fails to distinguisli 
between a structure in which there is actual twinning (according to a given 
law) within each single lamella, and one in which each lamella is untwinned, 
but in which on the average equal numbers of lamellae assume the relative 
orientation characteristic of the given twin law. In view of Spencer’s 
statement ( 1937 , pp. 485,486) that he has not obtained any optical evidence 
of twinning on the albite law within the soda-felspar lamellae of any micro- 
perthite, the second alternative seems more probable. The arguments 
which follow, with regard to the geometry of the composite structure, are 
the same in either case. 

In the first place, it appears to be established that the potash-felspar is 
dimensionally and structurally monoclinic in all orthoclase structures so 
far examined: for the principal axes are never duplicated as the 

subsidiary axes are, and there is a plane of symmetry in X-ray oscillation 
photographs about the ftj-axis. 

Secondly, when twinning takes place according to the albite law the two 
tricUnic individuals of the twin are related by reflexion across the plane 
(010), so that axes a, c of the first individual are parallel to axes a\ c' of the 
second individual, but axes b and b* are inclined at an angle calculable in 
terms of the crystal angles ; in the case of albite itself the angle 66' is 
which projects into 3^^ on the mean plane (001), and into on 
the plane perpendicular to this and to the common plane (010), These 
relations between axial directions correspond with those observed in the 
stdmdiary (soda-felspar) reflexions in specimen M, which are referred to 
single axes a# and c* and to a pair of axes 6* and 6J, with an angle between 

* With the exception of the flue structure observed within the subsidiary reflexions 
in 6-axis photographs of specimen M (vide p, 61). 
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62 and 63 which projects into ~ 4° on the (mean) plane (001) and into ~ 7“ 
on the perpendicular plane (figure 3). 

Thirdly, triolinic crystals twinned on the perioline law ate related by 
hemitropy about the 6-axis [010], so that axes 6, b' of the two indhridoals 
are parallel, axes a, a' lie in the (common) plane (001) at an angle (180*’-2y), 
axes c, c' lie in the (common) plane (100) at an angle (180‘’-2a); in the case 



Figubu 1 . Relative orientation of principal and aubsidiaiy a-axea in specimen F. 
In the left-hand diagram the axes are seen in projection on the (principal) plane (010), 
in the right-hand diagram in projection on the (principal) plane (001) which is at 
right angles to (010). All angles are exaggerated in the diagrams. 



Fiovkie 2. Relative orientation of principal and subsidiary c-axes in specimwi F. 
The axes are seen in projection on the (pnnoipal) planes (010) and (100) in the left- 
hand and right-hand diagrams respectively. 


of albite these angles are 3° 43' in (001) and 8° 6' in (100) respectively. The 
atibaidiary reflexions in specimens F and P are arranged in precisely this 
way (figures 1, 2), though the observed angles differ from those of albite; 
thus there is a single axis 6,; axes and a, lying in the (subsidiary) plane 
(001) and inclined at ~ 1° in that plane, and axes Cg and c, lying in the 
(subsidiary) plane (100) and inclined at ~ 6° in that plane. 

The discussion of the precise relationship between the moaoolime potash- 
felspar and the soda-felspar is postponed to a later section. 
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(iii) The sodafelspar lamellae 

The hypothesis advanced above has the merit of essential simplicity, 
especially if it is found that the structure of the soda-felspar lamellae is the 
same in both “F*' and “M” types of microperthitic intergrowth with 
potash-felspar. At the moment we are unable to decide with certainty 
whether this is the case, since the only photographs available for comparison 
are twin photographs in which the twin laws are different, and in any case 
the differences (if any) between the two lamellar soda-felspar structures 
must bo small. On general grounds we should expect only one soda-felspar 
structure, common to both “F” and “M” types of microperthite, and 
identical with ordinary albito- We are attem|>ting to secure decisive experi¬ 
mental evidence on this j)oint, but in the meantime we may summarize 
such evidence as is already available. 

I 

[trace of plane(00l) 


Figxjki: 3. Relative orientation of principal and subsidiary 6-axos in specimen M* 
In the left-hand diagram the axes are seen in project ion on the (principal) plane (001), 
and in the right-hand diagram in projection on a plane x wliich is at right angles to 
(001) and contains the principal axis 

First it is clear, both from our previous results ( 1939 ) and from the 
relative intensities of the satellite (soda-felspar) reflexions in the new photo¬ 
graphs, that the structure of the soda-felspar lamellae is on the whole very 
similar to the potash-felspar structure and to the albite structure; it follows 
therefore that the difference between soda lamellae of the “F” type and 
those of the “M” type must be small if it exists. It is, however, a small 
difference of precisely this kind which may be significant in an attempt to 
discover why the P or M type of intergrowth shall be formed in a given case. 

Secondly, we may note that in the M structure the projections of the 
Jungle between 6* and on the plane (001) and on the plane x perpendicular 
to it are (by observation) - 4® and T respectively, compared with corre¬ 
sponding angles 3^^° and -- 7J"" for ordinary albite twinned on the albite 
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law; whereas in the F structure the observed angles between a, and in 
the plane ( 001 ), and between c, and in the plane ( 100 ) are ^ 1 ® and ^5® 
respectively, compared with corresponding angles -- 8 and -- 8 ® for ordinary 
albite twinned on the pericline law. If the observed angles are accurate 
within ± 1 °, two conclusions may be drawn: that the F and M soda-felspar 
lamellae are slightly different in unit cell (angular) dimensions, and that the 
M structure may be identical with albite, whereas the F structure is not. 
It should be emphasized that we do not consider that the observed angles 
are measured with sufficient accuracy to establish either of these conclusions 
with certainty. 

Thirdly, we may refer to our own earlier comparison of a rotation- 
photograph of pure albite about the a-axis, with the appearance of the 
subsidiary layer lines in a rotation photograph of an orthoclase-micro- 
perthite about the (principal) a^-axis: it is stated (Chao e( aL 1939 , p. 341) 
that in layer-lines corresponding to A = 0 , 1,2 there are no significant 
differences, whereas in layer-lines for A = 4,5 there are quite obvious 
differences. We now know that the subsidiary axis (or axes and a*^) in 
the microperthite are not exactly parallel to but inclined to it at-- 1 ®: 
in the above experiment we therefore compare an albite photograph for 
rotation about the true a-axis, with a photograph in which the rotation 
axis is inclined at 1 ® to the subsidiary axis or axes. Purely geometrical 
factors, duo to this slight difference in orientation, may be responsible for 
the differences observed in the outer layer-lines (A = 4, 5), though we think 
it more probable, on the whole, that there is some slight but real structural 
difference. 


(iv) Factors which influence the soda-felspar orientation 

The earlier general survey suggested that microperthitic orthoclase 
felspars with more than approximately 30 % soda-felspar belong to the 
structure-type of which M is characteristic: we have to discuss the factors 
which may influence the orientation of the soda-felspar lamellae with 
respect to the potash-felspar, in an attempt to discover why, with the 
increase in soda-felspar content, the structure type changes from F to M, 
and why in specimen P the arrangement reverts to the low-soda F type. 
The following facts seem to us to have some bearing on the problem: 

(a) Spencer’s physical tests ( 1937 ) established a general diffarenoe in 
behaviour of an orthoolase-microperthite according as it contains less than, 
or more than, 30 % of soda-felspar: in particular it appears that in micro- 
perthites with less than 30 % soda-felspar, a short period of heating at 
800® C is sufficient to cause complete solution of the soda-f^par; with 



67 


The lamellar stracture of pataah-eoda felspars 

a greater percentage of soda-felspar, a longer period at a higher temperature 
is necessary. 

(6) Specimen P, with ^ 50 % soda-felspar, differs from the other high- 
soda microperthites in that it is (like sanidine) glass clear, and has an 
abnormally low optic axial angle of ^ 40 ^ compared with --- 80 ° for normal 
microperthites of similar composition (Spencer 1937). 

(c) Our earlier survey revealed a slight but apparently real increase in 
the length of the principal (potash-felspar) axis in passing from F to M 
types (Chao et aL 1939, figure i). This is confirmed in the new examination 
by the figures given in § 3 , para, (i), for the individual specimens F and M. 
It is highly significant that the principal axial lengths of specimen P, which 
contains more soda-felspar than specimen M, are identical with those of 
specimen F, within our experimental accuracy. 

These data are not in themselves sufficient basis for a complete theory 
of the relation between the soda-felspar and the potash-felspar regions in a 
microperthitic orthoclase—thus, for example, we lack definite information 
regarding the identity or otherwise of the soda-felspar lamellae in F and M 
types of structure, and regarding their relationship to albite—but we 
venture to make the following tentative suggestion as a working hypothesis 
which we hope to be able to test in the course of our further work. 

The pure potash-felspar structure is monoclinic. An amount of soda- 
felspar up to approximately 10 % can be held in solution by the monoclinic 
structure without any significant change in dimensions and of course 
without separation of lamellae. 

If the amount of soda-felspar exceeds 10 % but is less than 30 %, the 
excess separates in microperthitic lamellae which are triolinic but with 
angles a and y very close to 90 ° as in the monoclinic structure. The a^-axis 
differs appreciably in length from and in order to make it possible to 
preserve a continuous tetrahedron framework throughout the crystal (in 
accordance with the hypothesis originally advanced by Taylor et aL (1934) 
it is necessary for individual soda-felspar lamellae of these dimensions to 
be oriented as in the pericline type of twinning. The monoclinic symmetry 
of the potash-felspar ground mass thus constrains the small amount of 
«eparat^ soda-felspar to assume a form which departs only slightly from 
monoclinic symmetry, although the a^-axis assumes the shorter length 
apparently characteristic of all soda-felspars. At the same time the prin¬ 
cipal axis Ui is slightly shortened (by about 0*05 A) under the influence of 
i^he soda-felspar. This is the F type of structure. 

If the amount of soda-felspar exceeds 30 %, the whole of the soda-felspar 
^ieperates out as lamellae; the monoclinic axis is lengthened, and the soda- 
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felspar is present in sufficient amount to demand a triolinie structure closely 
resembling or identical with albite in which, in particular, angles a and y 
depart appreciably from OO"". To accommodate these lamellae within the 
continuous tetrahedral framework, they must be oriented as in twins on the 
albite law. This is the M type of structure. 

The case of specimen P fits naturally into this scheme. The general 
physical properties, and the abnormally low optic axial angle in particular 
(Spencer 1937 ) indicate that the state of this moonstone approaches that 
of sanidine. Now the reduced optic axial angle of sanidine is a consequence 
of a structural change which results in the retention of the soda-felspar in 
solid solution with the potash-felspar, the symmetry of the structure 
remaining monoclinic: it may be supposed that something like one-half of 
the soda-felspar is held in solution in this way in specimen P, with con¬ 
sequent reduction of the principal axis to the observed value (8*55 A) by 
contrast with the value 8-65A for normal microperthites of similar composi¬ 
tion. The felspar is now in a state which corresponds structurally to that of 
specimen F, i.o. it contains a monoclinic component with axis aj of the same 
length, and an amount of soda-felspar which can be accommodated in 
lamellae oriented in pericline-twin orientation as in F. 

Further work may enable conclusions to be drawn as to the validity of 
these speculations, which are, admittedly, based on incomplete experi¬ 
mental data. 

4. The evidence for the existence of monoclinic soda-fklspae 

In his very interesting paper Ito ( 1938 ) describes the results of an examina¬ 
tion of a Korean moonstone from the same locality as Spencer’s specimen P, 
and concludes that this crystal represents an intergrowth of sanidine with 
a corresponding high-temperature moTWclinic form of soda-felspar, the 
6 -axes of the two components being parallel, and the only dimensional 
difference being in the a-axis, which he quotes as 8*46 A and 7*94 A for the 
two components respectively. 

Ito’s conclusions are based on a considerable body of experimental data, 
and we originally undertook our examination of specimen P in the cson- 
fident expectation that we should fully confirm Ito’s results. As will be clear 
from the account given, our conclusions for specimen P differ radically from 
those of Ito for his material. 

Two explanations of the apparent disagreement may be suggested. In 
the first place, the two materials may really be different. They are from 
the same locality, and it is implied by Ito that they are in fact identical 
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since he quotes Spencer's analysis and applies it to his own speoimens, but 
since neither chemical nor optical tests were applied to Ito's material, it is 
possible that it does differ from Spencer’s; in this case there is not necessarily 
any difficulty in accepting both Ito’s conclusions and ours, since they apply 
to two distinct materials. 

If, however, we suppose that Ito’s material and ours are substantially the 
same, it becomes necessary to examine whether it is possible to explain Ito's 
experimental data on the basis of the suggestions already advanced in this 
paper. 

First we note that our 6 -axis oscillation photographs of specimen P show 
single layer-lines, but doubled reflexions on these layer-lines, exactly similar 
to Ito’s figure la ( 1938 , p. 298); and that reflexions of type {okl}^ in a 6 -axis 
oscillation photograph of P, are single when I is small as in Ito’s figure 4a 
( 1938 , p. 301); from this we conclude that so far it is not necessary to assume 
the soda-felspar to be present in monoclinic form, though we agree that this 
would be the most natural explanation of this limited amount of data. 

Ito supports his conclusions by Sauter and Weissenberg photographs, 
with rotation about a- and 6 -axe 8 respectively: we have no such photographs 
of specimen P for direct comparison, but it seems to be possible to apply our 
hypothesis to explain the appearance of Ito’s published photographs. 
Consider first the Sauter photograph (Ito 1938 , ]). 303, figure 6 a): for this 
the crystal rotates about the a-axis, and reflexions lying on the zero layer¬ 
line {h = 0 ) are registered on the flat circular rotating film: even with Mo Kct 
radiation, only those reflexions with k>% ov l> 4 appear to be included in 
the photograph. Now our measurements show that the two subsidiary 
axes Ug, Ug are inclined at approximately 1 ” to the principal axis aj, and as 
a consequence the zero layer-line of an a-axis photograph is very nearly 
singlty especially in the central region which is that covered by Ito’s Sauter 
photograph; moreover, in our oscillation photographs principal reflexions, 
where accompanied by close satellites, lie between the two satellites of a 
pair; we therefore consider it unlikely that the duplication of reflexions 
could be detected with large diffraction spots such as are shown in Ito’s 
diagram. 

Consider next Ito’s Weissenberg photographs, with cobalt radiation, and 
rotation about the 6 -axis: as we have previously described, and as shown in 
figures I and 2, the subsidiary axes a*, Ug coincide when seen in projection 
along 6, and so do and Cj, and the projections of these two axial directions 
are inclined at only 1 ° in each case to the axes and Cj. It follows that 
reflexions {hoi} from both triolinic components will coincide, and give the 
eingle set of subsidiary reflexions registered in Ito’s figure 7; similarly to a 
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first approximation reflexions {h2l} from the two tricliiuc components will 
coincide, since such planes are not very steeply inclined to the 6 ^axis (of. 
Ito's figure 8 ). 

Passing to Ito’s general arguments, we may point out that he does not 
consider in detail the case of a crystal comprising a monoclinio component 
and a twinned triclinic component, except to remark (p. 303) that such a 
structure is impossible since it would require certain reflexions to be tripled, 
an effect which he does not observe. This is, however, precisely the effect 
which we do observe with our specimen P. 

Summarizing, we may j)erhap 8 conclude that although Ito's experimental 
evidence for the existence of a monoclinic soda-felspar appears to be very 
conclusive, it may be possible to account for his data in terms of the hypo¬ 
thesis which explains our own data. Further work is needed to settle this 
point. 


5. Experimental data for specimen P after heat treatment 

To complete our examination of this material, we have taken oscillation 
photographs, about all three axes, of specimens which have been homo¬ 
genized by prolonged heating at high temperatures (300 hr. at 1075® C) 
(Spencer 1937 ). 

In each case the reflexions lie on single sets of layer-lines, corresponding 
to axial lengths a = 8*35A, h = 12-96A, c = 7*15A (all ±0*05A), values 
which are of the order expected from our earlier investigation of heat- 
treated materials. 


6. Conclusion 

The principal members of the felspar group are pure potash-orthoolase 
(KAlSiaOg), the rare barium felspar celsian (BaAl^SijOg), albite (NaAlSigOg), 
and anorthite (CaAlaSijOg). In addition to these, there are potassium- 
barium felspars (hyalophanes), sodium-calcium felspars (plagioolases), 
and potassium-sodium felspars (orthoclases, microclines, sanidines, ancxr- 
thoolases); many of these materials contain in addition to large proportions 
of two of the principal members a relatively small quantity of a third 
member. A complete understanding of the felspar problem therefore requires 
the elucidation of a complex phase system, and for this it is necessary to 
apply all possible physical and chemical methods of enquiry. 

The application of X-ray methods has, up to the present, settled two main 
points. It has shown (Taylor et aL 1934 ) that the potassium and barium 
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felspars, and the mixed potassium-barium felspars, have closely similar 
structures because the cations are of similar sizes, while the sodium-, 
calcium-, and sodium-calcium felspars are also closely similar but differ 
from the first group to a degree which represents the difference in sizes of 
cations. It has also enabled the general features of the atomic arrangements 
in the two groups of structures to be described in some detail, proving 
incidentally that the main structural scheme is the same in all—as had 
always been assumed. 

Perhaps of greater importance than these are the special problems of the 
two isomorphous series of sodium-calcium and potassium-sodium felspars. 
It has been suggested by Taylor elaL{i 934 ) that the plagioclases do not form 
a simple isomorphous series between albite and anorthite as end-members, 
and further work now in progress in this laboratory confirms this view; a 
comprehensive classification cannot yet be attempted. 

In attempting in the present paper a classification of the effects observed 
in the potash-soda orthoclase-inicroperthites, we believe that we are begin¬ 
ning to find in the experimental data clues to the wider problem of the con¬ 
stitution of j)otash- 8 oda felspars in general. It is still necessary to examine 
the microclines, and to decide various points left unsettled by the present 
work—such as the identity or otherwise of the “ F ” and “ M ’’ types of soda- 
felspar lamellae, and their relationshi|) with albite—but it should be possible 
to do this without very serious difficulty. It will then be necessary to face 
new problems, viz. the reason for the existence of the various structures 
including lamellar structures on the one hand, and homogeneous or “sani- 
dine structures on the other, and the factors which determine the ap|)ear- 
ance of one or other under given geological conditions. Directly connected 
with this is the structural interpretation of the changes observed as a con¬ 
sequence of specified heat treatments (Spencer 1930 , 1937 ): a beginning 
has been made (Chao ei al. 1939 ), and further work is now in hand. 

It is clear that we are here concerned with physical problems of a type 
which have recently been much discussed, viz. changes within the solid 
state. The homogenization of potash-soda felspars which can be brought 
about by prolonged heating at temperatures near the melting point (Spencer 
1937 ) probably represents both a diffusion of cations through an alumino¬ 
silicate framework, to give a disordered (random) arrangement, and another 
change, of unknown nature, which prevents the ordering process from taking 
place on cooling through the normal exsolution temperature range, (Simi¬ 
larly in the plagiooiase series there are effects which receive their most 
simple explanation in terms of some kind of superlattioe ’’ behaviour, now 
well known in alloy systems: our investigation of the plagioclases is not yet 
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at the stage where generalization is possible.) It seems that the next step 
must be the detailed examination of the structures of the various com¬ 
ponents of the potash-soda felspars; this will confirm the hypothesis advanced 
in the present paper, or y>erhaps modify it, and will at the same time provide 
the data necessary for the precise investigation of the changes in atomic 
arrangement which accompany the changes observed externally on ex¬ 
amination by ordinary physical (particularly optical) methods. 

One of us (S. H. C.) is indebted to the Government of the Province of 
Honan, China, for the grant of a Scholarship during the tenure of which this 
work was carried out. 


Summary 

A previous general survey of orthoclase-rnicroperthites suggested the 
existence of different types of lamellar structure according as the proportion 
of soda-felspar is less than or greater than 30 % approximately. A new and 
more detailed examination confirms this, and suggests that the low-soda 
structure comprises monooUnic potash-felspar with triclinic soda-felspar 
lamellae in the mutual orientation characteristic of pericline twins, while 
the high-soda structure comprises monoclinio j)ota8h-fel8par with triclinic 
soda-felspar lamellae oriented in accordance with the albite twin-law. The 
constitution of the soda-felspar, and the bearing of the new data on the 
general theory of rnicToperthitic structures, are discussed. 

An examination of a Korean moonstone, apparently identical with 
material in which Ito claims to have established the existence of moTiocUnic 
soda-felspar, reveals a lamellar structure of the low-soda type described 
above. Ito’s results are discussed. 
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The scattering of mesotrons in metal plates 

By J. G. Wilson 
University of Manchester 
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[Plate IJ 

1. Introduction 

Measurements by Biaokott and Wilson (1938) showed that the scattering 
of cosmic-ray particles in metal plates was in approximate agreement with 
the simple theory then available, at least for energies less than 2 x 10®e-volts. 
This result provided important evidence as to the nature of the cosmic-ray 
particles, for it tended to confirm the view that the penetrating particles 
were much heavier than electrons, rather than the alternative assumption 
that the particles were electrons for which radiative energy losses were 
suppressed at high energies. 

Recently, Williams (1939) has given a critical development of the theory 
of scattering of very energetic particles in the atomic field. This treatment 
leads to a more accurate value of the theoretical Coulomb scattering and 
shows that, for cosmic-ray scattering experiments, a fairly sharj) separation 
in angular range is to be expected between scattering in the Coulomb field 
of the scattering atom and that arising from the short-range interaction 
between the incident particle and the separate nuclear particles. Accurate 
measurements of scattering therefore offer a method of estimating the 
magnitude of the short-range interaction of mesotrons with neutrons or 
protons. Williams, for example, shows that our previous measurements 
indicate a mesotron-proton (neutron) interaction decidedly less than that 
of slow neutrons with protons. 

The present work incorporates the more accurate of our previous 
measurements and extends these to show the close agreement of mean 
scattering angle, and of distribution of scattering angles, with the theory 
of the main electrical (Coulomb) scattering. These measurements, together 
with a more general survey of a large number of track photographs un¬ 
suitable for acomrate measurement, also lead to an estimate of the inter¬ 
action cross-seotion of mesotrons with the constituent nuclear particles, 
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2, The meabtjremekt of scattering 

The technique of accurate measurements of scattering of cosmic ray 
particles at a metal plat« in an expansion chamber has been described in 
detail in our earlier work. The upper limit of energy has been taken at 
2 X 10 ® e-volts and so excludes the region for which our earlier measure¬ 
ments indicated a possible anomaly, but for which the accuracy of experi¬ 
ment is low. 

As far as possible electrons have been excluded from the measurements. 
For the tracks passing through a 2 cm. plate of gold this exclusion is 
complete (Wilson 1939 , § 4); for other scattering plates all particles with 
E^<2x 10 ® e-volts are omitted and hence the total number of electrons 
remaining must be negligible. Protons cannot be similarly excluded except 
at low energies where they ionize heavily. However, the percentage of 
protons in the ])enetrating beam is small, probably less than 10 %, and the 
effect of a proton component of this order of magnitude is considered in 
§ 7 (figure 2 ) and is shown to be negligible. The measurements therefore 
refer almost exclusively to mesotrons. 

The accuracy of measurement, and hence of the comparison with theory, 
cannot be stated with certainty. The observations of scattering angle are 
made to 0 -l°, and the mean value for several independent settings on the 
same track is probably accurate to within 0*05®. Since for the majority of 
the tracks used the mean scattering angle is 1 - 2 °, this corresponds to a 
probable random error of measurement of less than 5 %, and leads to no 
appreciable systematic error in the arithmetic mean scattering. The pre¬ 
cision of the measurements is limited by residual distortions, which are 
largest near the scattering plate, and by the fact that the larger clusters of 
ionization, which are particularly conspicuous at small magnifications, lie 
beside, but not necessarily exactly on, the direct trajectory of a particle. 
These factors make it necessary to determine the direction of the trajectory 
over a length for which the curvature in the magnetic field is appreciable. 
The individual measurements of energy are subject to considerable random 
errors (7 % at 10® e-volts), hut, over the energy range used, these random 
errors do not lead to an appreciable systematic error in the product 
(see § 4). 

The main source of systematic error lies probably in the value of the 
magnetic field. The field falls off considerably towards the edge of the 
chamber, and the length of track lying in this peripheral region varies 
according to the position of the track in the chamber. The mean effective 
value of the field which has been used is probably uncerWn to about 3 % . 
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The effective magnification of the photographs also varies by 3 or 4% 
between tracks at the extreme front or extreme back of the illuminated 
part of the chamber, but the possible variation of the adopted mean value 
is very much smaller than the uncertainty of field. 

The measured mean scattering, is therefore probably accurate, 

apart from statistical errors, to within 3%. 


3. ExPERIMEKTAIi RESULTS 

The results tabulated in table 1 give measurements for four different 
scattering plates—1 cm. lead, 0*3 cm. lead, 2 cm. copper, and 2 cm. gold. 
The tracks with the gold plate are all new measurements, while most of the 
remainder are taken from our previous work, having been selected foT the 
conditions given in § 2 . In the second column, the number of tracks 
measured is shown, and in the third, the mean value of where 

is measured in 10 ® e-volts and 0 , the projected angle of scatter¬ 
ing in the plane of the chamber, is measured in degrees. The theory (§ 4) 
shows that it is this quantity PE^O, which is the measure of the multiple 
scattering. The value of /? used corresponds to a mesotron mass fi = ISOw^. 
The last two columns give the direct comparison with the theoretical mean 
electric scattering when the finite size of the scattering nucleus is taken 
into account {§ 4), and for the less exact theory in which the nucleus is 
treated as a point charge. 

Table 1. Mean angle oe multiple scattering of 

MESOTRONS IN METAL PLATES 
2 x10® 6 -volts <E^ <2x10® e-volts 


Scattering 

No. of 

Mean 

scattering 

(degroos x 10 ® 

9/3th 

(finite 

9/9th 

(point 

material 

particles 

e-volts) 

nucleus) 

nucleus) 

1 cm. lead 

55 

0-91 

1-01 ±0-06 

0-91 ±0-06 

0-3 cm. load 

15 

0-48 

1-00 ±013 

0-90 ±0-12 

2 cm. copper 

25 

0-73 

0-98 ±0-10 

0-91 ± 0-09 

2 cm. gold 

90 

1*75 

1-06 ±0*06 

0-96 ±0-06 

Total 

185 

— 

1-033 ±0-035 

0*931 ±0-033 

Total ^<55 

184 

— 

1-003 ±0-036 

0‘900± 0-033 


The individual measurements of multiple scattering will be shown to 
agree closely with a Gaussian distribution, and the probable errors of 
table I are calculated accordingly (Brunt, 1931 , p. 67). The lost line of the 
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table differs from the preceding one by the omission of one track traversing 
1 cm. lead, for which 1*5 x 10® e-volts and 0 = 4 '^. This track is con¬ 
sidered to be a case of large-angle scattering (see § 5 ), and is certainly not 
relevant to the Gaussian scattering to which the theory is applicable 
(table 2). The result for all measured tracks (line 6) is in much better 
agreement with the finite nucleus theory given by Williams than mth the 
point nucleus theory; however, it must be noted that since both measured 
and theoretical values are uncertain to 2 or 3 %, the accuracy of the 
comparison is rather lower than is indicated by the statistical error which 
is given in the table. 

The distribution of scattering angles of all the measured tracks is given 
in table 2 , and the observations are compared with the theoretical Gaussian 
scattering in figure 1. 

Table 2. Distribution oe angle of multtfle scattering 

—COMBINED RESULTS FOR ALL SCATTERING ELATES 



Observed 

Theoretical number 

Angulai* range 

number of 

of tracks (finite 

^/Sth 

tracks 

nucleus) 

0-0-5 

63 

56 

0-5-10 

48 

49 

l*0-I-6 

32 

37 

1-5-2-0 

19 

22 

2-0-3-0 

16 

17 

30-40 

4 

2-8 

4-0-6-0 

2 

0*24 

60-60 

0 

0-012 

60-7-0 

1 

0-0004 

>7-() 

0 

0-000006 


The observed distribution follows closely the theoretical scattering in 
the shielded field of a finite nucleus. Only one particle, to which reference 
has already been made, falls appreciably outside the main distribution. 

4. The scattering of fast mesotrons—theory 

The detailed general treatment of this problem is due to Williams (1939), 
and only the main features of the results which are applicable to oosmio-ray 
experiments will be given here. 

The scattering is considered in terms of an effective impact parameter 
and two separate cases are distinguished according as the impact parameter 
is greater or less than a value , which is approximately the nuclear radius. 
The main observed scattering arises from a range of impact parameters 
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greater than r^. This is effectively scattering in the Coulomb field of the 
nucleus, between extreme collision distances, the upper limit being deter¬ 
mined by the shielding of the orbital electrons, and the lower limit (r^) by 
the modification of the electrostatic! field within the nucleus radius. These 
(Coulomb collisions would normally lead to an angular distribution mainly 
due to multiple scattering, together with a “tail’' of large-angle single 
scattering corresponding to close collisions which do not, on the average, 
occur as often as once per particle in the scattering layer. Williams shows 
that the effect of the lower (nuclear) limiting impact parameter is to 
suppress completely this “tail” of single scattering and to modify slightly 



Figukk 1. The distribution of scattering for mesotrons, JS/, <2x 10 * e-volt«. ((})) ob¬ 
served number of tracks per unit range of (1) theoretical curve, finite nucleus, 

(2) theoretical curve, point nucleus, drawn to the same maximum as (1). 

the magnitude, but not the form, of the multiple scattering distribution. 
Hence the scattering due to these more distant collisions is entirely 
multiple, and the distribution of observed scattering angles (i.e. the pro¬ 
jection of the true scattering angles in the plane of the photograph) should 
be strictly Gaussian. 

We may consider the closer collisions, which correspond to a distance of 
approach of less than in terms of scattering due to the constituent 
nuclear particles. It is shown by Williams that for these collisions the 
scattering in the Coulomb field of separate nuclear protons is negligible, 
and that any scattering contribution from this region is due to the short 
range interaction between the scattered particle and the individual 
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neutrons and protons in the nucleus. The short-range forces produce 
relatively many more large-angle deflexions than arise from the multiple 
Coulomb scattering. The predicted absence of a single scattering “tail” to 
the Gaussian of electrical scattering is thus particularly favourable to the 
detection of scattering due to close collisions with nuclear particles. 

The mean value of the multiple electrical scattering is given by 

= (19-6- 3-1 (1) 

for scattering material of atomic number Z, thickness t and N atoms per 
cm.®, and for a scattered particle of single charge, of electron energy 
JSps 300 //p and of velocity v = /}c. For 1 cm. lead, equation (1) gives the 
numerical value Oxx^E^ji— O'OO degrees x lO^e-volts. The mass of the scattered 
particle is effective only in so far as it determines ^ for a given value of E. 
We are not able to measure the value of directly for the tracks used, and 
ail of these are assumed to be mesotrons (/a = 1 SOm^). Protons in the energy 
range considered would give rise to a component of scattering of appreciably 
larger mean angle than that of mesotrons. 

It is not possible, with the experimental data available, to discuss the 
distribution of large-angle scattering due to short range forces; in the 
following section an estimate of the total cross-section for this scattering 
is given, but the data are insufficient to give any information as to the 
law of force involved. These large angle collisions may conveniently be 
considered in terms of the energy transfer, assuming that this takes place 
to a single free nuclear particle.* Williams shows that for such a collision, 
the energy transfer e is given by 

e-O'SS X 10® e-volts, (2) 

where ^ is the deflexion at collision. The measured deflexion 0 is a resultant 
of ^ and the normal multiple scattering, and the most probable value of 
^ is 


5, Experimental evidence of short-range mesotron- 
neutron (proton) interaction 

As already mentioned, the group of accurately measured tracks (§ 3) 
contains only one particle falling appreciably outside the distribution of 
multiple scattering. For this particle the probability of occurrence as a 

* Although tlie mesotron collision is considered as free, the excited particle will 
probably lose energy to the remainder of the nucleus even if it eventually leaves 
the nucleus (Heitler 19386 ). 
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fluctuation on the main distribution is less than 1/1000< The incident 
particle has an electron enei^ 1*5 x 10® e-volts and the energy transfer 
to a particle of protonic mass corresponding to the whole observed deflexion 
is about 12 X 10 ® e-volts (equation ( 2 )), an energy probably sufficient to 
cause disintegration of the nucleus, although there is no evidence that this 
has occurred. 

Only one collision involving this large transfer of momentum has taken 
place for the traversal of about 4 cm. lead equivalent of scattering material. 
It follows, as has already been pointed out by Williams, that the mesotron 
interaction must be much less than that between protons and sIom^ 
mesotrons, 

A large number of additional photographs representing a total scattering 
layer of about 50 metres lead equivalent, but which are not suitable for 
accurate measurement, have also been inspected for the presence of meso¬ 
trons suffering large deflexions. It is unlikely that any deflexion as great 
as 10 ” would be undetected. Only one example of a large deflexion of this 
type was observed (photograph, plate 1 ). This shows a proton which has 
been ejected from the nucleus in the collision, and is considered in detail 
in § 6 , 1 , where it is shown that the energy transfer is more than 10 ® e-volts. 
Although we have observed only one proton ejection of this type, Brode 
and Starr ( 1938 ), in a much larger number of traversals, observed three 
such events, which ap|)ear to represent a similar frequency of occurrence 
to our observations. 

Table 3. Energy transfer in close nuclear 

COLLISIONS BY MESOTRONS 

Equivalent 



No. of 

Energy 

transfer 

thickness Cross-section per 

lead traversed proton or neutron 


tracks 

(e-volts) 

(metros) 

cm.® 

Wilson 

1 

>10’ 

4 

4x 10-" 

Wilson 

1 

>10“ 

50 

0*3x 10**« 

Brode and Starr 

3* 

>10“ 

-200 

-0-2x 10-*« 


* Computed from observations of proton ejection; the croas-seotion is that j^er 
proton and not per proton or neutron. 

We cannot exclude the possibility that some of these particles which 
undergo large deflexion are protons, for although protons form only a small 
fraction of the whole beam, the proton-proton cross-section is probably 
large compared with the mesotron-proton cross-section. In table 3 are 
given estimates of this latter cross-section on the assumption that all the 



incident rajs are mesotron. In view the poseJble (KMMmoe t>f firotoniB, 
the real mesotron-proton cross-section may be still lower than that givmt 
in the table. 

We deduce that the process of scattering of mesotrons of energy 
e-volts due to short-range interaction with hnclear particke takes 
place with a cross-section of the order, or less than, 10~** cm.*. No useful 
estimate of the variation of this cross-section with the energy transfer is 
possible at present. 

It has been pointed out elsewhere (Wilson 1939) that the scattering of a 
group of low energy mesotrons (included in the general results, tables 1 
and 2) was completely normal and showed no cases of large-angle scattering. 
This group consisted of thirty-one particles, with which 

penetrated 2 cm. gold, corresponding to the traversal of about 100 cm. 
lead equivalent. The mean observed scattering for these tracks was 
§oi„/9ti,= 1-02 ±0-10, and the group contains no example of large-angle 
scattering. The efficiency with which large deflexions would be observed 
is determined by the geometry of the counters and of the scattering bar. 
We estimate that for the least favourable assumption as to the distribution 
of large-angle scattering—an isotropic distribution—the observations 
exclude the possibility that as many as 10% of the particles suffer large 
deflexions. When predominantly forward scattering is assumed, the possible 
frequency of large deflexions decreases, and, for a scattering distribution 
corresponding to that of the Compton effect for a comparable photon 
energy (given by kvjmc^~E (mesotron)//tc*), is less than 3 %. 

The range in lead for scattering due to short-range forces is thus 
certainly of the order of 100 cm. or more for mesotrons of a mean kinetic 
energy less than 4/4c*. This range corresponds to a cross-section ? 10~*’ cm,* 
per proton or neutron, and hence we observe no increase of scattering at 
low mesotron energies as compared with that at higher energies. 

6. The mesotron-proton (neutron) interaction— 

COMPARISON WITH THEORY 

The cross-section estimated in the previous section for this interaction 
(~ 10"** cm.*) is in agreement with that deduced by Bhabha (1938, 1939) 
in a “doMical” loave theory of the mesotron. Bhabha shows that/^is 
classical treatment should describe the mesotron interaction with heajvy 
particles up to mesotron energies of the order of the rest mass of the 
heavy particle, say, 10 * e-volts. Thus omr experimental energy iwhge does 
not seriously exceed the valid range of the theory. 
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»caM«iinst <f wkwolrmwi <61 

Tbe dUSouIt^M inrolTed m tiie qm»Mm theory of XBMMotrom 

allow a oomiMuriisoo of the observations with qwaotnm Iheiny only at the 
lowest mergies The oalcolated aross-seotion, whi(& is of tihe 

order of 2 (Heitler 1938a), seems moob too Ueef^ to 

agree with the expeiimental value S 10 ~‘^ cm.* (§ 5 ) which is obtained for 
kinetic energies very little greater than the mesotron rest energy. 

6 . 1 . Diacuseion qf plate 1. An example of a very close collision showing 
some remarkable features is given in plate 1. It is unfortunate that the 
photograph is ieohnically very much poorer than the average. 

The incident particle, A, which is positive with an electron energy 
between 10 * and 2 x 10* e-volts, is scattered through 18 ® to A', and a 
proton, O, is ejected at an angle of 63 ° with the direction of A. The curvature 
of the proton track, C, is 1-06 x 10* g.-cm., and hence this particle leaves 
the plate with an energy 0-66 x 10® e-volts, allowing for the loss of energy 
traversing the plate from the point of collision, we find the initial energy 
of the ejected proton to be 1-7 x 10 * e-volts. The energy and momentiun 
relations for the collision indicate very little deviation from an elastic 
collision. 

Plate 1 also shows another more energetic penetrating particle BB' 
which is, as far as can be judged, copunctual and contemporary with A A' 
(see Wilson 1939, § 6). There is some indication that BB' produces a 
secondary, D, which is probably electronic. A third contemporary track 
appears near the top right-hand comer of the photograph, but there is no 
indication as to its nature. The probability that the association in time of 
these three tracks is the result of random coincidence is negligible. Thus 
we have here a definite case of associated penetrating particles in a 
shower. It is not clear what, if any, is the relation between such phenomena 
and the well-known "stars ” of Blau and Wambacher (1937; Schopper and 
Schopper 1939) which appear to consist mainly of alpha particles and 
protons derived from nuclear disintegration. But the proton track O 
'would certainly be observed as a single track in a photographic emulsicm. 


7 . Tbb soattbrino distbibution in thb fbbsbnob 

OF PHOTONS 


Vqr the ekperiaiental enmgy range, protons have a velocity apprembly 
Imb thm e and therefore give rise to a rather more strongly soattered 
than the predominant mesotrons. In figure 2, the modifioatknk 


A- 


« 
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of 20% and 40 % at a mean energy of jB,*® 10* e-volts. The {nroton com¬ 
ponent, in fact, amounts probably to only about 6% or less, and the figure 
shows clearly that the effect of this proportion is negligible for the number 
of tracks observed. The single example of large-angle scattering in the 
series of accurately measiu^d photographs is also indicated in figure 2. 



FiGtTBX 2. Modiiloatiou of the tail of the multiple scattering curve for mesotrons in 
the presence of a proton component. (1) No protons, (2) 20% protons, (3) 40% 
protons. • observed distribution of scattering—number of tracks per unit range 
of 0/5th—(table 2). 


8. Discussion and conclusion 

8.1. (Scattering in the Coulomb field. The i^reement between experiment 
and theory for the Coulomb scattering of mesotrons is shown in § 3 to be 
within the probable error of the observations and of the theory. 

We have found no deviation from theory for the slowest mesotrons 
included in our measurements 5 , 10 * e-volts), but a considerable 

anomaly has been reported by Fowler and Oppenheimer (1938; Fowler 
1938) for 10’ e-volt electrons scattered in thin lead foil. These workers 
show that while the single large-angle scattering (which is not suppressed 
under the conditions of their experiment) is normal, the multiple scattering 
is only about 40 % of that predicted theoretically. This result suggests 
that the discrepancy is associated with the small deflexions arising from 
oollisions near the upper shielding impact parameter. In our experiments, 
where a much thicker scattering plate is used, the relative importance of 
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thia region for multiple scattering is clearly much reduced. Hence the 
anomaly is probably determined by the thickness of the scattering layer 
rather than by the energy of the scattered particle. 

8.2. The interpretation of scattering due to short-range forces.^ According 
to the present mesotron theory, the cross-section for the scattering of 
cfiurged mesotrons by a proton or neutron is given, for energies of the order 
/ic* (Heitler 1938a), by 

(f> — 10 “^® — 10 ”^* cm.®, ( 3 ) 

where g is the characteristic “charge-constant” of the mesotron theory. 
The cross-section increases at higher energies, but these energies 
lie outside the limits of validity of the theory. 

In a classical theory for neutral mesotrons, Bhabha {1939) finds a much 
smaller cross-section: 

<j> ~ 10 -*’ - 10 -“ cm.*, ( 4 ) 

where M is the proton mass. This value, ( 4 ), is analogous to the Thomson 
formula for the scattering of light by electrons, and does not increase with 
increasing energy. The same result ( 4 ) can be derived from the quantized 
mesotron theory for the scattering of neutral mesotrons. 

It should be noted that (3) is independent of the proton mass, while ( 4 ) 
is proportional to 1/Jf^ 

The remarkable difference between ( 3 ) and ( 4 ) is due to the role which 
the electric charge plays in the mesotron theory, controlling to a large 
extent the interaction between charged mesotrons and heavy particles: a 
positive mesotron, for instance, can be absorbed only by a neutron and not 
by a proton, while no such restriction applies for neutral mesotrons. This 
difference of behaviour leads to the large cross-section ( 3 ).t 

We have already shown (§ 6) that the experiments are not in agreement 
with the cross-section ( 3 ) but are consistent with ( 4 ). It might still be 

* This section is based on a private oommunioation for which I am indebted to 
Dr Heitler. The theoretical position outlined in this section is the result of discussions 
between Bhabha, Frohlich, Heitler and Kemmer. 

t If states of the heavy particle were possible with charges +2®, -f e, the scatter¬ 
ing crosa-seotion (4) would apply also for charged mesotrons. This assumption, 
however, involves so many other difficulties tiiat it would be premature to consider 
it seriously at the moment. 

Heitler also points out that the cross-section for processes of the type 
does not depend on the interaction assumed, but in any case is given by ( 4 ). 

6-a 
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possible to assume that (3) is correct for energies less than /wj* and that the 
cross-section decreases very rapidly (by a factor of 100 !) between /«;* and 
3/tc®, but this behaviour is most unlikely. It is much more probable that 
( 4 ) represents the true cross-section even for charged mesotrons, although 
this result cannot be deduced from the present mesotron theory in any 
form. 

The small experimental cross-section for charged mesotrons at low 
energies has therefore an important bearing on the fundamental problems 
of charge exchange in the interaction of charged mesotrons with heavy 
particles. 

1 am indebted to Professor P. M. S. Blackett for his constant interest 
and advice during this work, and to Professor E. J. Williams and Dr W. 
Heitler for discussions of the theory of scattering. 


Summary 

An extended series of accurate measurements of the scattering of 
mesotrons is described. These are in general agreement with our earlier 
measurements, and confirm within the accuracy of the experiment (about 
4%) the theoretical value given by Williams ( 1939 ) for multiple Coulomb 
scattering. 

Theory shows that the scattering by a finite nucleus should be about 
10 % less than that by a point nucleus. The experimental results, which 
have an accuracy of about 4%, definitely confirm the lower value and so 
can be considered as supporting the correctness of the scattering theory as 
applied to a finite nucleus. 

The evidence for the existence of large-angle scattering due to short- 
range forces between mesotrons and nuclear heavy particles (protons and 
neutrons) is discussed. The cross-section for this type of scattering is 
estimated to be of the order cm.*, and this value is in agreement with 
that given by Bhabha for a ‘'classicar’ mesotron theory. 

There is no experimental evidence for the large increase of scattering due 
to short-range forces at low mesotron energies given in the quantum 
mechanical treatment due to Heitler. For the available mesotrons of 
lowest energy, the cross-section is found to be less than 10 “*’ cm.®. This 
result is not compatible with the present development of mesotron theory, 
and may be interpreted as indicating a failure in the treatment of the 
charge-exchange which leads to the interaction between charged mesotrons 
and heavy particles. 
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The photodisintegration of the deuteron in the 
meson theory 

By H. Frohlioh 
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(Communicated by J, D, Cockcroft, F,R,S.—Received 14 August 1939) 

1. Introdtotion 

Bethe and Peierls (1935) have given a theory of the photoelectric effect 
of the deuteron which was based on the assumption that between a neutron 
and a proton forces of a very short range exist. This made it possible to 
calculate the cross-section and the angular distribution in a way which 
seemed to a great extent to be independent of the nature of the nuclear 
forces, Massey and Mohr (1935) have extended this theory. Later on Breit 
and Condon (1936) have taken into account the influence of exchange forces 
of the Majorana t3rpe. 

In recent years a theory of nuclear forces has been developed, the funda¬ 
mental ideas of which are due to Yukawa (1935). In this theory, the exist¬ 
ence of free mesons (cosmic rays) is connected with the nuclear forces in a 
similar way as the electromagnetic forces between electrically charged 
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particles are correlated with the existence of light quanta (cf. Yukawa, 
Sakata and Taketani 1938; Bhabha 1938; Frohlich, Heitler and Kemmer 

1938)- 

According to this meson theory a proton (neutron) can be regarded as 
surrounded by a meson field which, owing to the exchange nature of the 
nuclear forces, is electrically charged, the charge being positive (negative) 
for the proton (neutron). 

The charged nature of the nuclear field has the following important 
consequence: In treating the interaction of a nucleus with a light quantum 
one has to take into account not only the direct interaction of the light 
quantum with the protons but also its interaction with the charged nwlear 
field. The latter consists of two parts: (i) the spin independent part 
(^'interaction) and (ii) the spin dependent port (/-interaction). The first 
part gives rise to ordinary exchange forces whose influence on the photo¬ 
electric effect has in principle been considered by Breit and (London. The 
second part is characteristic for the meson theory in its present form and 
leads, as we shall see in this paper, to results differing essentially from 
those of previous theories. 

One can thus divide the interaction of a light quantum with a deuteron 
into two j»arts: (i) the part in which the light quantum acts directly on the 
proton (Bethe-Peierls), (ii) the part in which the light quantum interacts 
with the meson field. It will be shown in this paper that for not too high 
energies both are of the same order of magnitude. The dependence on the 
frequency v is, however, quite different for the two parts. The contribution 
to the cross-section of (i) decreases, for high energies, like Ijv^, whereas the 
contribution of (ii) decreases only like Ijv^, For high energies the new effect 
is therefore preponderant. For the 17 MeV y-rays of Li for instance the 
cross-section turns out to be seven times larger in the new theory than in 
the old one. Also the angular distribution will be seen to be very different in 
the new theory. 

These effects are characteristic for the spin dependent exchange forces 
in the present form of the meson theory. We want to emphasize that the 
effect is mainly due to not too fast mesons and that none of the difficulties 
of the meson theory connected with fast mesons plays any role in these 
calculations. The results should have the same degree of reliability as 
those for the nuclear forces. 

It should be possible to check the effect experimentally. We believe that 
such experiments on the photoelectric effect of the deuteron with hard 
y-rays should be considered as a crucial test for or against the present form 
of the meson theory. 
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2. Calouzatiok of thb ceoss-sbotiok 

Our aim is to calculate the cross-section for the photo-disintegration of 
the deuteron. We shall do this, using Born’s approximation. This is justified 
because it will turn out that the wave function of the ejected proton is not 
an S-wave function and therefore very little influenced by the proton- 
neutron interaction (this is not true for the photomagnetic effect which we 
shall not consider in this paper, cf. § 3 ). 

(i) The vxive functions of the deuteron 

The wave function of a heavy particle depends on the following co¬ 
ordinates: The space co-ordinates, the spin co-ordinates and the co¬ 
ordinates describing whether the heavy particle is a proton or a neutron. 
The ground state of the deuteron has an angular momentum 1. It was usually 
assumed that it is a ®S-8tate. From the proton-neutron interaction derived 
from the meson theory it follows, however, that there is a large spin-orbit 
coupling, and that therefore the ground state is a mixture of and 
(cf. Yukawa, Sakata, Kobayasi and Taketani 1938; Frohlich et al* 1938). 
The presence of a admixture to the wave function finds its expression 
in the existence of a quadripole moment of the deuteron, discovered recently 
by Kellogg, Rabi, Ramsey and Zacharias (1939). 

It is, however, likely that the contribution of the wave function is 
not very large, owing to the centrifugal forces. In this paper we are mainly 
interested in the effects arising from the meson character of the nuclear 
field. These effects are clearly shown even if we assume a ®S-wave function 
for the ground state of the deuteron as we shall do in this paper for reasons 
of simplicity. 

The wave function for the ground state of the deuteron can thus be 
written in the form 

2) 7 ( 1 , 2 ) 17 ( 1 , 2 ), (1) 

where ^ depends on the space co-ordinates T on the spin variables, 

and V on the charge variables of the two particles. For the *S-state these 
wave funttions are 

a(l)a{2) 

* Xu the following quoted as F.H.K. 


(2) 
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where a, ^ are the two spin functions and ^(7) is equal to 1, (0) when the 
particle is a proton and equal to 0, (1) when it is a neutron. For ^ we shall 
assume the wave function used by Bethe and Peierls (1935): 



where a is connected with the binding energy of the deuteron by 




M is the mass of the proton. The wave function ( 3 ) corresponds to a neutron- 
proton potential of the form of a (J-funotion. For the final state into which 
the deuteron disintegrates we assume plane waves according to the use of 
Born’s approximation. For parallel spins this wave function is 

a(l)«(2) 

^{a(l)/?(2)-)-a(2)/?(l)} 

mm 

is the wave number of the ejected proton, K, of the neutron. Transitions 
into states with antiparallel spins are only due to the photomagnetic effect, 
which we do not consider here. 



9/' = 1)7(2) 


(ii) Interaction energy 

The transition from the ground state to the final state are due to the 
interaction of the deuteron with the light quantum. In the theory of Bethe 
and Peierls (1935) the proton was considered as the only particle carrying 
a charge. In the meson theory we have in addition an interaction of the 
light quantum with the charged meson field. 

The Hamiltonian of a meson field in the jjresence of both heavy particles 
and an electromagnetic field has been given in its complete form by Bhabha 
(1938). We write down the interaction part of this Hamiltonian in the 
notation of P.H.K. (1938), making use of the longitudinal and'trazisverse 
meson wave functions 0 and 0 . A is the electromagnetic vector potential 
and F the scalar potential. 

The Hamiltonian consists of three parts 

( 6 ) 

where H' represents the interaction between the electromagnetic field and 
the meson field, H" that between the meson field and each of the heavy 
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partiolea, is a “mixed interaction*’ containing the eleotromagnetio 
field, eachof theheavyparticlesandthemesonfield,t The three contributions 
are (for one heavy particle); 

+ F(^0*) + F(^0*)j 


+ i(A0)(A<^*) + i(A0)(A0*)j, 

(7) 

M div 0 + ^ (S curl 0) + | Af |®, 

(8) 


(9) 


In these expressions it is to be understood that the complex conjugate 
terms have to be*added to all those terms which are not automatically real. 
The definition of is ^ - 1/c d^jrjdt, M and S depend on the wave functions 
of the heavy particles W and the charge operator 11 which is defined as 
follows: 

= 77*17-0, nH ^ v > (10) 

M = {W*nP), S = (»F*i 7 e!F). (11) 

o is the spin vector of the heavy particle. In the Hamiltonian ( 7 )-{ 9 ) all 
terms have been omitted which depend on the velocity of the heavy particles. 
We expand the wave functions of the meson <p and ^ into plane waves 

0 = S 

k ^ 

= S?Je«>'«V(4'rc»). 

k 

Ik Qi^ are quantized according to the Pauli-Weisskopf formalism. J is 
the unit vector of polarization for transverse mesons. It has to be noticed 

t We axe indebted to Dr Bhabha for having drawii our attention to the existence 
of this term. 
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that the wave number k is connected with the momentum p of the free 
meson in a different way for positive and negative mesons: 

for p = ^k, 
for 7“: p-^^k. 

This follows immediately from the Pauli-Weisskopf formalism. 


(iii) Matrix elements 

The interaction H gives rise to a number of transitions for which we give 
the matrix elements. The following transitions are due to H*: 

(1) A longitudinal meson with wave number k absorbs a light quantum 
with wave number q {hv ~ Hcq) and has then a wave number k'. The law of 
conservation of momentum is then 


for k'=k + q, for r~: -k'-~k + q. (12) 


(2) The analogous transition for a transverse meson. The transitions in 
which a longitudinal meson is transformed into a transverse one through 
the absorption of a light quantum give no contribution to the photoelectric 
effect. 

(3) The creation or annihilation of a pair of longitudinal mesons with 
absorf)tion of a light quantum. The momentum law is for the two oases. 

q=k^-k„, q-hk^.-k^ = 0. (13) 

(4) The same for transverse mesons. The matrix elements of W for 

these four transitions are (e^ e' are the energies oon^esponding to k, k'; 
€ = + A®); e is the unit vector of polarization of the light quantum): 


ehh^ 11 27r A 




ehy^ // 2n 
2 


( 14 ) 


and are valid both for positive and negative mesons if the momentum 
law (12) is taken into account. Hg and are valid for creation and anni¬ 
hilation. 
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has matrix elements for emission and absorption of mesons by a 
heavy particle. They are given in F.H.K. ( 1938 ), equation (32). 
gives rise to the following transitions: 

(5) A proton emits a longitudinal T'^ and absorbs a light quantum. 

( 6 ) A neutron emits a longitudinal Y~ and absorbs a light quantum. 

(7) A proton absorbs a longitudinal and a light quantum. 

( 8 ) A neutron absorbs a longitudinal r+ and a light quantum. 

(9) -(12) The same as (5)-(8) for transverse mesons. 

These matrix elements are, for the heavy particle at the position r^, 


- II* 


2neghc 


K --n 


A ^{ehv) 
2veg1ic 


hH) 




Sc 1 / k\ 

k}*'' 




m 


ow 
’ ”“6 * 


Hg, Hjo are the same as HI, HI with replaced hy/(o[ej]), 

W" _ I/'" r/"' u'" 

“11-«». “1* = "“lo¬ 


lls) 


InHl have omitted the contribution arising from the term + (S[ A^]) 

of H" (and similar terms in H'^, etc.), because these terms do not con¬ 
tribute to the photoelectric effect. 


(iv) Total matrix dement 

Let VAir be the matrix element for the transition of the deuteron from a 
ground state A into a final state F under the action of a light quantum. 
The differential cross-section of this process is then 

d0^-^\V^\^pdii, (16) 

where pdQ is the density of final energy states with the direction of the 
proton in the solid angle dQ. The ground state is three-fold owing to the 
three orientations of the spin. Disregarding the photomagnetic effect, the 
final state is also a triplet and transitions occur from each of the three initial 
states to eaoh of the three final states. In (16) the sum has to be taken over 
the three final states and the average over the three initial states. 



92 H. FrSWich, W. Heitler and B. Kahn 


The matrix element KtF consists for each of these nine transitionB of 
three parts: 

V^r-V.+K + V, (17) 


with the following significance: 

(a) is due to a combination of the interactions Jff' and f?'and is a third- 
order matxix element. The transition takes place by means of ttoo subsequent 
intermediate states. There exist four possible sequences of those inter¬ 
mediate states: 

(a) (i) Emission of F+ by proton; (ii) absorption of light quantum by 
(iii) reabsorption of F*^ by one of the two neutrons. 

(J3) The same for F"^, emitted by the neutron. 

(y) (i) Creation of a pair of mesons by the light quantum; (ii) absorption 
of F“^^ by neutron; (iii) absorption of F“ by one of the protons, (ii) and (iii) 
can occur in the reverse order. 

((J) (i) Emission of F"*" by proton; (ii) emission of F*"by one of the neutrons; 
(iii) annihilation of the pair with absorption of the light quantum, (i) and 
(ii) can occur in the reverse order. 

All mesons can be longitudinal or transverse. In the approximations 
used in our calculations (see below) all four contributions are identical and 
we shall only give the calculations for (a). 

Let us denote by and the energies of the two successive inter¬ 
mediate states (i) and (ii), and E^y Ejr the energies in the initial and final 
states. Then is given by 








nn' ^n 'F 




(18) 


where etc. are the matrix elements of H' + H" for the transitions (a). 
For and //^/^ only H“ and for only H' gives a contribution. In the 
intermediate states n, n' the heavy particles are two free neutrons and have 
wave numbers Ki, KJ, whilst the meson has a wave number k in n and 
k' in The conservation of momentum shows that 

Ki + K' + k = 0, k' = k + q. (1») 


In the final state with the wave function (6) the momentum law gives 

Ki = K( + k', (20) 

In each of the intermediate states n, n' the spin functions can be either of 
the four functions a(l)a(2), a(l)y^(2), a(2)/?(l), /?(l)/?(2). The emitted 
meson can be longitudinal or transverse; in the latter case one has to take 
the sum over the two directions of polarization in the intermediate states. 
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As an example we calculate V„ for the transition a(i)a( 2 )^-»-a(l)a( 2 ) 2 i. 
for a longitudinal meson. In this case the interaction is independent of Uie 
spin and the intermediate states have the same spin functions. According 
to F.H.K. (equation (32)) we have 


R, 


hdn 


iM' 


i/( 1 ) 1 /( 2 ) 


X (77f + nt r^) 


( 21 ) 


where ijr is the wave function of the deuteron (3). In the second equation 
(21) we have separated the motion of the centre of gravity and made use 
of the conservation of momentmn. 

is given by equation (14). is again given by F.H.K. 

(equation (32)): 

The resonance denominators are 


E^ -E,.^-Eo + hv - U V(*'* + A») - 2 ^ (K;* + K'^). 


(23) 


The double summation over n, n' in (18), viz. overk, k', can be reduced to a 
simple integral over k by means of the conservation laws (19) and (20). 
The contribution to from the transition in question is then 


tg*cftV 

7r»A»VW 


kk' 


(k 


jdrjdk ~ A*') V(fc'a + A*j [k 

gii(t.>+«E^gin ^(kr) i^jr) 


k'. 


v(k'e)+-^(ke) 




(24) 


In this formula it is to be understood that all wave numbers k', K[, are 
to be expressed by means of (19), (20), by k, q, Kj, K,. 

Before we evaluate this integjral we calculate the contributions and 1^. 
to the matrix element. 
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(6) Vf, k due to a combination of H’* and JET'^ and is a second-order matrix 
element* The transition takes place by means of one intermediate state* 
There are again four sequences of those intermediate states: 

(a) (i) Emission of by proton and absorption of light quantum; 
(ii) absorption of T+. 

(y?) The same for F”. 

(y) (i) Emission of F^* by proton; (ii) absorption of F+ with absorption 
of light quantum. 

(tf) The same for Y~~, 

Again all four sequences give the same contribution resulting in a factor 4* 
is of the form 

= (25) 


For (a) is due to W* and to W. 

We evaluate for the same transition a(l)a(2)^->'a(l)a(2)^ and for 
a longitudinal meson. We easily find, according to (15) and F.H.K. (equa¬ 
tion (32)) 


^^m = - 


2mcgtic 


' y(i) (®l) sin i(k - q, r) f(r), (26) 


with Ki and Kj given by KJ + KJ +k = q, 

k, = k;. 


The resonance denominator is 

E^-E^ = -E, + hv-e-^{K{^+K’,‘). 
Hence Pj becomes 


y 2tegr*/i*c* 

~ JihPfW* 


J'dT|(ik(ek) 


sin |(k — q, r) }/r(r) 


(27) 

(28) 


(29) 

(30) 


Here again K^, K, are expressed by k, q and K K 
(c) Vg is due to the direct interaction of the proton with the light quantum. 
There is no intermediate state. 

In this transition the spin function does not change. Vg is the same for 
all these three transitions and is given by the well-known formula 




( 31 ) 
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(v) Approximations 

We shall now oonfine ourselves to energies 

thv4,pc^ = 80 X 10® e-volts. (32) 

(/i* rest mass of meson.) 

In this case we may neglect throughout the recoil of tlve meson due to the 
absorption of the light quantum and therefore replace k' by k. This is 
justifiable because the main contributions to our integrals arise from values 
A. Furthermore, we make use of the conservation of energy in the final 
state 

+ (33) 

The terra + K'^) in the denominators of (24) and (30) can then be 

neglected since K, = KjandKJ, = K,+k which gives the order of magnitude 
h^k^j2M ~ :ii/ic^.fij2M. In the resonance denominators of (24) and 
(30) we can therefore neglect everything except e~e'. 

We want to mention that in making these approximations the transitions 
to a final singlet state all vanish. In these approximations we do not get 
therefore any photomagnetic efiFect. For the photoelectric effect these 
approximations are obviously unimportant for the energies considered. 

1^ and (equations (24) and (30)) are then given by 








(/fc 2 + A*)* 


gj<(k-jK,.r) ajjj J(kr) ]/r{r). 


V, 


n*A^^(hv) 


JdrJdk^-i' 




gii(k^aKi,r) ^(kr) ^{r). 


Inserting for ^(r) equation (3), the integration is straightforward and we 
obtain 


K 


2»gr*e^a7r(eKi) 

■^”AV(*^)^i 


T- 

Ui( 


# + A 


A—a 


-a /, a*-2A*\ ^ 1 

~^T)"ctgot + Aj' 


^(a + A)» + ii:? 

y _ , 2»g®eV“»r{eKi)ra-A /, a*-'^*')„rcto 1 

jarctg^^^J, 


(34) 

(36) 


2*ffeft*.^a (eK,) 
M^{hv)(Kl+a^y 


( 36 ) 
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(vi) Formulae for the croas^section 

(34) and (35) are the contributions from the a(l)a(2)^->a(l)a{2)jir. 
transition and from longitudinal mesons. We give the matrix elements for 
the other transitions and for transverse mesons without calculation. The 
matrix elements for transverse mesons depend on the angles between spin 
and light quantum. We choose the direction of q as the one to which the 
spin directions are referred, (a means spin in -f q direction.) Let 6 and 0 
be the angles 

0 = < (Ki q), == < (e; q-plane). 

Then we have for the t^otal matrix element 

a(l)a(2)-^a(l)a(2) or /?{l)/?(2)-^>?(l)/?(2): 

^ y(S) sin + B) 

+/* sin® 0{A -^C)-G* sin 6D}; 
a(l)yff(2)4-a(2)/?(l)-^a(l)yff(2) + a(2)/?(l); 

F = J coH <^{g^ sin 0{A + B)^^P^dC 

+/* sin d cos* d{2A - |C) - G* sin OD) ; 
a{l)«(2)-».ytf(l)/?(2) or /?(l)/?(2)-^a(l)«(2); 

V y j j/sin +/* sin* $ cos <ft{A - j; 


a(l)«(2)->a(l)^(2) + a(2)^(l) or a(l)/?(2)+/7(l)a(2)->a(l)a(2) 
or /?(l)A(2)-^a(l)yff(2) + a(2)/J(l) or a(l)yff(2) + a(2)/ff(l)->/?(l)/?(2): 


V = 

where 

A 


2*7re 

1 * 


y(£) y doose oos ij> ^2(A - iC)|; 


A* it + A 


Ki(!t + \)^ + Kl 


\-oc ( a*-2A*\ 


0C"h A* 


„ ct-A /, , a*-A*\ , A'l 

a + A 3(a + A)(a-A)* /!_ 

. \2 


' 2 A . 


A? 


+ A’ 

1 a* + A* 

Af 


3 (a*-A*) 
2 K* 



a+A’ 


D 


AjA 

Af + a*’ 


ilf • 


(37^ 
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Hence we find the differential cross-section according to (16), by taking 
the sum of [ F [* over all the nine transitions and dividing by 3. We take the 
average over the directions of polarization of the light quantum and obtain 

2)r P^a.K Mi If) 

d0 = -Sin+ b] + Bm*d[3{g®(^ -hB)- 

-4:G^PD{A + B) + 4g*P(A + Bf 
+P{C^ + 2B^-&BC+ 4^*- 4^C + 8^B)]j 

ddd{0^^ 4 - sin^ 0(0 ~ <P„)}. (38) 

The total cross-seotion is 

^ + B) 

+ 8^2 ^ 8 ^ C + 16^2 4 . J S )]. (39) 

In these formulae is the wave number of the ejected proton 


3. Results and discussion 

We now evaluate the formulae (38) and (30) numerically. The wave 
function which we have used for the ground state of the deuteron corresponds 
to a potential with the form of a ^-function. In order to take into account 
the finite range of the nuclear forces, Bethe and Bacher ( 1936 ) have shown 
that it is sufficient to renormalize the wave function in such a way that it 
is normalized to 

1 -ha/A (40) 

instead of to unity. We therefore have to multiply the expressions (38) and 
(39) by this factor. For the numerical evaluation we assume the following 
figures: 

Eq = 2*2 MeV, 

fyic 

Meson mass = 160 m. or A = 

Hence l+a/A=l- 66 , O^jKc 0-087. 

For g* and/* we shall use the figures derived by Kemmer ( 1938 ) from the 
Quclear forces, i.e. g^/hc = 0'057, f*lhc = 0-143. These figures are derived 
from the hypothesis of charge-indepen<)ent nuclear forces and may not be 
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the true values. The order of magnitude, however, is certainly correct. 
The functions A, J5, C, D are independent of the choice of g and/ and are 
given in table L In this table we give the values of the total cross-section 
0 according to equation (39) (including the factor 1 -f a/A). « e^lmc^ is 

the electronic radius. For comparison, we also give the cross-section 
according to the old theory of Bethe and Peierls ( 1935 ). For the discussion 
of the angular dependence we give the ratio , i.e. the ratio of the 
cross-sections for 0=^0 and & = ^n. 

In figure 1, 0 (in units rg) and the ratio 0^0^ plotted as a function 
of the frequency v together with the cross-section 0 ^ 1 ^ according to the 
Bethe-Peierls theory. In the Bethe-Peierls theory 0^^ ~ 0. 


KJol 

fiv (MeV) 

A 


Table 1 

C 

D 

0lrl 



0-43 

2*61 

0'120 

017 

0*10 

0*65 

0*016 

0011 

0*11 

0-9 

3*98 

0-26 

0*34 

0-20 

0*90 

0*048 

0*028 

0*18 

b3 

5*8 

0-37 

0>47 

0*28 

0-87 

0*068 

0*025 

0*27 

20 

llO 

0*55 

0*67 

0-40 

0*72 

0*061 

0*014 

0*46 

2*0 

17*1 

0*69 

0-81 

0*47 

0*60 

0*066 

0*0084 

0*66 

40 

37*4 

()*93 

1*03 

0*69 

0*42 

0*048 

0*0030 

0*86 

10* 

222*2 

1*31 

1*35 

0*74 

0*18 

0*030 

0*00022 

10 


♦ Thiii value is beyond fetie validity of our approximations. 
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As it is seen from the figure, the total oross-seotion is for high frequencies 
very much larger than in the old theory. For the Li y-rays (17 MeV), for 
instance, the cross-section is seven times larger in the new theory. The 
difference between the two theories is most striking in the asymptotic region 
for high frequencies, i.e. or > A, a. In this case we obtain 


d0 


TT* 

'g' 


sin^d^ 





X 


Mcx 



(3 — sm®^), 


12 XHic\hc) fsj\ hv J* 

In the old theory, the cross-section is 


“ 2n^indd0 


h ha /Mc^^ • **/j 


Hence 


0 _ 77r2//YA^*'’ 
^oia ~ 32 iW I A / AC®’ 


(41) 

(42) 


(43) 

(44) 


Thus in the new theory the cross-section decreases like 1 l-Jv whereas in the 
old theory it decreases more rapidly, like l/v*. As it is seen from equ. 
(42), this asymptotic behaviour is solely due to the /-type of interaction. 
Ordinary exchange forces also give an increase of the cross-section at 
smaller energies as has already been shown by Breit and Condon ( 1936 ). The 
angular distribution contains a constant term and a term proportional to 
sin® 6. This is, however, not due as it might seeni at first sight to a suijer- 
position of a S- and a P-distribution, but to a superposition of P- and 
F-distributions, as can be seen from the derivation in § 2 . The iJrocess is a 
three-stage process; in each stage the angular momentum can change 
by one. 

In the old theory the angular distribution is a pure P-distribution 
(~ 8 in®fl) as long as the photomagnetic effect is neglected. The latter leads 
to a pure S-distribution, i.e. to a term independent of 6. In the old theory 
(cf. Bethe and Baoher 1936 ), the photomagnetic effect is only appreciable 
for energies just above and is for high energies very small. In our theory 
the photomagnetic effect is zero in the approximations made in § 2 . The two 
essential approximations which we have made were (i) hv<^fic^ and (ii) hv 
not too small (Bom’s approximation). For energies well above only the 
first approximation is essential, which means that the recoil of the meson 
due to the light quantum is neglected. If this approximation is not made 
we would obtain transitions to singlet terms, i.e. a photomagnetic effect, 

7-i 
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as well, but the croas-section for those transitions would be smaller by a 
factor of the order of at least 

The angular distribution is also influenced by the fact that the ground 
state of the deuteron contains a D-function. Even in the old theory one 
would obtain in addition to the P-, a P-distribution. The admixture of the 
D-wave function is probably quite small, as can be seen from the size of the 
quadripole moment which is about fifty times smaller than the cross-section 
of the deuteron (Kellogg et aL 1939 ). We, therefore, hardly expect any con¬ 
siderable modification of our results. 

It should bo possible to check this theory experimentally. At present, no 
experiments in the high-energy region are available. Such experiments 
would provide a very valuable check for the meson theory. A theory in which 
the miclear forces are described by a neutral field would not lead to any 
such high cross-section and it is just the exchange nature of the nuclear 
forces which is responsible for our effect. Furthermore, as it is seen from the 
asymptotic formula (42) the large cross-section and the peculiar angular 
distribution is due to the/-type of the interaction of the meson and a heavy 
particle, i.e. to the spin-dependent interaction. This interaction which has 
no analogy in electrodynamics leads to new types of effects, such as the 
magnetic moment of the neutron, and to the spin-dependent proton-neutron 
interaction. In all these effects some kind of divergency occurs which has 
led to the assumption that the meson theory is only correct for small 
meson energies. Our effect is mainly due to mesons with kinetic energies not 
much higher than the rest energy, and for those energies the theory should 
be essentially correct. 

The photoelectric effect of the deuteron provides therefore a test of some 
of the most interesting features of the meson theory, namely the /-type 
of the interaction and the charged nature of the field, in a region where it 
is not seriously affected by high-energy difficulties. 

One of us (B.K.) would like to express his thanks to the Cavendish 
Professor for a grant from the Scott Fund. 

SUMMABY 

We have calculated the photoelectric effect of the deuteron on grounds 
of the meson theory of nuclear forces. In this theory the nuclear field is 
considered as electrically charged and, consequently, the light quantum 
can act on the nuclear field as well as on the proton. Because of the small 
mass of the meson, this effect is large. For the calculation we have assumed 
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for the ground state of the deuteron a ®S-state. The result is that at high 
frequencies v the cross-section is much larger than in the old theory, and 
decreases only like 1 /^v as compared with the 1 /;^* law in the Bethe-Peierls 
theory. Also the angular distribution is different. In addition to the sin*^ 
distribution about the direction of the y-ray, there is a ^-indej>endent term 
which becomes increasingly important for increasing energies. For the Li 
y-rays (17 MeV), for instance, the cross-section is seven times larger than 
in the old theory and the ratio of the number of protons emitted parallel to 
the y-ray to that emitted perpendicular to it is 0*7. 

[Note added in proof. 

While this paper was in press we noticed that the derivation of the 
matrix element (37) can be simplified if the approximations made in this 
paper (dipole radiation) are applied from the very beginning. The energy 
of the heavy particles does then not occur in the resonance denominators 
and the rules of ordinary matrix multiplication can therefore be applied 
for the summation over the intermediate states. The total matrix element 


then takes the following simple form: 




(45) 

w hilsi was: 


(46) 


Here is the deuteron wave function in the final state, p is the relative 
inomentum of the deuteron and W the exchange potential of the deuteron 
(without the exchange operator) as given in F.H.K. equ. (44). Thus the 
meson effect finds its expression in the fact that the operator (ep)/ilf 
which usually describes the interaction with light is replaced by 

-f’-S <«' 

This is true for dipole radiation only. Equ. (47) is in agreement with a 
general theorem derived by Siegert ( 1937 ) and confirmed by I^amb and 
Schiff ( 1938 ). These authors have also shown that the sum of the two 
operators (47) is equal to the operator (er) if exact wave functions are 
used. We have used approximate wave functions and in this case, as shown 
in our paper, the consistent procedure is to take the operator (47). 

The formula (45) is useful because it allows one to see more clearly in 
which way the frequency dependence of the cross-section is connected with 
the expression for the nuclear forces. The cross-section is proportional 
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to From mere dimensional considerations it can easily be seen 

that terms of W proportional to 1 /r” give a contribution to the orosa- 
section which asymptotically depends on v like v^K Thus our asymptotic 
fonnula (42) {0'^ll^Jp) is due to the 1 /r* terms in the proton neutron 
interaction.] 
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Critical and co-operative phenomena 
V. Specific heats of solids and liquids 

By a. F. Devonshire, Ph.D. 

The University Chemical Laboratory, Cambridge 

{Communicated by J. E. Lennard-Jones, F.R.S.—Received 18 August 1989) 

1. Introduction 

In the first two papers in this series (Ivennard-Jones and Devonshire 
1937 - 8 ) we developed a simple method of calculating the free energy of a 
dense gas or a liquid in terms of interatomic forces. We used this to cedoulate 
critical temperatures and also vapour pressures and boiling-points. In later 
papers (Leimard-Jones and Devonshire 1939 ) we showed that the model 
used in the earlier papers was more appropriate to a solid than to a liquid, 
and that to obtain a satisfactory theory for a liquid we must modify it by 
introducing the concept of disorder. In this way we were able to account 
satisfactorily for the phenomenon of melting. 
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In this paper we propose to use the expression for the free enei^ obtained 
in the earlier papers to calculate the specific heats of solids and liquids, and 
also the coefficients of thermal expansion and compressibilities. As before, 
we confine ourselves to the case when quantum effects are negligible. 

The theory of the specific heat of a solid on the assumption that it behaves 
like a set of harmonic oscillators has been fully discussed by Debye ( 1912 ), 
Born ( 1923 ), and Blackman ( 1934 - 5 ). although this approximation has 
a wide range of validity it is probably not true for many solids at high tem¬ 
peratures. Damkdhler { 1935 ) has shown that for the alkali halides almost 
certainly falls off at high temperatures, and by considering a linear chain 
of ions has shown that this can be accounted for by supposing that the 
vibrations are no longer harmonic. Our theory predicts a similar behaviour 
of the Cj, values for solid rare gases if quantum effects can be neglected, as 
they can for krypton and xenon. Although no experimental values of are 
known, the fact that our values for krypton arc in fair agreement with 
experiment indicate that the theory is approximately correct. 

In a liquid the assumption that the molecules behave like simple harmonic 
oscillators is certainly not justified. For if this were so, the value of for 
a monatomic liquid would tend to six calories at high temperatures whereas 
it is known that for argon it decreases steadily from 5*5 cal. at the melting- 
point down to 4*3 cal. at the critical point. The measurements show no dis¬ 
continuity at this point but if continued to higher temperatures decrease 
steadily, reaching 3*5 cal. at IBO^K. Other liquids also show a decrease. It 
is true that a decrease of with temperature can be obtained if we assume 
that the frequency of vibration (j^) increases with the temperature. Magnus 
( 1928 ) tried to account for the specific heat of mercury on this assumption, 
but found that with any reasonable law for the dependence of on ^ the 
rate of decrease of was far too slow. The same defect would certainly hold 
for argon, and in any case the hypothesis seems unlikely on physical 
grounds. It seems much more reasonable to suppose, as we have done, that 
the molecules are moving in a field which is not parabolic. This has also been 
done by Euoken and Seekamp ^ 1928 ), and Bartholom^ and Eucken ( 1937 ), 
who both obtained a very slow decrease of with temperature. They 
attributed the difference from the experimental results to association in the 
liquid, but it was certainly due in part to the fact that they assumed the 
potential field to be independent of the specific volume, which cannot be 
true. Though otir value of still decreases too slowly with temperature, it 
agrees with experiment much better than theirs. Moreover, their potential 
function contained adjustable constants, whereas ours is derived entirely 
from the law of force between molecules. 
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2. CALOtTLATIONS OF SPBCIFIC HBATS 

In Paper I we supposed the fields of the atoms to be spherically sym- 
metrioal and the potential to be of the form 

( 1 ) 

Now atoms obeying a law of force of this type would crystallize in the form 
of a face-centred cubic (Lennard-Jones and Ingham 1925 ) and the number of 
nearest neighbours of each atom would be twelve. We assume that in the 
liquid phase there is a tendency to this structure and that the average field 
in which any one moves can be represented approximately by the effect of 
the twelve nearest neighbours in their mean positions. Then the partition 
function obtained in Paper I, equation (48), can be written in the form 

pogFiT) = - A + |log(27m*2VA=*) + log(rx/iV), (2) 

where ~ NA{h2{vJv)^ - 0‘5{vjv)*]y ( 3 ) 

and is the mutual potential energy of N atoms, when arranged in a face- 
centred cubic lattice at their mean positions. This is easily obtained from 
( 1 ) by adopting the summations given by Lennard-Jones and Ingham 
( 1925 ) and by altering the notation so as to express the energy in terms of 
volume; thus, 

A ^ Vq = Nr^l^2y (4) 

where c is the number of nearest neighbours (= 12 ), N the number of atoms 
in the assembly, v the total volume, and x fraction of the total volume 
which may be regarded as available to an atom; in fact 

X = (l/«*)Joxp [- fir)lkT]dT, ( 5 ) 

where the integral is taken over a unit cell of volume v* (the specific volume) 
and ^(r) is the potential energy of the atom within its cell referred to that 
at its centre as zero. For the particular law of force defined by ( 1 ) ^ is 
given by 

X = 2?r(2)*fir, (6) 

where !/= J‘y*exp[j^{-(-^)‘%) + 2(5j*m(y)jJdy (7) 

(of. equation (49), Paper I). 
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The partition function and free eaeitgy of the substance are now given by 
the equations 

+log(27r^2v*) + logflr, (8) 

and the pressure, internal energy, entropy and specific heat by 






gim9-9l9t 


m 


9mm9-9% 


where *7/= JV %) exp j - %) + 2|~®j TO(y)jJa!y, 

and ga = JV l\y) exp j - j l(y) + 20?j »i(y)jj dy 

(of. equations (50)-(55), Paper I). 

To obtain we use the thermodynamic relation 



and calculate (dv/dT)j, from equation (9) and {dSIdv)^ from equation (11). 
Equation (9) can also be used to calculate the coefficient of expansion, that 
iB(llv)(dvlBT)p. 

8 o far we have assumed that the atoms form an ordered array as in a 
crystal, but in order to account for the phenomenon of melting it is neces¬ 
sary to assume that in the liquid the atoms are in some way disordered. In 
Papers III and IV we assumed that this took place by certain atoms being 
transferred from their normal lattice sites to inter-lattice positions which we 
oallod /?-Bites. The process of melting was thus regarded as analogous to the 
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order-disorder transformation and could be treated either by the Bethe 
method, as in Paper III, or by the leas accurate method of Paper IV. In 
either case the effect is to add an extra term to the free energy of the sub¬ 
stance. As the second method is a good deal simpler than the first, and the 
loss in accuracy is unimportant compared with the other approximations 
in the theory, we shall follow it here. 

We assume that the number of /?“sites is equal to the number of a-sites 
and that each a-site or >?-8ite has z )ff-sites or a-sites surrounding it. In a 
configuration in which there are y pairs of neighbouring a- and /?-Bites we 
assume that the energy of the system has been increased by an amount yW^ 
but that the available volume jier atom is unaltered. Then if we use dashes 
to denote the additional free energy of the system and the derived functions 
we can shoAv tliat 

(16) 


where Q is the fraction of occupied /f-sites and is the least root of the equation 

(2Q-1) =:^t&nhzW(2Q-l)l4tkT. (17) 

For 2 If jikT < 1, the only root of this equation will be Q = corresponding 

to a state of complete disorder, and we shall have 


A" zW 
NkT 4kT 


+ 2 log 2, 


(18) 


but for zWjAkT > 1 another root will exist. In the liquid there is complete 
disorder and equation (18) holds. It is easy to see that in th is case = 0, 
so that the disorder does not affect c„. On the other hand, there is an addi¬ 
tional pressure term given by 




ft 




(19) 


SO that the coefficient of expansion and therefore will be affected. 

In Paper IV we found that (1 — ^) was quite appreciable in the solid 
state near the melting-point, so that the effect of disorder in the solid would 
be to increase and considerably. On this point, however, our theory is 
almost certainly in error, as we have neglected the fact that W will decrease 
as the disorder increases. Probably the effect of disorder on the solid is not 
very great, so in the calculations of the next section we have neglected it 
entirely. 
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3. Nitmeeical ebsults 

Measurements of for the rare gases in the liquid state have been made 
on argon by Eucken and Hauck ( 1928 ), on neon by Clusius ( 1929 ), and on 
helium by Eucken ( 1914 ) and Keesom ( 1935 ). Our theory is certainly not 
applicable to helium where quantum considerations are all-important. For 
neon also their effect would be considerable, and in any case the neon used 
by Clusius is known to have been impure, so that we shall confine our com¬ 
parison to the case of argon. In table 1 wo give the values of determined 
by Eucken and Hauck, with the specific volumes and temperatures at which 
these measurements were made, and also the values of c„ calculated by our 
theory. It will be seen that our values tend to vary less rapidly with tem¬ 
perature than they should, being too small at low temperatures and too 
large at high temperatures, but they agree with experiment in indicating 
a steady fall with temperatuie. 


Table 1. Specific heat of liquid argon 

Cv (cal. deg.-^) 



V/Vo 

AIkT 

Obft. 

Colo. 

90 


16-06 

6-60 

4-88 

JOO 

M79 

14-46 

6-50 

4-86 

no 

L200 

13-14 

5-60 

4-77 

120 

1-272 

12-04 

5-20 

4-56 

130 

1-272 

1M2 

4-90 

4-62 

UO 

1-360 

10-03 

4-65 

4-34 

*160 

1-446 

9-63 

4-36 

4-17 

160 

1-446 

9-03 

4-00 

4-16 

170 

1-463 

8-60 

3-75 

4-12 

180 

2-029 

8-03 

3-60 

3-66 


♦ Critical tompfjraturo. 


For the solid rare gases only the values of are known, and in table 2 
we give calculated values (at zero pressure) as a function of A jkT together 
with the observed values for krypton and argon at corresponding tempera¬ 
tures. To determine A for krypton we assumed that AfkT was the same for 
argon and krypton at the melting-point. It will be noticed that the specific 
heat for argon is appreciably lower than that for krypton at corresponding 
temperatures (that is those at which AjkT is the same). This is what we 
should expect as for argon there must be an appreciable quantum effect, 
since the characteristic temperature is 80°. Hence the best test of our theory 
is to compare it with the observed values for krypton, and it is seen that the 
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agreement is fairly good. The table also contains the values for Cp just above 
the melting-point calculated by the methods of Papers III and IV. 


Table 2. Specidtc heats of aboon akd krypton 

Krypton (obs.)* Argon (obs.)t 


AjhT 

Cv 



T 

Cp 

T 

Cp 

200 

5*60 

M 6 

6*76 

690 

6*61 

49*9 

6*90 

27*0 

6*57 

1*28 

6*86 

74*1 

6*66 

63*5 

6*10 

25‘0 

6*63 

1*46 

6*08 

80*0 

6*83 

67*8 

6*29 

23-0 

5*48 

1*61 

7*09 

87*0 

7*06 

62*8 

6*56 

21'0 

5*43 

1*86 

7*29 

95*2 

7*36 

68*8 

6*90 

19-20 

5*38 

2*11 

7*49 

104*2 

7*70 

76*3 

7*34 

17-82 

5*33 

2*46 

7*78 

112*2 

8*28 

KM 

7*80 

17*24 melting-point 







16-02 

(■ 6-21 

6*46 

/10*67 

120*3 

10*67 

87*1 

10*06 


^4-89 

4*41 

\ 0*3() 


* Clusius. 1938 . t Calculated by the method of Pajier III. 

t Clusius, 1936 . § Calculated by the method of Paper IV. 


Tablk 3. Compressibilities and coefficients of thermal expansion 

Nitrogen 


AjhT 


30*0 

0*9689 

28*0 

0*9737 

26*0 

0*9796 

24*0 

0*9869 

22*0 

0*9967 

20*0 

1*0072 

18*40 

1*0191 

17*24 

1*0300 


a Ajk 


2*08 

0*0262 

2*16 

0*0263 

2*24 

0*0276 

2*34 

0*0291 

2*45 

0*0316 

2*67 

0*0346 

2*71 

0*0381 

2*92 

0*0416 


T 

a 

38*7 

0*00179 

41*4 

0*00186 

44*6 

0*00193 

48*3 

0*00202 

52*7 

0*00211 

68*0 

0*00222 

630 

0*00234 


In table 3 we have given the calculated values of the volume at zero 
pressure, the cubic coefficient of thermal expansion a, and the cubic com¬ 
pressibility Xy functions of AjkT, The actual values tabulated are those 
of v/vq, aAjk, and these, being pure numbers, are the same for 

all gases to which our theory is applicable. The only experimental result 
with which the values can be compared is the average thermal expansion of 
nitrogen between 39 and 63° K, whose value is found by Keesom and Lisman 
( 1934 ) to be ()’ 0021 . The value of Ajk for nitrogen can readily be calculated 
from the force constants given by Lennard-Jones ( 1937 ) and is found to be 
1160°. Using this value we can at once deduce the temperature corresponding 
to a given value of AjkT and the corresponding value of a in (degrees)-^. 
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These are given in the same table, and the average value of a over the range 
39“63® K is seen to be 0-0021 in agreement with experiment. 

Equations (9) and (10) giving the pressure and specific heat are indepen¬ 
dent of the mass of the molecules. Our calculated values will therefore be 
the same for all isotopes of a given element. Differences would be found if 
quantum effects were allowed for, but we have considered only cases where 
these are small and may be neglected. 

In conclusion I should like to thank Professor Lennard-Jones for 
suggesting this problem and for his continued interest and advice. I am 
also indebted to the Department of Scientific and Industrial Research for 
a grant. 

Summary 

Specific heats of simple substances in the liquid or solid phase have been 
calculated in terms of the intermolecular forces. Comparison is made with 
the experimental values for krypton and argon, and fair agreement is 
obtained. Calculations are also made of thermal expansion and com¬ 
pressibility. 
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[Plates 2. 3] 

Inteodttctory 

The present investigation was commenced at the suggestion of the late 
Professor W. A. Bone, as a continuation of the systematic examination of 
flame spectra whicii had been carried out in his laboratories (Weston 
1925 a, b\ Bono and Lamont 1934 ; ^937)* decided to extend the 

work to the case of unsaturated hydrocarbons by a comprehensive study of 
ethylene flames, accompanied by chemical investigation of the products of 
reaction. 

The emission spectrum of hydrocarbon flames generally, in the visible 
and ultra-violet regions, is characteri 2 ed by the bands of the OH molecule 
at AA 3428,3122, 30«4, 2875,2811 and 2608 A, of the CH molecule at AA 4317, 
3888 and 3140 A, and of the Cg molecule at AA 4737, 5165, 5635 A, etc., 
together with an extensive diffuse band system extending through the 
visible and near ultra-violet, first observed by Vaidya ( 1934 ) in the ethylene 
flame, and ascribed by him to the molecule OHO. Other observers have 
suggested the molecules H.OHO (Kondratjew 1936 ) and CHg (Bell 1937 ) 
as the emitter of the system, without very satisfactory evidence of either 
chemical or sj^ectroscopic nature. In addition continuous emission spectra 
of unknown origin are frequently observed, while an extensive diffuse banded 
system extending through the visible spectrum, and observed in the outer 
cones of many flames, has been shown by Fowler and Gaydon ( 1933 ) to be 
identical with the afterglow observed with CO in discharge tubes, and to 
be most probably emitted by excited COg molecules formed inthedirect com¬ 
bination of CO and O^. The well-known y bands of NO in the ultra-violet 
are frequently observed in intense flames when nitrogen is present. Rich, 
soot-forming flames of hydrocarbons exhibit a continuous spectrum having 
its intensity maximum in the infra-red, which is undoubtedly emitted by 
carbon aggregates raised to the temperature of the flame. 

[ 110 ] 
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Experimental 

The effect of pressure on the statioimry flames of ethylene 
and ethylene-hydrogen mixtures burning in air 

It was decided to investigate first the effect of pressure on the stationary 
flame of ethylene burning in air. The form of the apparatus used was 
precisely that described fully by Bone and Lament ( 1934 ). It was found 
necessary to heat electrically the steel plugs holding the thick crystalline 
quartz windows by means of an external winding of nichrome wire, in order 
to prevent condensation of water on the windows. 

The spectrum of the flame burning under these conditions at atmospheric 
pressure, as recorded by the Hilger E488 quartz spectrograph, figure 7, a, 
plate 2 , was similar in all respects to that shown by Vaidya ( 1934 ). A mini¬ 
mum air sup|)ly favoured the emission of the Cg band system, while excess 
air caused its almost com^flete disappearance, and an increase in the in¬ 
tensity of the OH, OH and ^ethylene flame’' band systems. With this 
apparatus exj^osures of the order of 1 hr. were necessary to record with 
adequate intensity the “ethylene flame” system and the less intense OH 
bands. 

On allowing the pressure in the flame chamber to increase, by impeding 
the exit of the products of combustion, it was observed that at some pressure 
less than tw^o atmospheres, dependent on the ethylene-air ratio, the flame 
became yellow and smoky, emitting the characteristic “ carbon aggregate” 
continuum, and depositing carbon on the windows to such an extent that 
further observation was imf)ossible. 

In an attempt further to elucidate this phenomenon, the experiment 
was repeated with various mixtures of ethylene and hydrogen. Preliminary 
trials showed that at atmospheric pressure the flame of any mixture con¬ 
taining more than about 5 -6 % of ethylene was spectroscopically identical 
with that of pure ethylene. On allowing the pressure to increase with such 
a mixture, it was first observed that the flame became almost non-luminous, 
the spectrum showing a very pronounced decrease in the intensity of all 
the bands in the visible region, only the OH bands persisting. Subsequently 
the flame became yellow and smoky, and carbon was deposited. The pressure 
range over which these changes were observed was dependent on the pro¬ 
portion of ethylene in the mixture, being between 1 and 11 atm, for a 6 % 
ethylene“94 % hydrogen mixture, and between 1 and 2 atm. for a mixture 
containing 26 % of ethylene. The effect is clearly shown in figure 7, b, c, d, c, /, 
plate 2 . 

An attempt was made to study the flame of ethylene burning in oxygen, 



but difficulty was experienced owing to the heating of the niut^itahalar . 
silica jet through which the ethylene passed, this causing its thermal deoom' 
position, and the blocking of the tubes with carbon. 

Flames at redtuxd pressure 

An investigation of the burning of ethylene in air at pressures less than 
atmospheric was next made. Ethylene and air were drawn through oil-filled 
flowmeters, and allowed to mix at a T-piece, their rates of flow being 
adjusted by pinchcocks. The mixed gases passed along a tube packed with 
copper gauze, which served to complete the mixing and at the same time 
prevent the flame trav elling back along it. The rate of flow of the mixed gases 



was controlled by another pinchoock. The gases then entered the explosion 
tube A shown in figure 1, of diameter 1-7 cm. and length 22*5 cm., which was 
provided with clear fused quartz windows, sealed on with hard red wax, 
thence to the aluminium electrodes B, C, between which sparks were passed 
&om a small induction coil, The explosion flame thus ignited passed bbdk 
along the tube A against the gas stream, the spectrum being obseir^ 
through either of the quartz windows. The dismountable trap, .P, 
in a solid carbon dioxide-acetone mixture, served to condense any liqiidd 
products of combustion. The gaseous products passed through the, 
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FuufHK 7. Continuous fUun<‘s of’^'t hyl(m(‘ and ot otliyNuio-liydrogon mixtures burning 
in air at varying }m‘ssur(vs. {a) Pure otbyloiu* at atinosj)Iuiri(.i pn^ssuro. (^) 7*5 ^,1 
C2Hj-92'5^^o big at atinnsjdu'iif pr(‘SKurn. (r) 7*5% CgH^- 92‘5‘’o ^^2 ttb 2 ainio- 
Kj)lu‘r('S. {(/) 7*r)’\t ( ’2H4 92*r>‘*,\ Hjj at 5 at tnosf)ti(‘ros. (r) 7*5CgH4”92*5*|o ^^2 
at 7 atni(W(;hon*K. (/) 7*5C 2 H 4 '92*5Mg at 11 atinosphon's. 



Fkujiie 10 . Kthylono-oxygen explosion Hamas at higher pressures, (a) 50% ^' 2^4 
at 760 inrn. (5) 46-3% CgH* at 760 mm. (c) 19-3 % CgH^ at 760 mm. {d) 9-4% 
CgH^ at 760 mm. (e) 46*3% 0gH4 at 1270 mm. (/) 19*3% at 1400 mm. 
(g) 9-4% CgH* at 1600 mm. 
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Kku'kk H. KlliyU'tH^-air oxploHion llainoH at 000 mm. pn'SHiiri!. (n) 15’0% C 2 H 4 . 
(M I2 0';o (0 H) t % C.H^. {./) 7-0% C^H,. {e) 4.0^>,, i\H,. 



FtoUBK 11. PropatiH-iiir explosion flames at 600 mm. pressure, (o) 9-9% C,H.. 
(b) 8'3 % C,H,. (c) 6'6 % C,H,. (rf) 6-7 % C,H,. (e) 4-0% C,H,. 
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and a pmehoook to the Leybold rotary oil pump. A gas buiette eonneoted 
at f served to draw off samples of the unexploded m^ure; the samides of 
gaseous products were taken at the exit tube of the pump. A merouiy 
manometer at 0 served to measured the pressure in the exploiaon tube. 

Normally the process was continuous, the explosion flames passing 
through the tube spontaneously at interv^ds of a few seconds or less, but 
in the case of the slower flames it was possible, if desired, to hold the flames 
stationary in A by careful adjustment of the pinchcocks, so that the velocity 
of the flame was accurately balanced by the feed velocity of the mixture 
luider investigation. 

In connexion with the examination of the spectra of the explosion fleunes 
at reduced pressure, the apparatus provided a convenient means of deter¬ 
mining at all pressures below atmospheric the complete inflanunability 
ranges under the conditions of the experiment, and these have been plotted 
in the case of all the mixtures examined. It is important to note, however, 
that the limits so determined do not obey the usual criterion of ability to 
propagate flame throughout the whole length of the tube, but pertain to all 
possible forms of flame which passed into the observation tube A, since it 
was intended to make a spectrographic examination of all types of flame, 
including “flame caps”. 

By suitable adjustment of the pinchcocks it was possible to observe the 
chwges in the nature of the flame brought about either by variation of the 
pressure with a given mixture, or by variation of the mixture at a constant 
pressure. In the latter circumstance the results were somewhat striking; 
figure 8, plate 3, records the emission from the flames of a series of mixtures 
of increasing ethylene content, exploded at 600 mm. pressure. With the 
very weak mixtures, containing only 3-4 % of ethylene, the flame was blue 
in colour, and the bands of OH and CH, and the “ethylene flame ” system, 
were emitted strongly; no trace of the C, bands was observable. As the 
proportion of ethylene was increased to about the “theoretical” : 30t 
ratio, the flame became violet in colour, and was propagated at high speed; 
it was also characterised by a strong emission of the OH and CH bands, with 
a moderate emission of the C, and “ethylene flame” bands. With still 
greater increase in the ethylene content of the mixture, the flame became 
brflHantly green in colour; the OH and CH emission was recorded very 
strongly, but the Cg bands had now become predominant to an extent such 
as to give rise to the striking green coloration of the flame. The “ethylene 
flame ” system was relatively weak under these conditions. These flames are 
the characteristic “green flames ” observed initially in the case of di-ethyl 
etiiCr by Townend and Chamberlain (1937), and which have since been tto 
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subject of further investigation by Townend and Hsieh (i 939 )- ^ 
ethylene content of the mixture was increased still further, in the present 
case to about 121 %, an abrupt change was observed in the nature of the 
ftame, which appeared with a blue head followed by a yellow smoky toil, car¬ 
bon being deposited on the surface of the tube. The spectrum showed that the 
Cj bands had entirely disappeared, while the ‘ ‘ carbon aggregate ’' continuum 
was strong; this was accompanied by a weak omission of CH and OH, the 
‘'ethylene flamesystem being entirely absent. With still greater ethylene 
concentrations, approaching the limit of inflammability, only the continuous 
emission was observed, OH and CH having also disappeared. 



percentage C,H 4 

FiuuHE 2. Inflammability limits for ethylene-air mixtures in glass explosion tube. 
The pecked lines give an indication of the intensities of the principal band systems 
observed in the flame, the lengths of the (lashes being roughly proportional to the 
band intensities for the corresponding mixture. 

Figure 2 shows the complete inflammability limit curve observed in this 
apparatus, while the line A B gives the approximate limits for the occurrence 
of carbon deposition, accompanied by the continuous exxussion and the dis¬ 
appearance of the bands. A rough indication is also given of the variation 
of intensity of all the band systems observed as the ethylene content of 
the mixture was varied. It was noted that in the case of the very rich mix¬ 
tures at the higher pressure ranges, approaching the equimoleoular CJBL ^: Og 
mixture, explosion did not occur if the mixture was sparked contmuously, 
but the flame was propagated right through the tube if a train of sparks was 
passed at intervals of several seconds. A commutator device, to provide 
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auch a train of sparks at any desired time interval, was accordingly con- 
atrncted and used in the case of these mixtures. 

After each run for a known time under given conditions, the trap D was 
dismounted, some 20 c.o. of distilled water added to the condensate, and 
the resulting solution tested for liquid products of combustion. The detailed 



percentage CiH, 

Fioubb 3. Inflaminability limits for in glass explosion tube. 



percentage 

FiaUBB 4 . (a) Inflammability limits for C,H4-0,;2Nt in glass explosion tube. 

(b) Inflammability limits for C1H4-O, in steel bomb. 

oohsideration of the results obtained will be deferred to a subsequent 
section. 

Similar experiments were carried out using enriched air, mixtures havii^ 
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the composition 02:3N2 and 02:2N2 being employed. Curves of the 
explosive limits observed in this apparatus are given in figures 3 and 4 ; 
they are of similar form to those observed with normal air, but the upper ex¬ 
plosive limit is somewhat widened. Similar regions of carbon deposition were 
observed, and their approximate locations are indicated on the diagrams. 
The minimum pressure for carbon deposition is lower in the cose of these 
enriched air mixtures, although the percentage of ethylene giving rise to 
deposition at pressures approaching atmospheric is not widely diSerent. 

The spectra observed with these mixtures were also very similar, showing 
much the same variation in the intensity of the CH, OH, Cj and ethylene 
flame bands, as will be seen from the indications of intensity given on the 
diagram. With the Og: 2N2 mixture the range over which the flame exhibited 
the characteristic green colour associated with the predominant emission 
of the C2 bands was somewhat narrowed, but these bands remained at con¬ 
siderable intensity over a wide region of the inflammable range. 



Figure 5 , Details of oonstruotion of bomb. 


Although this glass apparatus sufficed for the determination of the 
limiting mixtures even for the Og: 2Ng mixture at the higher pressures, it 
was evident that the explosions in the middle of the range were much too 
violent to be carried out in a glass apparatus. Accordingly a small nickel 
steel explosion bomb was modified by the provision of plugs carrying thick 
crystalline quartz windows, with suitable additional plugs along its length 
to serve for the addition and removal of the gases, and for the determination 
of the pressure, and a further central aperture to admit a standard 9 mm. 
sparking plug. The details of the construction of this bomb ore showm in 
figure 5 . Preliminary experiments having shown that considerable oorrosion 
of the internal surface of the bomb was caused by the reactive heated gases 
generated by the explosion, a '‘Staybrite” steel liner was fitted to the 
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explosion chamber, together with disks of similar material on the ends of 
the plugs which were exposed to the gases. 

The procedure adopted to provide a gas-tight seal between the quartz 
windows and the steel end plugs was as follows. The window having been 
ground with a taper of 11°, and the corresponding taper in the end plug 
roughly ground by means of a copper plug to be as nearly as possible similar, 
a silver mirror was deposited on one end and the circumferential surface of 
the window, and a hard layer of copper, several hundredths of an inch thick, 
electro-deposited on this from an ammoniacal copper cyanide solution, using 
a very low current density. The end surface was then cleaned, and the 
window lightly rubbed into the plug with a rotary motion, until it wets in 
contact with the steel throughout its length, a little rouge being used to 
accelerate the process if desired. The window was then “wrung ” into the 
plug with the exercise of some considerable pressure, causing the copper to 
“flow “ at the surface of contact. Joints made in this way have proved very 
satisfactory in use over long periods. 

The same arrangement of flowmeters, manometer, mixing tube and pump 
was used as with the glass explosion tube. Preliminary tests showed that 
the explosion range for a given enriched air mixture was considerably 
narrowed on the rich mixture side. On the other hand, for normal mixtures 
the emission was spectroscopically identical with that observed for the 
same mixture in the glass explosion tube. This fact having been established 
it was possible to extend the observations to pressures approaching atmo¬ 
spheric in the case of the Og; mixture. 

The spectra emitted under these conditions were not markedly different 
from those of the less rich air mixtures. Some iron atom lines were visible 
on the plates, arising undoubtedly from the processes responsible for the 
corrosion noted previously; in some cases, also, weak band systems, appar¬ 
ently those of FeO, were visible on the plates. Copper lines were almost 
invariably present to some extent, due to contamination from the copper 
gauze or the copper capillary pipe used in the connexions. 

The explosions of ethylene-oxygen mixtures were then examined; these 
were naturally very much more violent, and it was found that only those at 
relatively low pressures, or those of very rich or very weak mixtures at 
higher {nressutes, could safely be carried out in this apparatus. The explosion 
limit curve observed is given in figure 4 , A region of carbon deposition, 
accompanied by the emission of the characteristic continuum, was observed 
in this case also, and is indicated on the diagram up to a pressure of some 
400 mm*, which was the highest pressure at which the appropriate mixture 
cotdd be safely exploded in this apparatus. 
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The spe<!tra of a representative set of mixtures at presstxres of 100-150 mm« 
are given in figure 9, plate 3, It will be noted that the band systems emitted 
are precisely those obtained in the mixtures containing nitrogen, and that 
the variation of intensity of these bands is very similar to that observed 
previously, except that the “ethylene flame” system occurs only over a 
very narrow range close to the explosion limit for weak mixtures, OH and 
CH bands persist throughout this range, while the Cg bands, which are not 
apparent with mixtures containing less than some 8 % of ethylene, increase 
in intensity with increasing ethylene content until, at 150 mm., they dis¬ 
appear abruptly at some 44% ethylene, and the “carbon continuum” 
becomes prominent, accompanied only by some faint OH and CH emission. 
With mixtures of the order of the “theoretical” C2H4:302 a somewhat 
different continuous spectrum, fairly uniformly distributed throughout 
the visible and near ultra-violet regions, is superposed on the band systems. 
Considerable emission of the lines of iron and copper are observed in all 
the plates, except those of the weakest mixtures. 

Static explosions in the steel explosion bomb 

In order to extend the investigation to pressures greater than atmo¬ 
spheric, and to ethylene-oxygen mixtures which could not be safely exploded 
in the flow system just described, some plates were obtained by exploding 
previously mixed gases confined in the same steel explosion bomb, the 
system being evacuated and refilled between each explosion. The arrange¬ 
ment of the filling system was quite conventional; the explosive mixtures 
were made up and stored in a separate high pressuie cylinder. Pressures 
up to two atmospheres were measured with a mercury manometer, and 
higher pressures by means of a Bourdon gauge. Initial and final pressures 
were measured in each case, and samples of the initial mixture and gaseous 
explosion products taken for analysis. After filling the bomb to the requisite 
pressure, the filling valve was tightly closed, and the connexion between it 
and the rest of the system evacuated, before firing the charge. 

The first set of experiments was made with ethylene-air mixtures of 
varying composition, in order to determine the position of the carbon 
deposition limit at pressures above atmospheric. In agreement with the 
results obtained when working with stationary flames under pressure, it 
was found tliat for any given mixture there was some pressure above which 
carbon deposition occurred. In the case of mixtures weak in ethylene, it 
was very difficult to determine the carbon deposition point, as the totdl 
luminosity of the flame was small, and moreover a certain amount of con¬ 
tinuous emission fairly uniformly distributed throughout the spectrum was 
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superposed on the band systems at pressures lower than that at which the 
deposition was observed. As far as could be ascertained, carbon deposition 
aooompanied by the emission of the ‘‘carbon aggregate'* continuum took 
place initially at 1500 mm. for the mixtures lowest in ethylene content 
within the inflammable range in the apparatus employed. No new band 
systems were observed, and the intensity changes in the CH, OH and Cj 
systems as the composition was varied were similar to those observed at 
lower pressures. See figiire 10, plate 2. 

Experiments were also carried out with ethylene^oxygen mixtures of 
varying composition at initial pressures up to two atmospheres. Above this 
pressure the quartz windows were liable to failure due to internal cracking. 
The emission observed under these conditions was very different from that 
at lower pressures, the characteristic feature, except with mixtures of high 
ethylene content, being the development of an intense continuum having its 
intensity maximum in the violet, and stretching well into the ultra-violet 
region. On this was superposed some emission of the OH bands, together 
with lines of copper and iron. No trace of the CH, C 2 or “ethylene flame** 
systems was observed at pressures greater than some 300 mm. With very 
rich mixtures, i.e. of ethylene content more than 50 %, only the characteristic 
“ carbon aggregate *’ continuum was observed. With some 40 % of ethylene 
in the mixture, the “ violet “ continuum was also developed, together with 
faint emission of the OH bands, and lines of copper and iron. At higher 
pressures, approaching two atmospheres, the copper lines at AA 3240, 
3270 A were in reversal. Weaker mixtures, containing for example about 
20 % of ethylene, showed only the continuous omission, together with copper 
and iron lines, at pressures above 400 mm. At higher pressures, approaching 
two atmospheres, there was some indication that the OH bands were 
present in absorption, while the reversal of the copper lines at AA 3240, 
3270 A was well marked. With mixtures containing only some 10 % of 
ethylene, the continuum was again very strongly developed throughout the 
spectrum at all pressures, but the OH emission was faintly visible at pres¬ 
sures up to atmospheric. At pressures of the order of two atmospheres, 
however, the OH band was clearly in absorption. 

The condemable products of the flames of ethylene in air 

As previously stated, a trap cooled with a solid carbon dioxide-acetone 
mixture was attached to the pyrex explosion tube; the condensate in the 
trap was examined in an attempt to study the variation of these products 
with composition and pressure. 

The procedure adapted was briefly as follows: the rate of flow of the 
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ethylene was maintained as nearly as possible at 4*6 l./hr., and the air flow 
and exit pinchcocks adjusted to allow the required mixture to ignite at a 
predetermined pressure. In each case a run was continued for 1 hr., then tte 
bottom of the trap removed, some 10 c.o. of water added, and the sample 
allowed to attain room temperature. The liquid was then made up to 30 c.o. 
and submitted to the tests described below. 

The total acid in the mixture was first estimated by titration of 10 o.c. 
of this solution against a standard caustic soda solution, using phenol- 
phthalein as indicator. Next the total aldehyde was determined by adding 
an excess of neutralized hydroxylamine hydrochloride, allowing to stand 
for 15 min., and titrating the hydrochloric acid released against standard 
caustic soda solution, using brom-phenol blue as indicator. Formaldehyde 
was estimated separately by comparison of the colour developed with 
Sohiff’s reagent against that of standard formaldehyde solutions, using a 
simple form of colorimeter. The remainder of the stock solution was tested 
for the presence of peroxide by addition of an acid solution of titanic sul¬ 
phate. Standard solutions of hydrogen peroxide permitted a quantitative 
determination by comparison of the intensity of the colour produced. 

Experiments were made at 300,400, and 500 mm. with sets of representa¬ 
tive ethylene-air mixtures. The results show some unsystematic variation 
probably accountable by the fact that in some cases the explosion flame 
travelled right down into the trap, while in others it was only propagated 
into the explosion tube itself. They show, quite clearly, however, that the 
formation of both acid and aldehyde passes through a Tninimiim in the 
region of the “theoretical” mixture, at which the amounts of 

both products observed were negligibly small; in the case of the acid forma¬ 
tion, the amounts rise regularly as the mixture is progressively weakened 
or enriched, to a value of some 6 x 10-®M, i.e. about 0-03 % of the ethylene 
burned; the total aldehyde formation, on the other hand, increases very 
rapidly with the richer mixtures, to some 40 x 10~* M, or 0 -2% of the 
ethylene burned for the mixtures near the upper inflammability limit. 
With very weak mixtures the aldehyde formation also tends to inoease, but 
to a much less extent, some 6 x 10~® M being obtained with mixtures 
containing 4 % of ethylene. The estimation of formaldehyde was probably 
not so accurate as that of the total aldehyde, and the results obtained show 
more variation, but in general about 80-90 % of the total aldehyde was 
formaldehyde. The peroxide tests gave erratic results, being often eniaraly 
negative, and in no case exceeding 2 x 10-* M. Values of thin or(ier were 
obtained for both very rich and very weak mixtures, but those iv>ar the 
“theoretioar’ mixture were always negative. No certain indication of the 
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©fifeot of pseseme on the formation of any of these products could be observed 
over the range investigated. 

Systematic tests over the full rang© were not made in the case of the 
ethylene*enriohed air and ethylene-oxygen mixtures, but the indications 
were that both qualitatively and quantitatively the formation of these 
products was similar in all cases. 

Propane-air explosion flames at reduced pressure 

For comparison with the results obtained with ethylene, an investigation 
was undertaken into the emission of a saturated hydrocarbon exploded in 
air at reduced pressures. Propane was selected for the purpose, and the 
dame examined in the af)paratu8 described on p. 112 under precisely similar 
conditions to those used in the ethylene experiments. 



percentage CjHg 

FtGUKK 6, Inflammability limits for propane-air mixtures in glass explosion tube, 

A curve of the inflammability limits was first determined, and is given in 
figure 6. Examination of the spectrum showed that the same band systems 
of OH, CH and C^, and the “ethylene flame” were emitted, no other bands 
being observed (see figure 11, plat© 3). The variation of intensity of these 
hands was also similar to that of ethylene, and is indicated on the diagram. 
The only outstanding difference was that there was no region in which 
carbon deposition occurred, within the pressure range examined. The 
characteristic ‘‘green flame” due to preponderance of emission stretched 
right up to the upper limit even at the highest pressures investigated, the 
range observed here being more extensive than that given by Townend 
and Hfiieh (X939}» but it is certain that this phenomenon is dependent on 
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tube <Uameter, since it was noted that with certain less rich mixtures^ flames 
which appeared blue in the main explosion tube became green when they 
entered the narrow tube which served to connect the manometer to the 
system. This fact will be discussed further in a later section. 


Discttssion 

The applimtion of emission spectra to the elucidution 
of the mechanism of chemical reaction 

The recognition of the possible importance of the part played by free 
radicals in flame and explosion reactions has given an added interest to 
observations of the emission spectra of such processes, since these methods 
allow of the identification of certain radicals present in the system, and 
may in some cases give information concerning the relative abundance of 
such species under different conditions. In attempting to apply the data 
obtained by this method to the determination of the nature of the chemical 
processes involved, a number of factors must be taken into consideration. 
It must first be recognized that the absence of an emission spectrum cha¬ 
racteristic of a particular molecule or atom must not be assumed as a 
criterion that such a species is not present in the system. It is possible that 
the energy levels of the particle involved may be such as not to give rise to 
an emission spectrum in the region observed; or, alternatively, if such a 
spectrum is known to exist, the conditions of excitation in the system may 
not give rise to the formation of a sufficient number of excited molecules 
in the upjier level involved in the transition. Again, the observation of an 
emission spectrum may be prevented by self-absorption, if the p^p^lation 
of the appropriate lower level is sufficiently high, leading final^ to the 
reversal of the spectrum. Further, it is most important to recognize that the 
species giving rise to an emission spectrum are not ipso facto those which are 
of importance in the main course of the chemical reaction occurring in the 
system; for example, we may visualize the formation by a relatively slow 
reaction, of a particular molecule which subsequently reacts rapidly with 
some other species; then, although the actual amoimt of this molecule 
formed during the course of the reaction may be very large, it is certain that 
the stationary concentration will never be adequate to give rise to an 
emission spectrum arising through normal thermal excitation, even if the 
other conditions necessary for the emission of such a spectrum are fulfilled. 

It must also be recognized that the production of excited molecules in 
flame and explosion processes may take place by any of four separatemethods, 
that is, by collision with particles of high kinetic energy derived from thermal 
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agitation of the system owing to the heat liberated in the ohemioal reaction, 
by collisions with other excited species, by the direct formation of elec¬ 
tronically excited molecules by chemical reaction, and by excitation con¬ 
sequent upon light absorption. The application of emission spectra data to 
the elucidation of the mechanism of chemical reaction is a complex problem, 
in which it is necessary to take into aocoimt all of the above-mentioned 
factors. 


Carbon deposition and green flames^* in explosion processes 

It has been suggested by Bone and Outridge ( 1936 ) that carbon deposition 
in explosions of equimolecular ethylene-oxygen mixtures with varying 
amounts of diluent gases was primarily a function of the flame temi>erature 
developed in the particular mixture. This explanation would appear to be 
inadequate in the light of the present investigation. The observation that 
the explosion flame of ethylene-air mixtures changes the nature of its 
emission entirely, with only a very small change of either pressure or 
mixture composition, from the intense green flame'* condition, character¬ 
ized by the predominant emission of Cg bands, to the yellow, smoky flame 
showing continuous emission in the visible region, with only faint bands of 
OH and CH, would appear to be of considerable interest. In this connexion 
it will be recalled that Klemenc, Weohsberg and Wagner (1934 a, 6 ) have 
postulated that the thermal decomposition of carbon suboxide, at tempera¬ 
tures in excess of 200 "" C, goes according to the reaction: 

CgOa-^Ca + COs. 

The Cg so formed was recognized by its absorption spectrum, but rapidly 
polymerizes to normal solid carbon, this latter reaction having a very high 
temperature coefficient. 

It would seem very probable that the carbon deposition observed in the 
present case may well be foimed by an analogous reaction, if it may be 
assumed that the conditions of stability of the Cj molecule under flame 
conditions are very critical. No information concerning such conditions of 
stability is to be derived from the present experiments, and the matter must 
await further investigation*. 

* It has been suggested io me by Professor D. T, A. Townend that there would 
appear to be a correspondence between the system giving rise to carbon deposition, 
which apparently centres upon mixtures having about a 1:1 combustible-oxygon 
ratio, and diaoontinuities observed by Townend and Hsioh (1939) in systems giving 
dse to cool flames. This would suggest that this abrupt cartK}n deposition may 
be associated with a critical change in the slow combustion processes in front of the 
flame. 
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With regard to the persistence of the Cg bands in the mixtures of greater 
oxygen content, it has been noted that in the present experiments with 
propane-air mixtures, the range over which the flame was predominantly 
green in colour was considerably wider than that observed by Townend and 
Hsieh ( 1939 ), and it has been suggested that this phenomenon is related to 
the diameter of the explosion tube. It is to be expected on theoretical 
grounds that the molecules will react readily with molecular oxygen 
in the ground state, and it would appear probable that the temperature 
coefficient of this reaction accounts for the observed effect. 

The persistence of CH bands throughout the entire range, except for 
mixtures very rich in ethylene, is in accord with the theoretical expectation 
that these molecules, being in a */7 state, will not readily react with oxygen 
molecules in the lowest state. 

The observation of the reversal of the OH bands in ethylene oxygen 
mixtures at the higher pressures is interesting, particularly as it seems 
generally accepted that the formation of OH radicals plays a predominant 
part in the combustion of hydrogen. If the range of pressures examined had 
not been sufficiently extensive, it might well have been assumed that the 
disappearance of the OH emission with increasing pressure was indicative 
of the suppression of the formation of OH molecules. It should be noted 
that Bell ( 1937 ) has explained the observed diminution with increasing 
pressure of the intensity of the OH systems in methane-oxygen mixtures 
as directly caused by the suppression of the formation of OH molecules, but 
it would appear possible that the phenomenon was caused by self-adsorption 
as in the present case. 


The origin of the '' ethylene flame'* bands 

The observations of the variation of intensity of the ‘‘ethylene flame'' 
bands would seem to confirm the suggestion that the emitter of this system 
is a molecule containing oxygen. Although no direct evidence of the precise 
nature of this molecule can be obtained from the present experiments, the 
fact that the maximum intensity of this system is observed in the very weak 
mixtures when only CH and OH molecules are observed in emission would 
seem to render plausible the suggestion that the molecule concerned may 
well be an isomeric formaldehyde molecule of the form HC—OH. Tti 
characteristics of the observed band system are such as might be expected 
from a molecule of this type, while its formation would provide a possible 
explanation for the observed increase in the production of formaldehyde 
in the combustion of mixtures containing a large excess of oxygen. 
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1 wish to express my gratitude to the Trustees of the Radiation Gas 
Research Fellowship, during the tenure of which the above work was 
carried out, and also to Professors A. C. Egerton, D. M. Newitt and D. T. A. 
Townend, for helpful discussions and suggestions. 


Summary 

An examination has been made of the emission of stationary and explosion 
flames of ethylene in air, enriched air and oxygen, and of the explosion 
flames of propane in air, together with a chemical examination of the con¬ 
densable products of reaction. The explosive limits of these mixtures have 
also been determined. 

It is suggested that the carbon deposition observed at pressures in excess 
of some critical value with ethylene mixtures may be due to the polymeriza¬ 
tion of Cg molecules. It would appear that the green flame** regions 
observed by Townend and Chamberlain and by Townend and Hsieh for 
various ethers and hydrocarbons are determined solely by the stability of 
the same species. 

It is suggested that the so-called ‘‘ethylene flame bands’* which also 
occur in the spectra of propane and other hydrocarbon flames are possibly 
emitted by an isomeric formaldehyde molecule, HC.OH. 
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On the production of radium E and polonium by 
deuteron bombardment of bismuth 

By D. G. Htjest, Ph.D. (McGill), 1861 Exhibition Sdidlar, 

R. Latham, B.A., Querns' College, and 
W. B. Lkwis, Ph.D., Cavendish Laboratory, Cambridge 

{Communicated by J. D. Cockcroft, F.B.S. — Received 28 August 1939) 

Intboduotion 

Using deuterons of energies up to 4-4 MeV, Livingood ( 1936 ) observed the 
production of Ra E from bismuth by observing the a-particles from the 
polonium to which Ra E decays. The Cambridge cyclotron has been used to 
examine the above reaction in more detail at energies up to 9 MeV. The work 
of Livingood was confirmed and in addition another reaction, the direct 
production of Po by a (d, n) reaction, was found to occur. The variation of 
yield with energy has also been determined for these two nuclear reactions. 

Peeliminary study of the reactions 

The beam was brought out through a thin platinum window into the air 
where the deuterons had a maximum energy of 8 ' 8 MeV. Two specimens of 
bismuth were bombarded with approximately LS/MA-min. of these particles. 
The a-particles from these were observed with an ionization chamber and 
linear amplifier and followed for about 40 days after exposure. The experi¬ 
ments indicate that aU the a-particles observed are emitted by polom^ 
and the reactions taking place are 

(I) s 8 Bi«>»(d, p) 88 RaE"» foUowed by 88 RaE*“-i. 84 Po«»-f/?, 

(II) 83Bi«'»(d, n)MPo*« 

with in each case the well-known radioactive transformation 

g^Po^o-i-gaPbsw + a. 

The specimens showed both an initial a-particle activity and in addition a 
rise of activity with the 6 days half-life expected from the decay of BaE. 
The results are plotted in figure 1 , where the points represent the observed 
numbers of counts per minute, and the curve the expected growth and decay 
of Po assuming the observed maximum number of counts and a ratio of 
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Deutron bombardment of bismuth 

RaE to Po present in the target after bombardment of 4*75 to 1. The fi- 
partioles from the two specimens were counted giving the decay curve of 
figure 2. The values for specimens 1 and 2 have here been adjusted to the 
same initial number of counts/min. It will be seen that from 24 hr. after 
bombardment the yS-particles fall off with a 6-0 days half-life. Two other /?- 
particle activities have since been observed with half-lives of about 3 min. 
and 20 min. The 3 min. period precipitates with lead from a solution of the 
bismuth target in nitric acid as sulphate, chloride and carbonate, and does 
not precipitate with bismuth, thallium or jmlonium. 



time (fir.) 

Fxoubs 1. Curve a, specimen 1; Curve b, specimen 2. 

The 20 min. period does not precipitate with lead, bismuth, thallium or 
polonium, and may therefore be a contamination. 

A search for a-partioles decaying or growing with i)eriods of this order was 
made, with negative results. 

The excitation ecnotions 

The two reactions gaBi*** (d, p) ggRa E“® and g,Bi*®* (d, n) ggPo"® give an 
interestiui; opportunity of comparing the relative probabilitres of the 
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(<2, p) and {d, n) processes for various energies of deuterons. Because both the 
above reactions lead to polonium, and the relative amounts of polonium due 
to the two reactions can be accurately determined, a precise determina¬ 
tion of the relative probabilities of the (d, p) and the (d, n) reactions is pos¬ 
sible. In general one of the products of the (d, p), (d, n) reactions is a stable 
isotope, and in the rare cases when both are unstable the particles emitted 
are of the same nature, increasing the difficulty of the experiment. In our 
case the fact that a-particles are emitted only by the polonium enables the 
growth of the Po to be followed with ease in the presence of the radiations 
from BaE. 



time (hr.) 

Figure 2. 0, specimen 1; x , specimen 2. 

The theoretical discussion of the (d, p) and (d, n) processes for deuterons of 
energies less than the potential barrier assumes two different mechanisms, 
and the variation of the relative yields with deuteron energy gives a 
numerical check of the theoretical predictions. 

With this in view thin layers of bismuth were prepared by evaporating 
Hilger spectroscopically pure bismuth on to aluminium foils in mcm. The 
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aiomitiium foil waa weighed before the evaporation, and after the binmuth 
had been deposited the foil was out into pieoes 1*2 x 2 cm. Each piece was 
weighed and the air equivalent was calculated from data tabulated by 
Livingston and Bethe ( 1937 ) on stopping powers. The air equivalent of the 
Bi layer was arranged to be of the order of 1 cm., i.e. about 3 mg./sq. cm. 

Stacks of these foils sufficient to stop the deuterons were clamped to a 
water-cooled brass holder and bombarded in air with deuterons. The range 
in air of the deuterons was measured with a fluorescent screen from the 
position of the foils. A preliminary run showed that the reaction could be 
observed down to about 5 MeV. Below this energy the inhomogeneity of the 
beam due to straggling becomes large, and even though the intensities could 
be increased by lengthening the time of irradiation it is doubtful whether the 
excitation curves so obtained would have sufficient accuracy to be of value. 
A second run was made with thinner foils, arranged to give more points in 
the higher region of energy. 

The counting was done with an ionization chamber, linear amplifier, and 
scale of ten counter, the counter being biased to record all a-particles 
entering the chamber. The amplifier and counter were standardized from 
day to day using a thin film of uranium oxide as a constant source of a- 
particles. 



The effects of foie thickness 

For a plane source and a shallow ionization chamber of large area com¬ 
pared with the source, whether or not an a-particle from a given depth below 
the surface of the source is recorded, will depend on the angle d (figure 3) 
which the a-particle makes with the normal to the source. For all values of $ 
less than a critical one there will be a sufficient length of track emerging to 
give a count, so that all particles within a certain solid angle are counted. 

Vot X74» A. 
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This solid angle was estimated for the conditions of the experiment. It was 
found that for a given yield the number of counts could be taken as pro¬ 
portional to the thickness of the bismuth film with, in the worst case, an error 
of about 3 %. This worst case corresponded to a variation of about 10 % 
from the mean thickness. The assumption of a plane ionization chamber of 
large area leads to an over-estimate of the actual error as the a-particies are 
partly canalized by the grid supporting the front foil of the chamber, and by 
the fact that the chamber is not large compared with the source. 

Corrections for the varying thicknesses of the foils were therefore made by 
reducing them proportionally to a mean foil thickness. 


Reduction oe results 

Similar curves to figure 1 were obtained for each foil. To reduce these to 
the initial amounts of RaE and Po the procedure was as follows. 

If Eq is the number of Ra E atoms formed and Pq the number of polonium 
atoms formed, then the number of a-particles per second at any time t after 
the bombardment is proportional to: 

where rip, rig. are respectively the niunber of half lives of Po and Ra E since 
the bombardment ^e.g. rip = and Ap, A® are the decay constants of 

Po and RaE. 

In terras of x and y, where x = which decreases with time, and 

y * which involves directly the number of particles at any time. 

This becomes 

bx + y ^a, o = + i 

Ajjf — Ap 



The values of a and 6 and hence Pg and Eg are readily found by plotting the 
number of counts and their times in terms of the variables x and y (figures 
4 and 6), and drawing a straight line through the points with due recognition 
of the importance of the early points. This is easier and more accurate than 
fitting a curve of the tjrpe of figure 1. 

From the values of Pg, Eg for the different foils an excitation function 
showing the variation of the probability of these two reactions can be drawn. 

This is done in figure 6 and the actual values are given in table 1. 
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deuteron energy (MeV) 
Ficiure 6 


Table 1 



Counts/min. due 
to Po formed from 

CountB/min. due 
to Po formed 


Energy of 

Ra E, i.e. (d, p) 

directly, i.e. (d, n) 

Ratio , 

(d, n) 

deuteron MeV 

reaction 

reaction 

8-76 

446 

104 

4*8 

8*3 

266 

62*6 

6*0 

7-6 

118 

24 

4*9 

6*06 

39 

6*2 

6*3 

6*26 

9*8 

1*6 

6*5 

6-6 

2*0 

None observed 
<0*3 

— 


Ebrobs of the experiment 

The errors inherent in this type of experiment are large. The accuracy of 
the numbers of counts per min. for the (d, p) and {d, n) reactions is probably 
of the order of ± 6 % for the larger energies, falling off considerably as the 
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energy is reduced. Most of the variation here is due to statistical fluctuations 
of the counts. 

The values of the energies corresponding to a particular foil are probably 
correct relative to each other to about 0*2 Me V. The actual energies of the 
points are dependent on the initial energy of the deuterons, and this is not 
known to more than 0-2 or 0-3 MeV. The value of the initial energy from the 
magnetic field and the geometry of the cyclotron, and from the range in air 
using a fluorescent screen agree satisfactorily. There is no evidence from the 
beam in air of any appreciable inhomogeneity in ranges. The inhomogeneity 
due to straggling will be of the order of ()• 15 MeV when the deuteron energy is 
reduced to 6 MeV. 


Disou.ssion of the rehttlts 

Calculations on the penetr ation of nuclei by charged particles by Camov' 
(1928, 1929) and Condon and (Jurney (1928,1929) led to results which are in 
agreement with experiment, for disintegrations by protons and a^particles. 
The deuteron however is neither a simple particle like the proton, nor a 
closely bound assemblage like the a-particle. It consists of a proton and 
neutron, with a binding energy of 2-2 MeV. This low binding energy intro¬ 
duces a new possibility for disintegration, namely, that the deuteron does 
not penetrate the barrier as a whole but that the electric field outside the 
nucleus disrupts the deuteron into a proton and neutron, the latter then 
entering the nucleus. Calculations by Oppenheimer and Pliillips (1935) later 
extended by Bethe (1938) give a probability for this type of reaction which at 
low energies is higher than the probability on the Gamow theory. Owing to 
the high energy required for a proton to have an appreciable probability of 
escape from inside the nucleus and because the excitation energy is unlikely 
to be concentrated on one particle, it is to be expected that the actual pene¬ 
tration of the barrier by the deuteron will usually be followed by the emission 
of a neutron since this does not have to escape through the potential barrier. 
The excitation energy is known from the known nuclear mass defects to be in 
the neighbourhood of 15 MeV so that one proton is not likely to be excited to 
more than a small fraction of this, and the potential barrier is about 9*7 MeV. 

We are thus led to expect that the (d, n) reaction will follow if the deuteron 
goes into the nucleus, while the (dt, p) reaction will be mainly due to an 
Oppenheimer-Phillips process. The latter assumption is necessary to ex¬ 
plain the large ratio, 4 to 6, between the (d, p) and (d, n) reactions in favour 
of the (d, p) reaction. 

In the calculations certain factors such as the “sticking probability” 
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enter which are not known to a factor of 100 or more. However, it is to be 
expected that in the region of deuteron energies with which we are concerned 
these factors will not vary appreciably compared with the variation of a 
factor of the form occurring in both theories. This on the Gamow theory 
is proportional to the chance of the deuteron penetrating the potential 
barrier. 

We have calculated the values of y as follows: 

(1) Gamow: y = 

^ Energy E of incident deuteron 
^ ^ Binding energy I of deuteron ’ 

f{x) = arc cosa:*“-a:*(l — a:)*, 

() = (IjZe}) B, -B == radius of nucleus. 

p is the ratio of the deuteron binding energy to height of the potential barrier 
and is assumed for the calculations to be 0*22. 

(2) Oppenheimer-Phillips. Bethe(i938): 


-jjY - Fietiap) 


where 

i/o = {llZe^)ro, 

fo = the distance of the deuteron from the centre of the nucleus when it 
breaks up. 

For = p, fo = B and the deuteron reaches the nucleus before breaking 
up, <p(i}oP) becomes zero and the Oppenheimer-Phillips formula becomes 
identical with the Gamow formula. 

^0 “ p occurs at a value of the deuteron energy: 

E = Ze^jB — 1 = 7*6 MeV. 

Figure 7 shows curves of the values of y calculated from the above com¬ 
pared with curves of the logarithms of the yields for the (d, p) and (d, n) 
reactions. Agreement with theory occurs if the theoretical and experimental 
curves are parallel. 

It will be seen that for lower energies the (d, n) reaction agrees closely with 
the Gamow curve. 



135 


Deutron bombardment of bismuth 

The observed (d, p) curve will consist of two parts, the yield due to the 
Oppesiheimer-Phillips process, and the yield due to actual penetration of 
the nucleus, so it might be expected to have an intermediate slope. The 
slope is in fact slightly less than the Gamow curve, lending some support to 
the view that the Oppenheimer-Phillips process is taking place. An upper 



Figcrb 7. Tlio calculated and experimental values of y. 

Curve 1. y on the Gamow Theory. 

Curve 2. y on the Oppenheimer-Phillipe Theory. 

Curve 8. log, {(d, p) yield}. 

Curve 4. log, {(d, n) yield). 

Curve 5. log, {(d, p) yield — (d, n) yield). 

limit can be set to the contribution due to penetration of the nucleus by 
assuming that it is equal to the (d, n) yield, because, as mentioned pre¬ 
viously, onoe the compound nucleus is formed the emission of a neutron is 
much more likely. A plot of loge{(d, p) yield - (d, n) yield} certainly does 
show better agreement with the Oppenheimer-Phillips process, but the 
improvement is not marked. 
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We find that even at energies higher than 7*6 mV the (d, p) process remains 
more probable than the (d, n) by a factor of 4 to 6. This may possibly be due 
to contributions to the Oppenheimer-Phillips process by higher states of 
angular momentum of the incident particle. 

The experimental evidence cannot be used to decide whether there is any 
definite threshold for the (d, n) reaction at an energy where the (d, p) reaction 
is still probable. The yield at low energies is very small and consequent 
errors prevent any decision for or against an initial activity in Livingood’s 
samples. Owing to the spread of energies when the beam energy is reduced by 
foils, it would be difficult to detect a threshold at the low energies involved. 

It is noteworthy that the formation of Po from bismuth is one of the few 
observed (d, n) reactions in the heavy elements. 

We wish to express our thanks to,Dr Heitler and Or Kahn for discussions 
of the theoretical points involved. We wish to thank Dr J, D. Cockcroft, 
and also A. K. Solomon, A, E. Kempton, D. H. T. Gant, R. Emrich, 
R. S. Krishnan, C. G. Tilley, who have assisted in the construction of the 
cyclotron. 


Summary 

The Cambridge cyclotron has been used to examine the reactions occurr¬ 
ing when bismuth is bombarded with deuterons of energies up to 8*7 MeV. 

The reactions found to take place are the formation of Ra E by a (d, p) 
process, and of Po by a (d, n) process. The Ra E subsequently decays into Po 
by the emission of an electron; with a 5 days’ half-life. 

By determining the amounts of Po formed directly, and indirectly follow¬ 
ing the decay of Ra E, it has been possible to measure the relative yields of 
the (d, p) and (d, n) reactions at various energies of the deuteron. 

The excitation functions for the two reactions have been compared with 
the values to be exi>ected on theoretical gniunds. 
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The torsional flexibility of aliphatic chain molecules 

By Alex Muixer 

{Communimted by Sir William. Bragg, F.B.S.—Received 26 October 1939 ) 

The rotation of the CHj groups round the single C—C bond in ethane is 
associated with a threshold energy of about 3000 gcal./gmol. or 2 x 10 “*® erg/ 
mol. (Schafer X938; Kistiakowsky, Lacher and Strutt 1939). In an aliphatic 
CHj chain where the carbon atoms are linked together by single bonds the 
corresponding energy must be of the same order and is most likely rather 
smaller. Supposing we consider any particular C—C bond in the chain and 
treat the two parts at each side of this bond as rigid rotators, then their 
kinetic energy would be 2 x ^kT which at room temperature amounts to 
about one-fifth of the threshold energy. It seems very likely under these 
circumstances that a chain molecule of say ten to twenty carbon atoms 
should already at room temperature show signs of distortion due to internal 
rotation. If this is true, then the previously observed increase of the crystal 
symmetry at the melting-point of paraffins (Muller 1930, 1932) and the 
correspondixxg changes of the polarization of long-chain ketones (Miiller 
1937,1938) can no longer be ascribed entirely to a rotation of the molecule 
in the field of the surrounding molecules but must at least partly be due to 
this internal distortion. It is clear that a distortion of this tyjxe tends to 
destroy the anisotropy of the molecule and to give an apparent isotropy to 
the crystal. 

The present experiments were made in order to obtain an estimate of the 
magnitude of the distortion effect. It is found to be surprisingly large. 

The principle of the experiment is the following: The polarization/tempera¬ 
ture curves are investigated experimentally for two normal chain ketones. 
The two substances are shown in figure 1. They have two ketone dipoles each 
and since they differ only by one CHj group are chemically very similar to 
each other. The essential difference between the two lies in the orientation 
of the two dipoles in relation to each other. The ketone with ten carbon atoms 
haa according to the diagram its two oxygen atoms on opposite sides of the 
carbon chain. Since the dipole is associated with the ketone group, the two 
identical dipoles point in opposite direction and are therefore compensated. 
If the chain between the two dipoles were absolutely rigid, this substance 
would be electrically neutral at any temperature and the bulk of the material 
would essentially behave like a paraffin. In other words, there would be no 
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increase of the polarization at the melting-point. The substance with eleven 
carbon atoms should under those circumstances behave in a totally different 
way. In this substance the two dipoles lie parallel and point in the same 
direction. The substance should therefore show very strong dipole effects. 
If, on the other hand, the chain between the dipoles is not rigid, then the 
two dipoles would be under no constraint and the two substances would both 
show an increase of the polarization at the melting-point. 





oxygon 



Matkbial 

The writer is much indebted to Dr J. W. Oldham in this laboratory foB 
the synthesis of the two double ketones. The CiqHjsOj melts at 63'6° C, the 
CiiHjoOj at 67-6® C. Both substances crystallize in white flakes. It is not 
difficult to separate small single crystals suitable for X-ray analysis. The 
two substances give very similar pictures. The long spacings differ in length 
as is to be expected from the chemical formula. The increase is the same as 
is found in the normal form of the hydrocarbon series. The crystals have 
very nearly trigonal symmetry with regard to the chain axes. This is con¬ 
firmed by optical examination which shows that the two substances are 
nearly uniaxial. The positions of the two oxygen atoms in the chain is 
easily checked by measuring the intensities of several orders of the long 
spacing. The calculation agrees with the observed intensities. 

There remains only one uncertainty with regard to the position of the 
dipoles in the crystals. It is assumed in the previous section that the dipoles 
are either parallel or antiparallel in the undistoited molecules. A direct test 
which would require a detailed X-ray analysis has not been made yet, but 
there are indirect arguments which seem to speak in favour of the assump' 
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tion. First, it is difficult to see why the divalent ketone oxygen on sub¬ 
stituting it for two symmetrically placed hydrogens in the hydrocarbon 
chain should destroy the symmetry. Secondly, if the C—0 bond were not 
symmetrically placed in relation to the carbon chain isomers should result 
on substituting one of the ketone oxygens by two dissimilar monovalent 
atoms or radicals. No such isomers seem to exist. 

There is a further point to be considered. In Cjo where the diix)les are 
assumed to be antiparallel the corresponding dipole energy is a minimum. 
In Cii this energy is a maximum and consequently the two dipoles tend to 
twist the chain which lies between the two ketone groups. The dipole energy 
is where /^ = 2-8 x 10 “^® and R = 7*8 A, the distance between the 

dipoles. The energy is therefore 1-6 x 10-^^* erg, whereas the threshold is 
about 2 X 10”^® erg. In other words, the dipole energy is not large enough to 
produce an appreciable deformation of the molecule. 

Experimental 

The apparatus for measuring the dielectric con¬ 
stants is identical with that used in previous re¬ 
search. The wave-length is about 20 m. A slight 
change is made in the thermostatic control of the 
temperature. The oil circulating pump is com¬ 
pletely immersed in the Dewar flask. The substance 
condenser is reduced in size and contains only 
about 1 c.c. of substance. The accuracy of the 
measurements is slightly decreased but this dis¬ 
advantage is out-weighed by the better tempera¬ 
ture control and the fact that experiments are 
feasible with small quantities of material. The 
design of the condenser is shown in figure 2. A 
word may be said about the absolute value of 
the dielectric constants. There is the well-known 
difficulty which arises from the incomplete filling 
of the condenser with the solid material. This effect 
is particularly marked with substances of the kind 
used in this work on account of their large contrac¬ 
tion at the setting point. It is found that this 
difficulty can at least partly be overcome by the 
following procedure. The condenser after being 
dried and exhausted is gradually filled up with the 
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Bubatanoe and the occluded gas is pumped off. The substanoe is solidified 
from the bottom and reheated if any signs of gas babbles aw risibte. A con¬ 
denser filled in this way will give reproducible results. If this precaution is not 
taken, lower values for the dielectric constants result but subsequent series 
of experiments still reproduce with these lower values. In the present work 
the absolute values are of minor importance. 



Fiocke 3. Observed (« — I)/(e+ 2) of ketone . 

Upper curve, experiments after vacuum treatment; 
lower curve, subsequent observations. 
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DiscrrssiON of the bebolts 

The result of the experiments are given in two sets of curves (figures 3, 4), 
each referring to one of the two substances. One curve represents all the 



Figure 4. Observed (e— 1)/(6 4- 2) of ketone 
Upper curve, experiments after vacuum treatment; 
lower curve, subsequent observations. 

observations obtained during the first heating of the condenser and its 
contents, these being previously filled in under vacuum. The other cui ve 
gives the observations obtained daring the subsequent beating. Owing to 
the absence of interstices in the dielectric, the first curve shows higher values 
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for (e— l)/(e + 2) than the second curve. This holds essentially for obser¬ 
vations of the solid state. As the temperature gets higher the two sets of 
observations become identical. 

Comparing now the corresponding observations of the two ketones, the 
following facts appear. The substance with the compensated dipoles has a 
slightly lower polarization than that with the non-compensated dipoles. 
This difference would be enhanced if the observed values were reduced to 
equal dipole concentration, since the substance with the compensated dipole 
has one CHj group less than the other substance. On heating the two sub¬ 
stances it is found that the (e — 1 )/(e+ 2) of the com][iensated ketone rises at 
first more slowly than the corresponding values of the non-compensated 
ketone. Near the melting-point the reverse takes place. The curve repre¬ 
senting the polarization of the compensated ketone begins to rise more 
rapidly and at the melting-point itself the two curves reach approximately 
the same maximum value. The two sets of curves have essentially the same 
shape, the incomplete filling of the condenser does therefore not alter the 
phenomenon. 

The conclusions drawn from these observations are the following. Con¬ 
sider first the substance with the non-compensated dipole. The individual 
molecule of this substance has a strong dipole moment, but since the mole¬ 
cules are fixed in a random position the dipole effect of the solid material is 
small. An increase of the temperature sets the molecules free and thus 
produces the observed rise of (e —1)/(6 -b 2). 

For the ketone with the compensated dipoles the conditions are different. 
The rise of the temperature has a double effect. It produces again an increase 
of the motion of the molecules but this alone would not produce an external 
effect if the dipole moments of the individual molecule remained com¬ 
pensated. If, as the experiments show, there is an increase of the polarization, 
there must exist a distortion of the molecule due to the thermal agitation. 
The main result of the present investigation is the fact that this distortion 
is so large that the two substances have practically the same polarization at 
their melting-points. 

We are therefore led to the conclusion that when dealing with the structure 
of a solid long-chain substance we have to take into account the torsional 
flexibility of the constituent chain molecules. 

The two preponderant types of motion in the solid are the rotation of the 
molecule as a whole and the internal torsional vibration of the molecule. 
It is interesting to obtain an estimate of the potential energies involved in 
these two types of motion. The threshold energy of the internal rotation 
as already given in the introduction is of the order of 2 x 10-^* erg. The 
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threshold energy of the rotation of the whole molecule depends obviously 
upon the temperature and becomes very small when the substance is near its 
melting-point. It changes very rapidly near the melting-point and reaches 
a nearly temperature-independent level later. This has been calculated in 
a previous paper (MiiUer 1936) and amounts to about 6 x 10-^* erg per CH, 
group. We take, for example, a chain molecule of four carbon atoms which 
has the length equal to the distance between the two dipoles in one of the 
ketones treated in this paper. The threshold energy of rotation of this mole¬ 
cule is 4 X 6 X 10“^* erg, i.e. it is of the same magnitude as the threshold 
energy of the internal rotation. The probabilities of rotation in bulk and of 
internal rotation are therefore of the same order in this particular case. 
These estimates agree with the present observations and suggest that 
internal distortion of the molecule in the solid is appreciable even when 
dealing with comparatively short chains. This is the main result of the 
present work. It suggests a modification of the view that the increase of the 
apparent symmetry of chain substances near their melting-points is due to 
rotation of the molecule as a whole. This increase may just as likely be due 
to internal distortion of the chains. More experiments will have to be done 
before this problem can be settled in a satisfactory manner. 

In connexion with this, two papers (Sillars 1938; Pelmore 1939) are 
quoted. Both deal with the relaxation time of dipole chain molecules dis¬ 
solved in paraffins. From the figures given by the authors it follows that 
the relaxation times depend upon the chain lengths of the dipole substances, 
but it is obvious that there is no simple linear relation between the two. No 
definite conclusion is given in these papers as regards the mechanism of the 
relaxation phenomenon. If the present view is accepted, it becomes clear 
that no linear relation is to be expected. 

The writer wishes to express his thanks to the Director and the Managers 
of the Royal Institution for their interest in this work. 

Summary 

A series of measurements is made of the dielectric polarization of two 
diketones. The two substances consist of aliphatic chain molecules each 
carrying two C—0 dipoles. These two dipoles are differently situated in the 
two substances. In one substance, CigHigO,, the two dipoles are antiparallel 
and tend to neutralize each other; in the other, CnH^Ot, they are on the 
same ade of the chain axis and therefore reinforce each other. Prom the 
behaviour of the two substances in the neighbourhood of their melting- 
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points it is concluded that even comparatively ^hort chains suffer oon- 
siderable distortion under the influence of temperature. Estimates from 
other observations support this conclusion. 
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[Plates 4, 5] 
iNTEODtrCTION 

The Society has published a number of papers on various aspects of light¬ 
ning, including those of C. T. R. Wilson on changes in the earth's electric 
field; Appleton, Watt and Herd’s observations of a similar kind but at a 
greater distance from the discharge, and Schonland and others’ interi)reta- 
tion of photographs of lightning. References to these and other investigations 
are given by Appleton and Chapman (1937) and Schonland (1938). The 
evidence that lightning is the source of atmospherics has been considered by 
one of the authors (Laby 1936), and Goodlet (1937) has reviewed the con¬ 
clusions reached in the study of the effect of lightning on power transmission 
lines. 

Observations on the wave form of atmospherics by physicists of the Radio 
Research Board of Australia and others were begun in this laboratory at the 
end of 1935 , and evidence that atmospherics are reflected at the ionosphere 
was later obtained (Laby, Nicholls, Nickson and Webster 1937). 


pRINOIPLEB OF THB METHOD 

If a lightning discharge may be idealized as equivalent to a vertical 
hertzian (dipole) oscillator, then its electric field at any instant at a point P, 
distant r from the axis of the oscillator, may be described as being the 
vector sum of; 

(1) the electrostatic” field of the dipole, which is proportional to 1/r®; 

(2) the induction field, proportional to 1/r®; 

( 3 ) the radiarion field, proportional to 1/r. 

The phase relations of these fields change with r. 

The design of an instrument to record without distortion the wave form of 
this field for an atmospheric is very exacting. It must record changes in the 
electric field which occur in a few microseconds, but which may last for a 
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number of milliseoonde. The Ughtning flesh which produces the atmoq^flieric 
may be at any distance, and in what follows it was from 1 to 1200km*, and 
thus the eleotrio field had a wide range of values* The instrument used con¬ 
sists of an aerial and an aperiodic amplifier connected to a cathode-ray tube, 
the spot of this tube being photographed on a rapidly moving film* The 
measures taken to give the instrument the required characteristics are 
stated in a later section. An examination of the osoillograma obtained with it 
shows the extent to which the instrument meets the reqturements, which 
have been stated, and it is evident that it meets most of them. 

A linear aerial is connected in series with a non-inductive resistance and a 
variable condenser to earth, as shown in figure 1. The amplifier may be con¬ 
nected in parallel with the condenser or the resistance. The values of this 
resistance and the total capacity to earth of the aerial determine its time 
constant, which should be small compared with the period of the oscillations 
to be recorded. 



In our experiments the amplifier is connected across the condenser so that 
the former amplifies the potential across the latter, and a record of the 
variation in the electric field near the aerial, EY/m,, is obtained. If the 
potential across the variable capacity in the aerial circuit is vV, the field 
strength at that instant is given by the expression 

i?Ao-t;(Co-fC)/6V 

where metre is the “effective height’’ of the aerial, 

Cfl farad is the capacity to earth of the aerial, 
and C farad is the capacity of the condenser across which v is recorded. 
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Observations given later, those of other workers in this field, and photo¬ 
graphs of lightning discharges, show that the oscillations in an atmospheric 
are rarely of so short duration as lO/tsec., but a succession of pulses may last 
some msec. The aerial, aperiodic amplifier and oscillograph, if the correct 
wave form is not to be distorted by the recording system, must be designed 
for this range of periods. 


Description of apparatus 

The units comprising the oscillograph are shown in figure 2. 





Fioube 2 


Aerial. The aerial used is an ojien L type 60 m. long. The values found by 
measurement for its equivalent height and capacity were = 16 m. and 
Cj =» 470 /t/iF. The aerial coupling circuit is shown in figure 1. The condensers 
Cj, Cj, Cj, C* have the values 114 , 370 , 2000, 4760 /i/tF respectively, and by 
selection of the condenser in circuit the ratio VfEh can be varied. A resistance 
of 1000 Q in series with the aerial is sufficient to render it aperiodic, but 
10 ,GOOD was inserted to reduce the interference of broadcasting signals with 
the reception of atmospherics. The time constant of the aerial alone is 
4 - 7 /t 8 eo. and for the maximum value of C 

(Cq + C^) R = 62 - 2 /tsec. 

In order to reduce the effect of electrically charged rain, and of the slowly 
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vajrying electric field of thunder clouds near the aerial, a condenser was in¬ 
serted in series with the aerial, and it was earthed through a high resistance. 
Filter, In order to reduce the interference from broadcasting stations, a 
filter which attenuated currents above a frequency of 500,000 c./seo. was 
inserted between the amplifier and the plates of the cathode-ray tube. It 
required to be specially designed for this position, where it has to work into a 
very large resistance. I^ater, a filter was designed wliioh enabled the time 
constant of the aerial circuit to be materially reduced, namely to a maxi¬ 
mum value of 15/fsec., but it was not used in these observations. 

Compensation of 50c,lsec, interference. The inductive action of the power 
mains on the aerial was undesirably large. It was compensated by means of 
a 50 o./sec. e.m.f. variable in phase and in amplitude obtained from a circuit 
constructed according to one developed by 0. 0. Pulley ( 1936 ). 

Aperiodic amplifier. The function of this amplifier is to give linear ampli¬ 
fication over a wide range of frequency and amplitudes. The details of the 
design have been described by H. C, Webster ( 1937 ). 

The instrument applies principles developed by von Ardenne and applied 
in television receivers. The circuit is a resistance-capacity coupled, push- 
pull one. When tested the amplification proved to be approximately linear 
over the range of frequencies 50-400,000 c\/sec. (000,000-750 m.) and for a 
voltage amplification of 120 with an output up to 200 V. The amplifier is 
insensitive to variations in the supply voltage. 

Calibration of oscillograph. The overall amplification of the oscillograph 
was regularly measured by connecting to it the terminals of a non-inductive 
resistance, through which passed a known current, of frequency 1000 o./sec., 
measured by means of a vacuum thermojunction. The p.d. so injected into 
the amplifier was about 2 V, and the resulting deflection of the cathode spot 
was photographed. In this way the gain of the amplifier and the speed of the 
film were recorded on the film. 

Cathode-ray beam suppression unit. If the cathode-ray beam impinged on 
the screen continuously, the latter would be damaged and the photographic 
film would be fogged. A unit was constructed to suppress the beam until an 
atmospheric was received, when the beam was restored to its full intensity. 
This operation required 10 -® sec. with the unit to be described. 

Portion of the amplifier output voltage is applied to the input of the beam 
suppression imit. This causes the modulation electrode (normally held at a 
high negative potential) to become positive whenever the amplifier output 
exceeds a finite value in either direction, thus allowing the cathode spot to 
reach full brilliance. The circuit diagram of this unit is shown in figure 3. 
The output circuit has been modified from that described elsewhere. 
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Cathode beam nuUnienance unit, Maintaiiu! the spot at full brillianoe for a 
specified time after the reception of an atmospheric greater than a pre- 
detennined intensity. 





Figure 3 



e -/ Bir~/SOif *lOOir -/ S » ■^ XX / v^SSOv 

Figure 4 


A pair of hard valves are arranged in an asymmetric multivibrator circuit 
to discharge a condenser whenever the input voltage exceeds a specified limit. 
This limit is altered by varying the negative bias potential applied to the 
grid of Fj, figure 4. The output of this unit is injected at the suppressor grid 
of the output valve of the beam suppression unit, causing a positive potential 
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to be applied to the modulation electrode of the eathode-ray tube for a 
period determined by the time constant CJt, which is 6 msec. 

Cathode-ray tube arid power supply, A high vacuum photographic cathode* 
ray tube, Cossor 327 Ij, is used. The power supply provides a maximum 
potential of 3000 V for the third anode and variable voltages for the other 
electrodes to enable intensity and focusing to be controlled. 

Testing equipment. The apparatus also includes a linear time base and a 
frequency range 60 - 1 , 000,000 c./sec. for visual observations, and oscillators 
1000 , 10,000, 100,000 and 10® c./sec. for the purposes of testing and align¬ 
ment. 

Camera. The camera enables the trace on the fluorescent screen of the 
cathode-ray tube to be recorded with aidequate resolution and minimum 
wastage of film. 

Tlie film is carried on the periphery of a drum, belt driven from an a.o. 
induction motor on the film. The camera lens (/= 5 cm. of a}>erture Fj 2 ) 
focuses the fluorescent screen. A length of film is exposed by removing the 
lens cap. The camera is loaded with 10 m. of film, and fresh portions of film 
can be drawn for exposure from a magazine inside the drum. The induction 
motor, having a small and constant load, has a constant speed. The use of 
cylindrical pulleys running on ball-bearings and a very thin endless belt 
under constant tension prevent belt slip. 

The film speed can be varied from 3-12 m./sec. by changing the pulleys. 

Photographic technique. Experiments using a number of different films and 
various developers were made to determine the most suitable photographic 
method for use in recording the trace of the spot of the cathode-ray tube. 

The final choice was Kodak Super X 35 mm. cin6 film developed in a Mees 
developer for 20 min. at 20° C. Tests showed that spot writing speeds up to 
3 km./sec. could be recorded. The accompanjdng plates, to be described later, 
clearly indicate the present state of the photographic technique. 

Ray thboey of reflexion at an ionosphere 

An examination of some of the oscillograms obtained made it evident that, 
in addition to the ground wave, there were waves which had been reflected at 
an ionosphere. The simplest assumptions may be made in the first instance to 
explain this type of osoUlograph. 

The simple assumptions that the ground and sky waves have the velocity 
of light and that the sky waves are rays, which are optically reflected at the 
surfaces of the ionosphere and the earth, are found to be in close agreement 
with observation. The surfaces of the earth and of the ionosphere are first 
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autsumed plane and parallel, the height of the ionosphere being A km. It is 
then shown that a simple correction allows for these surfaces being spheres. 

In figure 6, S is the source of the atmospheric which is received at O. Its 
distance, SO, is dkm. SCO is the ground ray, and SAO is the sky ray once 
reflected at the ionosphere at A , and SBC DO is the ray twice reflected at the 
ionosphere, /j and fj are the corresponding images of 8. d-^ and 0^ are the 
angles of incidence at 0 of these rays. 

81 ^ = 2A. 811 = 4A. 



Let tg sec. be the time taken by the ground wave and sec. be that taken by 
the sky wave (reflected n times at the ionosphere and (n — 1 ) times at the 
ground) to reach 0 ; then 

tg.C — d, 

and «„.c = 2 Anoosec 0 „, 

where c =» 3 x 10® km./ 8 eo. 

The intervals of time between the arrival of the ground wave, and the once 
reflected sky wave, etc., are 

dti *• —™ 2hooBeodilc—dlc, 

Atg ■> «■ 2h(2ooBeo0g—ooaeo0i)le, 

dtn “ “ 2 A(» oosec -1 ooseo 0„_x)/c, 

tan$„«2»k/d. 



162 T, H. Laby, J. J. McNeill, F. G. Nioholls, A. F. B. Nickson 


COBaBOnON foe cttbvatitrb of the babth 


For a plane earth, the expression for t^.c reduces to 

t„.c = +•<!*). 

If R km. is the radius of the earth and d is the angle subtended at the 
centre of the earth by an arc of length d/2», then, in fig. 6, 


QS = d/2n = Rff, 


I* == h*+R{h + R) 0 ‘^ 

= A* + (i*/ 4 »*(l+A/i?), 
putting 1 — ^*/2 for cos d. 

Now c.t„ = 2 nl, 
therefore 

c.tn = ^j{‘in^h^+d^l+hlB)}. 

If the corresponding values of the distance to 
fit the observed time intervals are d for a 
plane earth, and d' for the spherical earth, 
then 



d' ^d^{l + hlB). 


The factor 1 + A/iZ) is nearly unity, for values of h of the order of 80 km.; 
the correction to d amounts to 0<6 %, of the same order as the experimental 
error, and hence the first relation has been used in aU the calculations. 


NuMKEICAL EBDtrcnON OF OSOIIXOOEAMS 

If an oscillogram shows the arrival of the ground wave, and the arrival of 
the sky waves can be identified, the distance along the oscillograph film from 
the first peak produced by the ground pulse to the peak of the sky pulses 
reflected 1,2, 3 ,... times can be measured. Multiplying these distances by the 
known speed of the film, the times ij, ... are obtained. » is 6 or 7 for a 
number of films, and the problem is to find the values of A and d which give 
the best fit for the observed values of ... 

It is evident that if the source is close to the oscillograph, that is, d is 
compared with A, the intervals ... will be the same and equal to 

2 A/C. If d is large compared with A, then the intervals are small, but become 
larger as n increases. 


Wme form^ energy and reflexion by the ionoaphere 163 

Two methods have been used to find h and d. One is finding the values of h 
and d which give the best fit (determined by the “least square ’’ condition) to 
the equation 

= 2w(A* + d*/4»*)*—d. 

The other is to calculate At^.cl2h in terms of d/2h. From the previous 
section 

~ 2A(w coeec0„ —»—I ooeec0„_j)/c, 

AtnCj2h = nooseo0^ —n—1 oosec0„_j 
and dj2h = n cot 

In figure 7, for fixed values of dj2h, the intervals At^.cj2h have been 
evaluated for each value of n, and are plotted in such a way as to show the 
ratio of each interval to the one before, and the one following. 



As an example for calculation, one record gives the following measure¬ 
ments. The unit for t is the msec, and for d and h the kilometre. 


n 1 2 3 4 5 6 7 

t. (measured) 0-21 0 60 108 1-62 2*14 2-69 3-23 

From these measurements, is found. 

At^ 0-21 0-39 0-48 0-64 0-62 0-65 0-54 

These ratios can be referred to unity. 

Atn 1-0 1-86 2-28 2-57 2-48 2-62 2-57 

The problem now is to find what value ofdl2h will give ratios nearest 

in value to those above. 
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Try (i/2A = 1. Then from the figure, tiie ratios are 

dt„.cl2h 10 1-98 2-24 2-32 2-36 2-38 

dj2h ~ 1-5 will cause the ratios to increase. 

At,,.cl2h 1 0 2-30 2-83 303 3-13 3-18 

The correct value for dl2h is thus between 1*0 and 1-5. The ratios for any 
value of dl2h not given in figure 7 can be obtained by interpolation. As an 
example, take djih =1-1. This gives the set of values below. 

1-0 206 2-36 2-46 2-61 2-65 

This set is obviously the closest of the three to the observed figures. A value 
of dl2h that would bring the calculated values closer to the observed values 
could be found in the same manner. 

Suppose the value d/2h = 1-1 is the best solution, then for the first re> 
fleeted pulse, from the ray theory of reflexion. 


Ati = — 2fe/c cosecdj—d/c, 

and t&ndi = 2h/d = 1/1*1 == 0*91, 

80 . c/2h = cosec 6i — cot = 0*39. 

From the observed values on the oscillogram, At^ = 0*21; therefore 

c _ 0‘M 
2h ~ 0*21 ’ 

giving A » 81 km. 

As ^ = 1*1, d = 179km. 

In the same way, using figure 7, it is possible to reduce any set of observa¬ 
tions, enabling h, the height of the reflecting layer, and d, the distance of the 
source, to be determined. 

The solution of the equation 

« 2ra(fc*+d*/4n»)*-d 

for h and d, with the different values for n, is an alternative manner fm the 
reduction of this set of observations. 
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In the following table are given the observed values of and the values of 
calculated by the above expression if A = 83 and d = 215. 


n 1 

obs. 0*21 

tn oalo. 0‘ld 

At ^ ^olMi ^calc +0*02 
AH 4 


2 3 4 

0*60 1*08 1*62 

0*60 1*09 1*61 

0 - 0*01 + 0*01 
0 1 I 


6 6 7 

2 14 2*69 3*23 

2*14 2*68 3*22 

0 4.0*01 +0*01 

0 1 1 

UAH) = 8 


It can be shown that this is the best fit by drawing a figure in which the 
value of I^AH is plotted against d for values ofh^ 80, 81, 82, 83 and 84, when 
it becomes evident that if a minimum value for the sum of the squares of the 
residuals, £A% is taken as a criterion of what is the best fit, then = 83 and 
d = 216 satisfies that condition. Further, it is evident that a change in A of 
1 km. and in d of 10 km. affects the value of £AH in a detectable manner. 
The slight difference in the result obtained by the two methods is due to the 

d 

use of the approximate value of ^ = 1* 1 in the first solution, and that only 

one value of Ai^^ is used in finding d and A, whereas the method of least 
squares uses all the values obtainable. 

In the following table are given all the heights and distances which have 
been obtained from oscillograms showing a number of reflections of an atmo¬ 
spheric at an ionosphere. While a large proportion of oscillograms show the 
presence of reflected waves, the wave form is of such a complicated nature 
that it is very difficult to fix the positions of the reflected waves with any 
certainty, and to determine the exact time-intervals between each wave. 
The oscillograms, upon which the table was based, were sufficiently definite 
for satisfactory measurements to be made. 


Table 1 


Time 

Date 

n 

h 

d 

XAH 

0116 

20. ii. 37 

7 

83 

215 

8 

0130 

20 . ii. 37 

7 

81 

310 

24 

0145 

20. ii. 37 

6 

80*6 

320 

0 

0152 

20 . ii. 37 

7 

75 

200 

85 

1050 

27. ii. 37 

6 

54 

180 

18 

1109 

27. ii. 37 

6 

70 

460 

14 

1626 

4. ii. 87 

7 

60 

360 

19 

1540 

1. ii. 37 

6 

68 

440 

14 

1545 

1. ii. 37 

6 

66 

310 

32 

1556 

1. ii. 37 

6 

80 

1060 

14 

1700 

6 . xi. 36 

7 

79 

430 

17 

1715 

6 . xi, 86 

7 

78 

440 

49 

1715 

6 . ad, 86 

8 

78 

440 

31 

2100 

2. xi, 37 

7 

56 

430 

92 
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Interpretation of typical observations 

Appleton and Chapman and Schonland and oo-workers have suggested 
that the electric field changes due to a close lightning discharge include three 
characteristics: 

(1) A comparatively slow field change caused by the leader stroke of the 
lightning discharge, with a duration between 100 and 200 msec. 

' (2) A very rapid change in the field due to the return stroke of the same 
order of magnitude as that due to the leader stroke but of much shorter 
duration. 

(3) A final slow non-oscillatory field change of about 300 msec. duration. 

The second and third parts of the discharge may be repeated in subsequent 
discharges along the same channel. 

Our results confirm the above conclusions, and oscillogram (i) figure 8, 
plate 4, is a typical example which we interpret as follows: 

(а) From 0 to 8 msec, a slow initial change of field is shown. 

(б) At 8 msec, a very rapid change of field of equal magnitude to the first 
change occurred, followed by a slow field change. 

(c) At 14msec. a second return stroke change has occurred, followed by a 
second slow change. 

(d) At 23 msec, from the commencement, a third return stroke has 
occurred, and is followed by a third slow field change. 

In figure 8, plate 4, (ii) the leader process lasts only 2 msec, but the fine 
structure is more apparent than the slow field change of (i). At 2 msec, a 
very rapid return stroke causing a field change of 4V/m. occurs, and is 
followed by a gradually decreasing field and a second return stroke occurring 
Sfimsec. from the beginning. 

A leader of ^ msec, duration is recorded in figure 8, plate 4, (iii) and one of 
6 msec, in (iv). In both the fine structure of the process is apparent. 

In the two discharges shown in (v) and (vi), the fine structure is shown in 
greater detail by the use of a high film speed. These two records show striking 
similarity to the fine structure reported by Appleton and Chapman* 

The marked similarity between wave form oscUlograms occurring within a 
small time interval, such as 100 msec. as shown in (vii), (ix), (xi), (xviii) and 
(xxiii), we attribute to successive discharges of naturally decreasing intensity 
along the same discharge channel. 

These records together with (x), (xii), (xiii), (xiv) and (xv) show that the 
use of the beam suppression unit results in the loss of very little of the initial 
part of the oscillogram, as these were received while the normally suppressed 
cathode ray spot was at full intensity. Individual notes on these records show 
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a aymmetrical wave form (x) showing the presence of a small reflected wave; 
a damped periodic wave followed by a similar smaller wave 22 msec. later 
(xi), the latter having a small high-frequency oscillation preceding it; a 
very simple pulse of three half waves (xiii); and two oscillograms (xiv) and 
(xv), showing maximum amplitude some half waves from the beginning of 
the record. 

A type of wave form occurring less frequently than the damped |:)eriodic 
type is shown in records (xvi) and (xvii). It consists of an aperiodic field 
change with a superimposed high frequency oscillation. We find this type to 
be less frequent in occurrence than the reports of Appleton and Chapman 
and Norinder would indicate. 

The records from (xviii) to (xxii) show the alteration by reflexion of the 
original wave form, and that reflected waves continue to arrive after the 
ground wave has ceased. A typical example is shown in (xviii). This oscillo¬ 
gram, of duration 76msec., shows three discharges, the second being 48*8 
msec, after the first, and the third 25*3 msec, after the second. The wave 
forms are similar, and this is interpreted as three discharges along the same 
path, giving a ground wave, followed in each case by reflected waves. Record 
(xxii) shows how the first reflected wave has interfered with the ground 
wave, and apparently has resulted in cancellation of the later part of the 
original wave form. 

Similarity between oscillograms recorded over large time intervals (more 
than a minute) are illustrated in figures (xxiv)-(xxix). These oscillograms 
are discussed fully in the following section. 

Records taken at slow camera speed show a small high-frequency com¬ 
ponent occurring after the initial wave (figure 9, xxx-xxxiii); and the 
characteristic “slow tail^’ similar to that described by Appleton, Watt 
and Herd ( 1926 ) (figure 9, plate 6 , xxxiv-xxxvi). 

An interveetation oe the similarity oe atmospheric wave form 

At first we interpreted the half waves of small amplitude which follow the 
first half wave to be reflected pulses. The first was assumed to be the main 
pulse. This theory raised the difficulty that only a small percentage of the 
main pulses showed these subsidiary pulses. The values of the height of the 
reflecting layer, calculated from this interpretation of the oscillograms, were 
not inconsistent with the accepted value for the height of the ionized E 
layer. 

Two hypotheses then required investigation. The first is that an atmo¬ 
spheric consists of an aperiodic pulse propagated along the ground, followed 
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by pukes reflected 1, 2, 3,... n times at the ionosphere. Each oscillogram 
would consist of the ground puke followed by reflected ones at such time 
intervals as to produce a continuous wave form. The times of arrival of the 
reflected waves and therefore the wave form of the oscillogram is determined 
by the distance, d, of the source of the atmospheric, and the height, A, of the 
reflecting layer. The explanation of the observed occurrence of pukes of 
alternative positive and negative sign is not evident on the assumptions that 
have been made above. 

The other hypothesis is that the electrical discharge which radiates an 
atmospheric is a damped oscillation with a period determined by the in¬ 
stantaneous resistance, inductance and capacity. 

The theories will be considered with special reference to oscillograms 
(xxiv-xxvi) in figure 9, plate 5. The most obvious characteristic of these 
pulses, which extend over a period of 12 minutes, is theii* striking similarity; 
measurements of the oscillograms show them to be similar to the smallest 
detail. This is attributed on the first hypothesis not to a repetition of succes¬ 
sive discharges of exactly similar electrical oscillations, but to the fact that 
d and h remained unchanged during the time in which the oscillograms were 
observed. On this view, the approximately constant value of d and h mainly 
determine the form of the oscillogram, and d and h probably change more 
slowly than the conditions which determine the period of oscillation of an 
electrical discharge in a thunderstorm. 

It is unlikely, however, that a series of reflected pulses could produce a 
continuous varying sine wave such as are recorded in the oscillograms under 
discussion. The values of h and d calculated for these oscillograms on the 
first interpretation give d « 280 km. and h = 80 km. 

There are three grounds for not accepting this interpretation: 

(1) The observed field strength requires d to be much closer than 280 km. 

(2) Meteorological observations recorded a stonn at d = 60 to 80 km. 

(3) The amplitude of successive sky waves at first increases, then rapidly 
decreases, w hich is difficult to explain. 

Our interpretation of the oscillograms is that the first five half periods are 
those of a damped oscillation, the slight discontinuity seen in the oscillo¬ 
gram after these five pulses being caused by the arrival of the once reflected 
wave. The small amplitude of this wave is attributed to the low intensity of 
the electromagnetic wave which is emitted by a vertical oscillator in a 
direction making an angle of 20^ with the vertical. This assumes that the 
electrical discharge (lightning) was approximately vertical. The once 
reflected wave shows the phase reversal expected after a single reflexion. As 
only one reflected wave can be identified, d and h cannot be calculated from 
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the oaoillogram. d ie assumed to be 70 km. as given by meteorological 
observation, and the value of h is found to be 95 km. The measured average 
field strength is 3 V/m., which gives a value Ed »= 210 V. The mean observed 
value of a large number of observations is 212 V. (See following section.) 


Rklation between field strength and distance 

OF ATMOSPHERIC SOTTROES 

The oscillograms as recorded enable the peak field strength and the wave¬ 
length of the head of the atmospheric pulse to be determined directly. In 
measuring the wave-length only the initial two half waves were used, as the 
wave-length increases from the head to the tail of the pulse. The mean wave¬ 
lengths and i)eak field strengths of a number of atmospherics from sources at 
varying distances are entered in table 2. 

Table 2. Distance, wave-length and field 

STRENGTH OF ATMOSPHERIC SOURCES 

No. of 


observations 

Period 

d km. 

A km. 

EV/m. 

EdV 

hi kmA 

7 

1518-1600 

1000 

27 

010 

100 

9,600 

4 

1616-1540 

800 

24 

015 

120 

9,670 

6 

1723-1726 

800 

20 

0-34 

272 

18,900 

5 

1611-1618 

350 

22 

0-66 

231 

16.100 

4 

1069-1149 

300 

36 

1*07 

321 

32,000 

4 

1634-1647 

200 

38 

M6 

232 

24,500 

6 

1340-1361 

70 

4) 

2-98 

209 

23,100 


36 18,000 

From the table it can be seen that the field strength decreases as the 
distance of the source increases. The product of the field strength and 
distance is more nearly constant and lies within a range of ratio three-to-one 
for 80 % of the cases. 

As we are concerned only with that part of the wave propagated along the 
ground, we use the exponential term in the Austen Cohen formula, 
to correct for decrease of field strength due to diffraction of the wave over the^ 
earth's surface, for Love has shown that this term is where R is the 

earth’s radius, 6370 km. and 9*6/ii = 0*0015. Thus the field intensity is given 

E = 0-377 

Ad 

where EVjm. = field strength, Aktn. = wave-length, 

dkm. = distance, / A =. current, 

and h km. effective height of radiator. 
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This expression enables the factor hi to be evaluated for each oscillogram 
as the peak field strength and the wave-length can be measured, while the 
distance is found by the method described on page 155, 

In table 2 the following quantities are entered: the period during which 
the number of oscillograms, summarized in each line, were observed, the 
value of d for each group of observations, and the mean values of A, jB, Ed 
and hi . It will be noted that the period ranges from 3 to 50 min.: d is taken as 
constant for these periods. 

When the product hi is obtained for each of the thirty-five observations 
summarized in the above table, 90 % of the values are found to lie within a 
range of ratio four-to-one. This confirms the conclusions made by C. T. R. 
Wilson, that the electric moment of lightning discharges is sensibly constant, 
and by Muiiro and Huxley, and Boswell and Wark, that the radiated peak 
power from atmosplu^rics has a small range of values. 'I'he original observa¬ 
tions show that the values of hi for any single source of atmospherics lie 
well within a ratio range of two-to-one. 

Accepting (jloodJet s average value of 30,000 A for the current in a light¬ 
ning flash, it is possible to find a value of h. When a mean is taken of the 
thirty-five values of hi summarized in the table, the effective height of the 
discharge column of the lightning flash is 0*6 km. 


Peak power and total radiated energy of atmospheric sources 

By analogy u ith the power required in a radio transmitter situated on the 
ground to produce a field strength JSJmV/m., the power radiated by the 
lightning flash can be expressed as 

P ^ 

where PkW = radiated power, jEmV/m. = field strength, 

dkm. ^ distance, and = Sommerfeld factor. 

The factor 0 allows for the effect of the earth^s curvature and finite ground 
conductivity, and is unity for distances of a few hundred kilometres and 
the long wave-length which may be regarded as characteristic of an atmo¬ 
spheric. 

This relation will be valid only when the induction field of the flash is small 
in relation to the radiated fields. For sources distant more than one-half 
wave-length the error will be less than 30 %, In the evaluation of the power 
of a lightning flash, this error will be much smaller if the radiation field of a 
lightning flash is observed at more than 100 km, The limitations to the 
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validity of the expression for the radiated power are not severe. We find that 
the wave form of an atmospheric at a great distance is different from that 
near a lightning flash. A good proportion of the oscillograms to be discussed 
have been taken from sources between 100 and 400km., and the relation 
given above is valid for these observations. 

The peak power is proportional to the square of the product Ed which is 
given in table 2 for a number of atmospherics. When calculated for each of 
the series of observations summarized in that table, the peak power is found 
to be 

Ml hOO 8*21 5*92 11*43 5*98 4*85 x lO^kW 

with a mean value of 5*6 x 10® kW. 

The total radiated energy (jan be found from the relation 

Energy = 

where the integration is taken over a period long enough to include the 
complete atmos})hcric. The expression inside the integral is determined by 
graphical means from the recorded oscillograms which give the variation of 
the elecjtric field with time. In determining the energy, care has to be taken 
to include that part of an oscillogram which is due to the ground wave, and 
to exclude wave forms which are the resultant of ground waves and waves 
reflected from the ionosphere. 

A study of the atmo8])heric wave forms shows that most of the energy is 
associated with the first few halfwaves, and only occasionally does the tail 
contribute an appreciable amount. This is so because the energy is proper- 
tional to the square of the field strength. A mean value for the total energy of 
an atmospheric is found to be 200kWsec,, and the values obtained for 
individual atmos|)herics are found to lie within a definite range of values. 

These figures for the total energy and maximum power of the electro¬ 
magnetic energy radiated by a lightning flash show that while the peak 
power is extremely large, the total energy is not, and must be very small 
compared with other forms of energy of a thunder cloud. 

Velocity of ground wave and sky wave 

It appears that the elementary theory of reflexion, which has been given 
earlier, fits the observations to the accuracy possible from measurements on 
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the recorded oscillograms. This might not have been expected as the v^y 
long damj)ed wave, to which the atmospheric pulse approximates, must, 
according to the well-verified existing theory of the propagation of such 
waves through an ionized medium, be gradually deflected at the ionosphere 
before returning to the earth. However, investigation of the thewy shows 
that such an effect would be comparatively small for these waves, and thus 
little error is introduced in assuming plane reflexion to take place at the 
ionosphere. 

The suggestion has been made by some recent writers that the ground 
wave has a velocity less than that of light, but the values observed for the 
various time-intervals between the arrival of the ground wave and the 
various sky waves seem incapable of explanation if the velocity of the 
ground wave is not the same as that of the sky wave. A consideration of the 
five oscillograms in table 1 for which the distance of the source, d, is largest 
shows tliat if the velocity of the once reflected sky wave is that of light, then 
the ground wave has that velocity to 0-7 %. 

The work described in this paper has been carried out in Melbourne as 
part of the atmospherics research programme of the Radio Research Board 
of the Council for Scientific and Industrial Research of tlie Commonwealth of 
Australia. 

The authors wish to thank Dr H. C. Webster, who was largely responsible 
for the design and construction of the apparatus used in the research. 

Summary 

The wave form of the electromagnetic pulse radiated from a lightning 
flash, known as an atmospheric, has been studied. 

The atmospherics are received on a vertical aerial wliich is connected 
through an aperiodic amplifier to a cathode ray tube. The spot on the screen 
of the tube is photographed on a film fixed to the external surface of a 
cylindrical drum which rotates at a uniform peripheral speed. 

Many hundreds of wave forms have been recorded from atmospheric 
sources 70-1500 km. distant, and incidental to the observations we have 
made, evidence has been obtained of the reflexion of atmospherics at »an 
ionized layer. Such records show the intervals of time elapsing between the 
arrival of the first pulse along the ground and the various reflected pulses. 

From the simple theory and methods of reduction given in the paper, it is 
possible to determine the height of the reflecting ionized layer and the 
distance of the flash. When this is done, the height of the layer is found to be 
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between 53 and 82km.^ values in reasonable agreement with the lower 
limits of the E layer. 

The observations are consistent with the sky wave and the ground wave, 
having the same velocity to 0*7 %. 

Oscillograms of tsrpical atmospheric wave forms are shown, together with 
a possible interpretation of many of them. The assumption is made that the 
electrical discharge which radiates an atmospheric is a damped oscillation 
with a period determined by the instantaneous resistance, inductance and 
capacity. 

The relation between the distance of an atmospheric source and its field 
strength is foimd to be linear and figures are given for the peak power and the 
total energy radiated as found from representative examples. 
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1. Introduction 

During the last few years many investigations have been carried out with 
the object of determining the fine structure of the red Balmer line of 
Hydrogen, and its corresponding analogue, D^, in the heavier isotope 
Deuterium. It is only in these cases that the positions and relative in* 
tensities of the components can be accurately calculated in terras of the 
fundamental constants e, A, c, etc. The results are thus of (considerable 
importance as affording a direct check on the fundamental basis of the 
quantum theory. 

When account is taken of the effects of electron spin and the relativity 
variation of mass with velocity, the wave mechanical equations of Dirac 
give a result for the structure and intensity ratios identical with that given 
by the ‘‘ Sommerfeld formula ” which was an earlier attempt to make allow* 
ance for the relativity effect. 

The term scheme and the distribution of the components of (and D^) 
are shown in figure 1 . The ntimbers in brackets are the calculated intensities 
and the component separations are given in units of O'OOl Following 

R. C. Williams ( 1938 ), the components have boon assigned numbers 1 , 2 , 3 , 
etc. in order of their relative intensities. Because of their Doppler widths, 
components I and 4 are not resolved but appear as a single line, often termed 
the main line, and this is designated by us as 14. Similarly 3 is not clearly 
separated from 2 which together form the second line of the apparent 
doublet. Component 2 is supposed to consist of two lines ending on the 
2 and 2 levels with relative intensities 1; 2*4, while the constituents 
of 3, ending on the same levels, have a ratio 1:10-4 as shown in the figure. 
A necessary consequence of the wave mechanical solution of this problem 
is that the double levels shown in the diagram should be coincident. 

Unfortunately, the measure of agreement between the results of diflFerent 
experimenters has been by no means good, the discrepancies being more 
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pronounced in the more recent investigations. According to several American 
observers, the separation of the main doublet is appreciably less than that 
expected on theoretical grounds, while the separation of the third com¬ 
ponent from the second is very considerably more. In addition, the intensity 
ratios between the lines bear little relationship to the theoretical values, the 
second line instead of being less is equal to or even greater than the so-called 
main component. 



V—108 —-220'5-H36 

2 3 14 5 

Figure 1 


Heyden ( 1937 ) in an exhaustive investigation of has concluded that 
the separations of the components are in close agreement with the theoretical 
values and for the first time obtains intensity ratios in accordance with 
theory. 8 he further concludes from the extra width and lack of symmetry 
of the main line that it is a blend of two components but that the experi¬ 
mental accuracy does not warrant any attempt to fix the separation position 
or intensity of the fourth component. 

More recently R. C. Williams ( 1938 ), in a further study of the fine struc¬ 
tures of and D^, is critical of the results of Heyden on account of the very 
large grain of her plates. This criticism seems to some extent to be justified 
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since the actual oscillations in the microphotometer record, presumably due 
to grain effect or dust, have an amplitude equal to a large fraction of the 
intensity of the third component. He confirms the earlier results of R. C. 
Williams and Gibbs ( 1934 ) and of Spedding, Shane and Grace (i 93 S)> ^hat 
the separation of the main components is considerably less than the theo¬ 
retical value, while he finds the separation of the second and third com ¬ 
ponents to be very much greater. Pasternack ( 1938 ), in an attempt at 
explaining the discrepancy, refers to as yet unpublished results by Houston 
and Robinson which support the conclusions of R. C. Williams. 

This uncertainty with regard to the structure of and has caused 
Bearden ( 1938 ) to question the validity of spectroscopic methods of deter¬ 
mining the ratio e/m. Dunnington ( 1937 ) pointed out that a discrepancy 
still existed between the weighted mean of the spectroscopic determinations 
and the results obtained by free electron methods. By including the high 
value determination of Bearden which employs refraction of X-rays among 
the spectroscopic methods and a new low valued result by the crossed fields 
method (Shaw 1938 ), Birge ( 1938 ) concludes that the difference has shrunk 
to an amount equal to the average deviation to be expected from the 
assigned probable errors. Bearden ( 1939 ), however, objects to the classifica¬ 
tion of his work into the spectroscopic class and maintains that ‘‘the situa¬ 
tion is found to be just as serious as that which led Birge in 1929 to retain 
two values of e/m”. 

The accepted value of the Rydberg constant for hydrogen rests solely 
on the work of Houston ( 1927 ). He measured the air wave-lengths of H^ 
and Husing as his standard the value 5016-675 A as the airwave-length of 
the helium line. His vacuum wave numbers, calculated on the basis of the 
Meggers and Peters ( 1918 ) formula, for the refractive index of “normal” 
air are 0*009g cm.”^ and cm.^^ higher than the values obtained from 

the much more accurate formula of Kosters and Lampe ( 1934 ). (Due to an 
arithmetical error, the wave number quoted for is 0*0423 higher 

than that given by the Meggers and Peters formula. Actually the difference 
in the wave numbers obtained with the two formulae is O-GOO^ near H^ and 
0*0184 near H^.) 

The value of deduced from the measurement of has to be reduced 
by 0*070e cm.-^ which is nearly five times as great as the ±0*016 
limit given for this line. As pointed out by Houston, a further uncertainty 
exists since the standard of comparison is a helium wave-length in air and 
not the red cadmium spectroscopic standard. 

Hitherto, all the precision measurements of these quantities have been 
made by means of the Fabry-Perot interferometer which was the only 
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method available that would yield the desired accuracy. It is highly desirable 
that other methods should also be used wherever possible. During the last 
few years, one of us (W. E, W. 193 3 ) found a method of constructing reflexion 
echelons and by adding reference mirrors devised a new way of measuring 
wave*numbers. Since the echelon could be placed in vacuum, all difficulties 
in connexion with the refractive index and dispersion of air are eliminated. 
Furthermore, it will be seen that since the echelon plates are individually 
made, any small errors in the construction of the plates will have a random 
distribution while with the Fabry-Perot interferometer, owing to the 
multiple reflexion principle involved, the effect of any small error in a plate 
is strictly cumulative. 

If the various components of and D^ were actually clearly separated, 
it would only be necessary to have an instrument of sufficiently high resolving 
power to get accurate values of the wave-length and separation. Any increase 
in the resolving power of the instrument beyond this point would not 
materially contribute to any higher accuracy. Since in practice the com¬ 
ponents are often blended together due to their Doppler widths, the resultant 
composite curve has to be obtained with the greatest accuracy possible in 
order that the subsequent analysis of this curve can be correctly made. The 
maximum plate thickness (in the case of the echelon) or plate separation 
(for the Fabry-Perot) that may be used is about 7 mm,; any larger values 
would lead to complications due to the overlapping of orders. In the region 
of a heavily silvered Fabry-Perot interferometer should have theoretic¬ 
ally the same resolving j)ower os a 35 plate reflexion echelon of the same 
thickness. In practice, owing to the cumulative effect referred to, the 
resolving power is appreciably less. The 40 plate reflexion echelon used in 
this investigation is therefore considerably better than the interferometer 
of similar gap and this is the reason why it has been possible to obtain data 
on the position and intensity of the fourth component for the first time, 

2. Light sohroes 
(a) Atomic beam e:cperiments 

The ideal method of reducing the Doppler width of the lines would be to 
excite an atomic beam of the gas, placing the collimator of the spectrograph 
perpendicular to the direction of the beam. The method has been successfully 
used for examining the resonance lines and to a less extent for other lines of 
elements that can be easily condensed. 

A preliminary trial showed that a tube containing hydrogen at a pressure 
of mm, could be successfully excited by a powerful 3 m, short 
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wave oscillator, and calculations indicated that it should be possible to 
obtain an atomic beam at this order of pressure if the fastest available 
mercury diffusion pumps were employed. We were, however, unable to 
excite such a beam, either with the oscillator or by heavy electronic bom¬ 
bardment. A visible beam could only be obtained at a much higher pressure 
using multiple slits in place of the single ones normally employed. Under 
these conditions, the beam was only slightly brighter than the remainder of 
the chamber so that the background intensity had too high a proportion 
for the method to be practical in our case. It is possible that diffusion pumps 
using a type of oil not attacked by nascent hydrogen would reduce the 
background to the necessary low level. 

(b) Discharge tube experiments 

Using a Wood type long discharge tube of thin Pyrex wall 1 om. internal 
diameter, the intensities of the two main components were approximately 
equal, irres^Mjctive of the rate of flow of damp hydrogen through the tube 
and apparently independent of the pressure in the tube. The same results 
were obtained when the inside wall was coated with metaphosphoric acid, 
the only diflFerenco being that the “black stage”, showing practically no 
molecular spectrum, was much more quickly arrived at. In both cases 
considerable trouble was caused by the accumulation of ice on the inner 
wall of the portion submerged in liquid air. 

Following the observations of Hoyden ( 1937 ), who obtained the theoretical 
intensity ratio of 0*8 for these components by using a small proportion of 
hydrogen in helium, wo investigated the conditions necessary for this result. 
As all the helium obtainable in this country already contains too high a 
proportion, it was necessary to eliminate this hydrogen so that definite 
known proportions could be added. This was done by adding to the discharge 
tube a |)alladium tube, which, when electrically heated for 2 or 3 hours, 
effectively cleared all traces of hydrogen from the helium and known amounts 
of pure hydrogen could l>e added as desired. In experiments with deuterium, 
a second discharge tube was prepared; after removing the hydrogen from 
the helium, pure deuterium was obtained by electrolysis of practically pure 
deuterium oxide, to which a small amount of NaOD had been added. The 
gas was freed from oxygen and water vapour by passing it through an 
electrically heated palladium tube fitted as an internal seal in the pyrex 
tubing. After repeated flushing with deuterium and cleaning out by means 
of the first palladium tube, while a heavy current was maintained in the 
discharge tube, no trace of the fighter isotope could be detected in the 
discharge. After about 6-10 hours with the discharge running, photometric 



Dd;erminations of the Rydberg conelarhts 169 

testa showed hydrogen amounting to 2 or 2*6 % of the deuterium (the latter 
in turn being only 2-^ % of the gas in the discharge tube). As it was found 
impossible to eliminate this impurity which seemed to be gradually liberated 
by the electrodes or the glass (or both), the tube was frequently cleaned out 
and only those exposures were used which the photometric test taken sub¬ 
sequently showed that the hydrogen did not exceed 2 % of the deuterium. 

The tubes were excited by direct current through a ballast resistance 
from a 1500 or a 1760 V source with a current of between 6 and 7 mA and 
with an average potential fall of the order of 10 V/cm. In order to avoid the 
concentration of hydrogen (or deuterium) at one electrode, it was necessary 
to reverse the direction of the current several times during the exposure. 
The exposure times varied between 30 and 60 min. for the Ilford hyper¬ 
sensitive (backed) panchromatic plates, used in conjunction with a fine 
grain developer. 


3. Spectrosoopio equipment and methods 

The interferometer used was a 40 plate reflexion echelon which has been 
described by one of us (W. E. W. 1933 ). The thickness of each plate is 
6*88 mm., so that according to Rayleigh’s criterion it should be capable of 
resolving two monochromatic lines (of equal intensity) whose wave numbers 
differ by 0*018 cm. In practice, we find that two violet components from 
a water-cooled mercury arc with a separation of 0-023 cm.“^ are clearly 
separated; hence we can conclude that at least for the visible region the 
resolving power of the instrument cannot be far short of its theoretical 
value. The wave-number range between successive orders of interference 
is 0*727 which is a convenient value for observing the hydrogen 

“doublet” with a separation according to the Sommerfeld formula of 
0*332 cm.-^^ A Hilger E 1 spectrograph with a glass train served as the 
auxiliary instrument, its dispersion being perpendicular to that of the 
echelon. With a fairly narrow E 1 slit, the hydrogen and deuterium lines 
could be separated and the photometric comparison to find the amount of 
H mixed with D was carried out in this way. A wide E 1 slit (about J mm.) 
had to be used with the echelon to minimize grain effect when the plates 
were miorophotometered. 

The echelon is equipped with two plane mirrors; the images of the colli¬ 
mator slit in these mirrors serve to provide fiduciary marks for wave¬ 
length meeisurement and to determine the change in magnification of the 
optical system with wave-length since the achromatism is only partial. 
Figure 3, plate 6 gives a complete trace of showing the reference mirror 
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images. As the instrument is used in an evacuated case, the wave numbers 
are found directly without the necessity of correcting for the refractive index 
of air. No correction need be applied for the variation of the phase change 
at reflexion with wave-length, since the phase change, whatever its value, 
will be the same at each step. Contrary to the case of the Fabry-Perot inter¬ 
ferometer, the dispersion of the echelon is uniform over its range to well 
within the accuracy of measurement and the calculation of wave-length or 
interval is merely a matter of simple proportion. 

On the other hand, the precise form of each element of the echelon, each 
step being 1 mm. wide, causes the intensities and possibly the forms of the 
components to be seriously altered. This distortion can be expressed in 
terms of the intensity envelope defined by: 

M = , where X = 

a being the echelon step width, A the wave-length and a and fi the angles of 
incidence and reflexion for the reflecting surface of the echelon step. It is 
because of this diffraction effect at each step that the whole of the available 
light is concentrated into one or two orders of interference. As a result, the 
centres of gravity of broad spectral lines are displaced towards the centre 
of the envelope. 

In order to obtain true values of the intensities a correction was applied 
in the following way. On each plate, in addition to the simultaneous ex¬ 
posures of the red cadmium and (or D,), an exposure with a white light 
source was given together with the “plate characteristic”. When a photo¬ 
meter trace of this white light pattern was taken at a position corresponding 
to the wave-length of H,, the position of the maximum could be accurately 
located with respect to the fiduciary lines from the echelon mirrors. From 
a knowledge of the “order distance ” for the red cadmium line and the varia¬ 
tion in the magnification of the auxiliary sjwctrograph (given by the ratio 
of the mirror image distances for Cd and H.) the order distance for H, could 
be calculated, since the angle between successive orders is proportional to 
the wave-length. Hence, for a point at any given distance d from the centre 
of intensity, the appropriate X^ value is Xg - jrd/(interorder distance), and 
the true intensity corresponding to that point is the observed intensity 
multiplied by Jl^g/sin^Xj. A test with the white light curve showed that the 
shape of the intensity envelope corresponded with the value to within the 
limits of accuracy of the photometric measurements. 

The magnitude of this effect can be seen from figure 2 which is derived from 
the results of an actual plate of H, (F73B shown as figure 4 on plate 6). 
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The lower curves A, B are the actual intensity readings observed, plotted 
against distance along the plate. Using the notation of figure 1 , A' and B* 
correspond to the main line of the doublet (a blend of components 1 and 4 ) 
wliUe component 2 is in single order position almost central with respect to 
C the centre of the intensity envelope. The correction required for 2 is very 
small but becomes large for J5' and es|>ecially so for where the displace¬ 
ment of the centre of gravity of the curve -4^' is very considerable. We 
should have some doubts regarding the accuracy of the corrected curve for 

points well away from C were it not for the fact that the wave number of 14 
determined from A agrees with that from B witliin 0 * 001 -' 0*002 cm,"*^. 



Actually the small difference in intensity between A and B (which should be 
equal) enables us to obtain the magnitude of the fraction of the light 
scattered at the various optical surfaces (of the order of 5 %) and which is 
not subject to the intensity envelope law. This information will be seen to 
be very valuable when we come to consider the intensity measurements. 

As a final check on the accuracy of the corrections curve a series of wave¬ 
length measurements of the main 14 line was made, in which the position 
of tins line was moved across the intensity envelope, by admitting successive 
small amounts of dry air into the echelon chamber. Since the refractive 
index of normal air for A6438 A is approximately 1*000276, a pressure of 
131 mm, changes the order of interference (approximately 21000) by unity, 
From the formula of Kosters and Lampe ( 1934 ) /^Ha “= 0*144 x lO"*®, 

hence the differential change of order between the two wave-lengths due to 
dispersion is 0*0005 for an order change of unity (or a pressure change of 
131 mm.). This change is too small to be detected. Table 1 given below shows 
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the variations in the measured wave number of 14 for as its position is 
changed from double to single order position. 

Table 1 

Order of intorferenco Wave number 

Exposure no. Cadmium Hydrogen of 14 cm.”^ 

F 73 (B) 21361*460 20956*606 16233*066 

(C) *637 *682 -066 

(D) *644 *790 *007 

(E) *741 *879 *063 

(F) *826 *962 -063 

No systematic variation of the wave number value with position in the 
intensity envelope is found. 

The envelope effect is, however, extremely valuable in another respect. 
The third component, blended with the second in and only just resolvable 
in can be so placed with reference to the centre of intensity that it can 
in effect be magnified by causing a reduction of intensity of neighbouring 
strong components. An example of this exaggeration is seen in figure 6, 
plate 7, where the third component in can be clearly observed. 

4. Photombtry and rbditction of the plates 

The plate characteristic was obtained from an Ilford optical wedge 
placed in contact with the E1 slit. The wedge was independently calibrated 
on three occasions, its graduation determined and its linearity checked 
except for high and low densities where the measurements were difficult. 
All exposures were made on Ilford hypersensitive (backed) plates and a fine 
grain developer was used. During development, the plate was continuously 
agitated in order to minimize the Eberhard effect. The exposure times were 
between 30 and 60 min., depending on the concentration of H or D and on 
the position of the components in the intensity envelope. 

The microphotometer used was an adaptation of one built in the Wheat¬ 
stone Laboratory to the designs of Dr W. H. J. Childs. A common shaft 
drives the bromide paper carriage and also moves the photographic plate. 
In order to vary the magnification, the plate is not moved directly by its 
micrometer screw; the nut displaces a geometrically 8up|)orted carriage on 
which is mounted a variable angle wedge. The plate holder bears perpen¬ 
dicularly against this wedge and moves a small amount as the wedge is 
displaced. In order to obtain sufficient magnification for these experiments, 
the adjustable wedge was replaced by a solid steel wedge which was optically 
ground and polished flat to two wave-lengths of green light by Messrs Hilger. 
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Tests of the linearity of the movement of the paper carriage and the wedge 
carriage against the rotation of the common shaft along the whole range 
showed no measurable deviation. 

A further test was the determination of the fractional part of the order 
of interference for the red cadmium line for three plates, both by the usual 
photomeasuring micrometer and by means of the photometer trace. Typical 
results are given in table 2 below. 

Tablk 2 

Fractional order of interference A 6438 A 

r , ^ . .. ^ 

Plate no. Micrometer Photometer trace 

F 73 (B) 0-466 0-466 

(C) 0-537 0-537 

(D) 0-644 0-643 

Clearly the error in determining the fractional part for the standard line 
is within one-thousandth part of one order. The reproducibility of the micro- 
photometer was checked by making a number of traces of a graticule in 
both directions. The two traces on each sheet of bromide paper were 
identical but displaced relative to each other by about 1 mm. due to backlash. 

The size of the order distance as imaged on the thermopile slit was 16 mm. 
The slit width was 0*17 mm. (1/88 of the interorder distance) so that very 
little detail was lost on this account, since the echelon at best could not 
'^resolve ” less than I /40th of the order distance. 

The method used for obtaining the corrected intensity curve depended 
on whether wave-length or fine structure was to be determined. In wave¬ 
length measurements, the position of the “centre of gravity “ of the upper 
portion of the main 14 line had to be found, with reference to the midpoint 
of the reference mirror images which was our (virtual) fiduciary line. (The 
reasons for neglecting the lower portion of the intensity curve are discussed 
P- Since the reference images on the trace were approxi¬ 
mately 25 cm. apart while the interordor distance was 11 -65 cm., any unequal 
shrinkage of the bromide paper might cause an appreciable error in the 
determination of the fractional part. To avoid this, a photometer curve of 
a previously calibrated graticule was added to each trace and the position 
of a point determined in terms of its distances to the centre lines of the 
neighbouring graticule marks. Examples of these graticule mark curves 
can be seen in plates 6, 7, figures 4-7. The points of intersection of the 
(or D^) curve and various intensity levels obtained from the characteristic 
curve were transferred with a drawing-board and set-square on to smooth 
drawing paper. The distance from any such point to the centre of the 
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intensity envelope (only approximately at the midpoint of the reference 
images) was measured and expressed in terms of the order distance. The 
appropriate factor by which the observed intensity had to be multiplied 
was then found from a large scale graph of the function X*/ 8 in* JC against 
fractional order and the ordinate at this point given this corrected value. 
With a sufficient number of such points the actual intensity curve is esta¬ 
blished; the central line, given by bisecting different levels of the portion 
between 0*4 and 0'9 of the maximum, was taken as the '‘centre of gravity 
of the line. The extreme peak portion was neglected as neither position nor 
intensity could be accurately determined in this case. No allowance need 
be made for the displacement of the point of maximum intensity from the 
centre of gravity of the unresolved blend in a case of this kind. This central 
line was then measured with respect to the centre lines of the neighbouring 
graticule marks. 

A test of the reproducibility of the results was made by determining the 
fractional parts from four separate microphotometer traces of the same 
exposure of The values were 0‘281^, 0*2854, 0-284g, 0 * 2814 , giving a root 
mean square error value of 0 * 001 g. 

In the measurement of fine structures, the largest peak separation in¬ 
volved is only about a quarter of the distance between the mirror images; 
over this distance it could be safely assumed that the shrinkage of the 
bromide paper would be sufficiently uniform. The distances of the points of 
intersection of the observed curve and the various intensity levels given by 
the characteristic curve were measured from the centre of the intensity 
envelope. By using a transparent scale and a magnifying glass, the values 
could generally be obtained to within 01 mm. These were then transferred 
(after correction for envelope effect) to large sheets of graph paper on a ten 
times larger scale so that 1 cm. on the graph corresponded to 6*24 x 10 "* 
cm. the interorder distance being 116-6 cm. on these graphs. The ordinates 
were chosen (approximately 20^-25 cm. for the strongest component) so 
that the maximum slope of the curve should be about 46"'. Further details 
are given in § 6 (/>) where the fine structun? results are discussed. 

5, RfisunTS 

(a) Wave-length meumremenUi, Rydberg constant and the ratio efm 

The standard used for comparison was the value* 6440*2498 A as the 

♦ 8 inoe the data in this paper were worked out, the results of Barrell and Sears 
( 1939 ) have become available. These change this value from 6440-2498 to 9440*2491 A 
and vahiea of the important final quantities adjusted to this have been inserted in 
this paper. 
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vacuum wave-length corresponding to the accepted value of 6438*4696 A 
for the wave-length of the i*ed cadmium line in “nomiar’ air. Sears and 
Barrell’s ( 1934 ) value for the index of “normal ” air for this wave-length has 
been used for the conversion; the results would be substantially the same if 
the formulae of Perard ( 1934 ) or Kosters and Lampe ( 1934 ) were used. If 
another value* of the vacuum wave-length of red cadmium should be 
standardized, the wave number values given in this paper will all have to 
be scaled accordingly. The actual source employed, a G.E.C. Cadmium 
“Osira’* lamp, had been compared with a hollow cathode discharge by 
Williams and Gogate ( 1938 ) to a high degree of precision, using a Fabry- 
Perot interferometer with a path difference of 20 cm. No detectable differ¬ 
ence in wave-length was observed. 

Table 3 shows the effect of varying the total pressure in the discharge 
tube containing 3-4 % hydrogen in helium and a current of 7 mA, Uquid air 
cooling. 




Table 3 

Wave number 

A 

Approximate 


Pressun* 

Intensity 

half-width 

Plate no. 

inm.Hg 

ratio 

of 14 lino crn.-^ 

in cm.“' 

F 76 (A) 

3-2 

0-77 

15233*067 

016 

(B) 

20 

0*79 

•067 

0*165 

(C) 

l-O 

0-83 

•066 

016 

(D) 

0*5 

0-92 

•009 

03 6 

(K) 

0-2 

102 

•076 

0*165 


The third column gives the ratio between the two components of the 
“apparent doublet”. When the total pressure is below 1 mrn., the relative 
increase in the intensity of the higher frequency line (a blend of components 
2 and 3) is accompanied by an increase of the frequency and the half width 
of the main line. 

A further experiment was carried out in which the pressure was kept 
sensibly constant while the partial pressure of hydi’ogen was varied by 
means of the palladium tube; with a total pressure of I *3 mm., a current of 
7 mA and liquid air cooling, the results are given in table 4 below. 




Table 4 

Wave number 

A 

Approximate 


Percentage 

Intensity 

half-width 

Ixposure no. 

of hydrogen 

ratio 

of 14 line 

in om.“* 

F 77 (A) 

9 

0-80, 

16233060 

0*178 

(D) 

3-4 

0-82, 

•066 

0-l4i 

(F) 

0-2 

0-74, 

•066 

O-lSe 
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The lower hydrogen percentages were obtained indirectly from the 
relative intensities of the red lines of helium and hydrogen and are only 
approximate. At too high a partial pressure of hydrogen, the “centre of 
gravity of the main Une moves to the red. It will be noticed that its dis¬ 
placement is in the same direction as that in table 3 whereas the change in 
the intensity ratio in table 4 is in the opposite direction to that given by 
table 3. 

Taken together, these tables show that even the hydrogen-in-helium 
type of discharge gives the theoretical intensity ratio over a limited range of 
operating conditions only. The shifts of the main line, especially when due 
to low pressure, seem large enough to account in some measure for the 
differences between the results of various observers. 

Table 5 gives the collected results for wave number of the “centre of 

A 

gravity*' of the upper portion of the main 14 line of H^. Apart from the 
results already quoted in tables 3 and 4, which have been included because 
the intensity ratios are substantially the theoretical values, the remainder 
of the table refers to a total pressure of between 1 and 2 mm., a hydrogen 
content of 2-^4 %, liquid air cooling and a current of 5-7 mA. The reason 
for this selection is that it is only within or close to this range of operating 

A 

conditions that the half width of the 14 line is a minimum; at the same time 

the ratio of the intensities of the 14 and 2 lines is close to the theoretical 
value. 

Table 6 


Exposure no. 

Wave number of 14 lino 
of in om.^i 

F 78(B) 

15233065 

(C) 

•065 

(D) 

•067 

(E) 

•063 

(F) 

•063 

F 76 (A) 

•067 

(B) 

•067 

(C) 

•066 

F 77 (D) 

•066 

(F) 

•065 


Average value 16233-0664 cm.-^ (k.m.8 . error O-OOl, cm.-»). Oorrected to 
Barrel! and Sears ( 1939 ) this becomes 16233-0675 cm.-^. 

Approximately half of the above results are determinations on two orders. 
The fractional part for the cadmium line for each exposure was determined 
independently by two observers and involved 48 readings. 



Thinkmiter, cl. al. 
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Fiouuk 4 . Trace of from which the correetetl curve in Hgure 2 has been obtained. F73B. 



Drinkwater, et al. 


Proc. Roy. Roc., A, vol. 174, plate. 7 




>’najuK ()- Ti)(i of Iho third (ioinponent. in has honii appan^ntly iiicroancd 

by altoriag the prossuro in th<' ocholon chamber. TJiis curvt; wh(?u corroctod for 
the (mvclopo ofTeet gives an almt)st identical curve witlt th(i corrected curve ft>r 
figure 7. 




Bydlbi^ eonMeuUfor hydrogen, R^. If the fine struotore of H, is in aooorfi* 
anoe with theory, the fiequenoy (l/2*-l/8*) lies (0‘072-0*0086)''' om.“* 

tower in frequency than the obeerved centre of the 14 line. 

Thus jBa - 36/6 (16,238-0664-0 0694) 

= 109,677-671 cm.-* (B.M.S. error 0-010 cm.-*), 

or, when adjusted to Barrell and Sears ( 1939 ), 109,677-68, om.“^. 

The corresponding value of given by Houston ( 1927 ) is: 

109,677-769 ± 0-008 om.-i. 

The corresponding results for D„ are given in table 6 . It was a matter of 
some difficulty to arrange that both D, and the cadmium standard (which 
were simultaneously exposed) received the optimum exposure. The ex¬ 
posures in which the cadmium standard was in single order position were 
somewhat over-exposed, and to avoid any risk of error doe to this cause 
these were not used for wave number determinations. 


Tablk 6 


Exposure no. 

Wave number of 14 lino 
of in om.“^ 

F 101 (B) 

16237-211 

(C) 

*209 

(D) 

*210 

(B) 

•208 

F 103 (B) 

•210 

(C) 

•211 

(D) 

•208 


Average value 16,237-209, om.~^ (b.m.8. error 0 - 001 , cm.~^). Ck>rrected to 
Barrel! and Sears ( 1939 ) this becomes 16,237-211, om.-^ 

The Rydberg constant Rjj for deuterium is therefore: 

Rd =>» 109,707-40, cm.”* (b.m.s. error 0-009, cm.“^), 

or adjusted to Barrell and Sears ( 1939 ) 109,707-42i cm.“^. 

* Houston made a ooireotion of 0-0066 for the diaplaoement of the observed line 
from oottiponent 1, H- C. Williams and Qibbs (1934) point out that it should be 
0-0003 om."*'; this is the displacement of the centre of gravity of the three com¬ 
ponents no, 1, 4 and 6 from the position of no. 1. If one determines the “oentre of 
gravity*' from observation of the upper part of the curve, the fifth component will 
have a negligible effisct. If Doppler curves of half-width 0-186 om.~r and intensities 
h-2,1^ and 9, with respective separations of 0-108 and 0-086 om."‘, are grt^hed on a 
Kufiloiently large scale, it is easy to verify that the central line of the upper part of 
the resultant complex is very closely O-O036 cm.-* from the centre of the strongest 

component. 

VoL A. »a 
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Combining these results with the values of Bainbridge given by laving- 
stone and Bet he { 1937 ) for the masses of the hydrogen and deuterium atoms, 
we obtain the mass of the electron from the formula given by R. C. Williams, 

= {5*48f346 i 0-0005) x 10"* mass units. 

Taking the value of the Faraday as 9651 *31 ± 0-80* abs. e.m.u. g.-equivr ^ 
(Birge), c/m = F/m = (1*7591 ± 0*0004) x 10 ’ o.m.u./g.* From the relation 

M^jm = ejm/ejM^ = €jmj9513^4:H, 

M^jm = 1837*4/. 

Since /i?oc = /^H(l+W^n)j 

= 109,737-26 (r.m.s. error ±0 020 cm."^) 

or 109 , 737 * 272 * corrected to Barrell and Sears ( 1939 ). 

The value of the Rydberg constant for hydrogen just given is O-n^ cm.“^ 
lower than the value quoted by Birge ( 1929 ) which is based on Houston's 
results. The difference is partly accounted for by the complications of air 
refractive indices, already discussed, and to a very small extent to the 
correction of 0*0053 cm.“^ (in place of our 0*0036 cm.“^) as the displacement 
of the observed centre of the 14 line from that of the strongest component. 
The difference, in the main, must be due to the value taken for the wave¬ 
length of the 5015 helium line which was used as the standard. The dis¬ 
crepancy between the value of R^, given above and Houston's value 
(109,737*424 + 0*020 cm. is slightly greater because of changes in the 
accepted values of the Faraday and atomic masses. 

It seems to be a pure coincidence that the value of the ratio ejm (1*7591 ± 
0*0004 x 10~’) given above happens to be exactly equal to the most probable 
value recommended by Birge ( 1938 ) and also by Bearden ( 1939 ). The spread 
of the values in the spectroscopic results (especially when the Zeeman effect 
method is included) is much too wide for the average, even when weighted, 
to have such a definite meaning. Some of the results usually included are 
open to serious criticisms on what might be termed purely instrumental 
grounds. It is interesting to note that the simple mean of the four most 
recent determinations of ejm by the four different methods of direct velocity 
measurement, magnetic deflexion, crossed fields and X-ray refraction, is 
1 * 75917 , in close agreement with the results of this investigation. This seems 

♦ See note at end of paper. 
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to show that no real difFerenoe of measurable amount can exist between the 
value of the ratio, whether it is deteimined by a free or a bound electron 
method. 


(6) The fine structure of and 

After making allowance for the scattered light as shown on p, 170, large¬ 
sized graphs, drawn to a frequency scale of 1 cm. = 6*24 x 10~® cm.~^, were 
obtained as follows. The point of greatest intensity on the trace was given 
the arbitrary value 10, so that after correction for the envelope effect the 
maximum value would lie between 10 and 15 units. With 2 cm. as the unit, 

A 

SO that the maximum ordinate of the 14 line varied between 20 and 30 cm., 
the greatest slope of the curve was approximately 46°. The fluctuations of 
the individual readings from a smooth curve depended on the magnitude 
of the envelope factor that had to be applied; for a line or component in 
single order position, the deviation rarely amounted to more than 1-2 mm., 
increasing to 4-7 mm. for the outer wings of a line in double order position. 
Between 60 and 80 individual readings completed a curve. With graphs on 
this scale, all errors in plotting are eliminated and the magnitude of any 
departure from a Doppler curve being fitted to it can be seen with ease. 
Tables were drawn of the co-ordinates of probability curves of various 
ordinates and half widths and the plotted curves cut out from similar graph 
paper. The case of D^, as the easier problem, was first examined. 

Table 7 gives a summary of the analysis of six plates of D^. The second 
column shows the component that is nearest to the centre of intensity of the 
envelope; when two are indicated, the centi-e is nearer the component with 
the number in italics. The double vahies for the 14-2 separation for F101 D, 
F103 D and F103 E in the third column indicate two separate measurements, 
14 to 2 in one order and 2 to 14 in the next order. Errors due to incorrect deter¬ 
mination of the envelope eff ect would cause differences in opposite directions 
between these results so that the discrepancy would be doubled. The actual 
iritensities are given in the fifth column and are expressed as ratios in the 
sixth, in terms of the component 2 which is taken at its theoretical value of 
7'08. The next column gives the observed half-widths of the second and 
third components; the contribution of the instrumental half-width of about 
6*036 cm,”^ and the microphotometer half-width (0*020 cm.“^) are included 
in these values. 

The separation 2-3 for F103 A is omitted because of the large envelope 
factor to the readings for component 2 in this case. This makes the value 
nnoertain, in comparison with the results of other plates. Similarly for most 
of the other plates, 14 is in double order involving large factors for the outer 
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wings BO that the half-width of this line is also omitted. The differences in 
the results from plate to plate are real in the sense that they do not arise 
either from errors in measuring the traces or in fitting the Doppler curves. 
Several of the traces have been re-measured at different times and new curves 
fitted to the graphs. The differences, except for the separation of 2-3 in 
F101D (theextreme values are given in the table), have been negligibly small. 
In general, the resultant of the Doppler curves fitted would coincide with 
the graph, between intensity values 1 and 9, to within about 2 mm. Two 
exceptions to this occurred; in F101E a peculiar indentation on the upper 

A 

part of the high frequency side of 14 left a gap of about 5 mm. from the 
Doppler curve that fitted it at lower levels. This must either be due to a 
defect in the plate or to a local disturbance of the galvanometer when the 
recording was made. In F 101 D the low intensity portion (below 1) of the 
high frequency side of 2 could not be fitted to a Doppler curve; two alter¬ 
natives are possible, the third component could bo found by simply reversing 
the high frequency side of 2 or by using the Doppler curve that best fitted 
the greater part of the curve. The choice made no difference in the value of 

A 

the 14-2 separation, but the value of the 2-3 separation is affected as shown 
in the table. In neither case was the third component symmetrical. 

It is sometimes difficult to get an accurate value for the fraction scattered 
when the double order components differ widely in intensity on the trace 
and also when the intensities are nearly equal. The straightforward analysis 
of F101 E led to a scattered intensity of 0-25 and a “ coherent background 
of 1. A total background of 1*25 could not be avoided in this fairly heavily 
exposed plate, but the relative proportion of the ‘^coherent” light seemed 
high. An analysis was made, based on the other extreme that the scattered 
intensity was 1, in which case the “coherent’^ fraction becomes approxi¬ 
mately 0*3. The only material difference is that the 2-3 separation is 
increased by 0*006 cm.-^ in the second case. 

A 

F103 A, plate 7, figure 7 is probably the most interesting; the main line 14 
is practically in exact single order position and the intensity readings for 
the contour should have the maximum accuracy. A decidedly better fit is 
obtained by using two Doppler curves (each of half-width 0-094 om.~^ and 
intensity ratio 9:1) than when a slightly wider single Doppler curve is chosen, 
'fhe separation of the components 1 and 4 is 0*044 om.~^ as compared with 
the theoreticed value of 0*036 cm.~^. Considering the closeness of the com¬ 
ponents and the disparity in their intensities, the agreement is as good as 
could be expected. The half-width value for 2 was found to be 0*090 om.-^, 
but as it is only approximate (due to the large factor for 2) it has been 
omitted from the table. 
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A 

In obtaining the average values, both results for the 2-14 separation in 
F 101 E have been included; since the third component is not symmetrical 
in F 101 D and F103 E, the 2-3 separations (average value for F 101 D) have 
only been given half the weight of the other values. 

Table 8 gives the corresponding results of the analysis of four plates 
of Owing to the greater half-width of the components, with a substantial 

A 

overlap of both 2 and 14 in the region of the third component, the analysis 
is much more laborious and necessarily less accurate. 

Discussion of the fine structube results 

The first point of interest is that in addition to the scattered light, which 
in some degree is inevitable with all optical instruments, there is also an 
appreciable proportion of coherent light. Since it is greater with hydrogen 
than deuterium, the probability is that it is due to molecular lines which lie 
in the spectrum region corresponding to the width of the E 1 slit. It may be 
that in a dry hydrogen-helium mixture the molecular spectrum has a greater 
relative intensity than in a damp hydrogen discharge. Since the theoretical 
intensity ratio between the main components cannot be obtained with the 
latter type of discharge, it is manifestly incorrect and unfair to use it to test 
the theory, esjiecially since the components of greatest interest are in¬ 
completely resolved. 

The 14-2 separation for D^ of 0*3205 cm." ^ implies a value of O-SIG^ 
for the separation between the main components 1 - 2 . This is approximately 
0*003 smaller than the value given by R. C. Williams and 0 * 011 ® cm.’”^ 

less than the theoretical value. The corresponding separation for H„, 
0*319g, gives a separation of O-SlOg cm.^^ between the main components 
1 and 2 (the effect of the third component on both 2 and 14 had already been 
taken into account in determining the positions of 2 and 14), This value is 
almost identical with the average value given by R. C. Williams (0*316g 

The greatest discrepancies occur in the measurement of the 2-3 separation* 
For D^, m place of the theoretical value of 0*108 om.“^ we obtain a fairly 
constant value of 0*119 which compares with 0*130 cm.“^ found by 
R. C. WilUams. 

Pasternack ( 1938 ) has pointed out that the assumption of a perturbation 
of 0*030 cm."^ of the 2 ®S^ level would account for both results of R. C* 
Williams. Since component 2 is the sum of two lines of relative intensity 1 
and 2-4 ending on the 2 and 2 *P| respectively (see figure 1), the centre 
of gravity of the composite line should be displaced by about 0*010 
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A 

to the red, so that the 2-14 separation is reduced by this amount. Cknn- 
ponent 3, consisting of a doublet of lines ending on the same levels with am 
intensity ratio of 10-4 to 1, will have its centre displaced approximately 
three times as much in the same direction, so that the 2-3 separation is 
increased. 

Frohlich, Heitler and Kahn (1939) have recently calculated the deviation 
from a Coulomb law of force for the proton according to the mesotron theory 
of nuclear particles, and predict a displacement of the hydrogen 1S level 
of the order of 3 cm. and about one-eighth of this for the 2 S level. 

Although the results for hydrogen given in Table 8 apparently support^ 
this hypothesis, there are certain other factors that appear to rule out the 
possibility of this explanation. The first is that the unsymmetrioal third 
component should have a definitely lower half-width than the second owing 
to the disparity in intensities of the constituents of the third component. 
In practice, both for and H„, with one exception, the half-width of the 
third component is always greater than that of the second. In addition, the 
intensity of the third component is much too high. The ratio of intensities 
of the main components 1 and 2 is substantially the theoretical value, hence 
one would expect the third component in a multiplet to have its theoretical 
intensity. On the average, our results for the third component in show 
it to have an intensity 1-3 times its theoretical value, while in the experi¬ 
ments of R. 0. Williams the factor is 2-2. 

A probable explanation of a part of the difference, at least in our case, is 
the difficulty of obtaining a deuterium discharge free from hydrogen. 
Although a fresh tube was used and the DjO and NaOD were over 99 % 
pure, the glass walls and electrodes of the discharge tube appeared to be 
giving off hydrogen continuously. Even after repeated flushing with 
deuterium over several weeks, it was found impossible to obtain a discharge, 
which, after running for a few hours, gave a ratio H,/D„ less than 2 % and 
the ratio steadily increased as the discharge was continued. The tube was 
therefore regularly cleaned out and refilled with fresh deuterium, the 
hydrogen impurity being determined after each echelon exposure plate. 

With a wave number difference of 4-1442 cm.-^ between corresponding 
components, the interference patterns of the two isotopes wiD coincide 
when the path difference 2( = n/4-1442 cm. where n is an integer. The value 

of 2 (for» =0 418 0-9652 cm.and it increases by 0-2413om.foreach successive 

coincidence. In our case 2t = 1-3767 cm. which is 0-1692 cm. hi ghar 
n « 6. Hence the H, pattern, if present, should be displaced 0-1692/0*2413 
or 0-7012 of an order to the long wave side of that of D,. Since an order her© 
is 0-727 cm.-^, the displacement is 0-609, cm.-*. This displacement to the 
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red is equivalent to a shift of 0-217g cm.~* to the blue for the next order. 
Their relative positions for an equal mixture are approximately drawn to 
scale in figure 8o. The 6 mm. etalon used by R. C. Williams would give a 
displacement of (1 — 0-9662)/0"2143 or 0-144 of an order, and since the inter' 
order distance for a 5 mm. etalon is 1 cm.~^ the shift of the pattern would 
be approximately 0-144 cm.~^ to the red as shown in figure 86. (No allowance 
has been made for air index as the etalon thickness is only approximate.) 




In our case, the main component of hydrogen IH would almost exactly 
coincide with the third component of deuterium and cause no error in the 
2-3 separation. Plate F104 taken immediately after F103 E showed 
Hg/D, » 2 %. Hence component 3 should have an increased intensity of 
1’84. The average value is 1'45. In the experiments of R. C. Williams, the 
component 2H wiU tend to increase the 2-3 separation. If the increased 
intensity of the third component is entirely due to hydrogen impurity, the 
2-3 separation for D« will be approximately 0*126 om.~^ as compared with 
the observed value of 0*130 om.“^. 

The objections to Pasternack’s hypothesis concerning line width and 
intensity of the third component are even stronger in the case of H,. We 
observe that in hydrogen, the sum of the coherent and scattered %ht is 
always relatively higher than with deuterium. In H. the sum varies from 
1*06 to about 1*8, the 2-3 separation being lowest when the total sum is 
lowest. As previously explained, the amount of scattering cannot always be 
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exactly determined although the sum of the scattered plus the coherent 
can be fairly accurately assessed. If as a rough approximation we assume 
the scattered light to be constant, the variations must be due to differences 
in the relative intensity of the secondary spectrum lines in the region 
covered by the E 1 slit. The third component has only l/i8th of the total 
intensity of and the grcmp of secondary lines in this band may well have 
an intensity of this order since the interference patterns of many lines will 
overlap more or less completely. 

Unless a method of eliminating the secondary spectrum can be found, it 
will only be possible to obtain more accurate data on the structure of by 
analysing the patterns obtained from a number of etalons (or echelons) of 
increasing plate thickness. This will not be possible for deuterium unless 
the hydrogen contamination can be maintained below about 0*6 % and for 
this purpose the tap grease in the apparatus should be free from the lighter 
isotope. 

We have therefore come to the conclusion that no real evidence has yet 
been found to show that the fine structure patterns of and depart 
substantially from the values calculated on the basis of Dirac’s theory. 

We wish to express our thanks to the Leverhulme trustees for the grant 
of a fellowship to one of us (W. E. W.) during the tenure of which a part of 
this work was done. We are further indebted to the Department of Scientific 
and Industrial Research for an Assistantship granted to one of us (J. W. D.). 
We are also much indebted to the Royal Society for providing most of the 
expensive optical equipment. 


Summary 

The wave numbers of the main lines of and D^ have been directly 
determined in vacuo by means of a 40 plate reflexion echelon. The liquid air 
cooled discharge tube containing helium with a small percentage of hydrogen 
(or deuterium) gave approximately the theoretical ratio between the 
intensities of theapparent doublets'' over the optimum range of operating 
conditions, which was investigated. With 6440*2491 A as the vacuum wave¬ 
length of the red cadmium line, the wave number of the centre of intensity ’ ’ 
of the main line of is 16,233-067o cm.”^ (r.m.s. error 0-001< and 

the Rydberg constant « 109,677*683 cm.“^ (r.m.s. error O-Ol^ 

For the heavier isotope the corresponding values are 16,237*211j om.*^ 
(r.m.s. error O-OOlj omr^) and R^ « 109,707*42i cm.“^. 
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The mass of the electron, using the atomic values of Bainbridge, is 
m = (6*48640 ± 0*0006) x 10^* atomic unit. 

Taking the Faraday constant as 9661*31 ± 0*80 coulombs, we get 
6 /m = (1*7691 ± 0*0004) x lO*^ e.m.u./g. 

With e/ifn = 9673*48, we obtain M^jnt = 1837*40 and == 109,737*27, 

Seven microphotorneter records of and four of have been analysed; 
denoting the components in order of their relative intensities and 14 to 
indicate the centre line of the unresolved doublet of the first and fourth 

A 

component (termed the main line), we find 14~2 for = 0*3205 with 
a spread of 0*004 cm.“^ and 2-3 = 0* 119 cm.“^ with a spread of about twice 
the amount. The observed half-width values for the second and third com¬ 
ponents are 0*094 cm.“^ and 0*108 cm.~^, the latter being frequently ob¬ 
viously unsymmetrical. An analysis of the 14 doublet places component 4 
at 0*040 cm.“^ from component L The corresponding values for are 
0*319g cm. and 0 * 1 3 17 cm. ~ ^ with half-widths of 0 * 130 cm. and 0 * 136 cm. 

Although these values appear to support Pasternack's sxiggestion of a 
][>erturbation of the 2 level, the increased intensity of the third component 
coupled with an increased half-width, in addition to other evidence, gives 
us ground for supposing that the disci^pancies are caused by molecular 
lines in this region. We conclude that no real evidence has yet been obtained 
to show that the fine structures depart substantially from the values 
calculated from Dirac’s equations. 

[Aote added in proof. Since this paper was set up in type, R. T, Birge 
in a private communication to one of us (W. E. W.) states that he now 
considers that the most probable value of the quantity q defined by the 
equation 

International ampere = q absolute ampere 

should be changed from 0*99993 to 0*99986 ± 0 * 00002 . This value is derived 
from some recent work at the Bureau of Standards and ends a conflict of 
some years between them and the National Physical Laboratory. If this 
value of g is adopted, the value of the Faraday constant F (physical scale) is 
changed from 9651*31 ±0*80 to 9660*6 ± 1*0 abs. e.m.u. g.-equiv.“^ This 
would change the value of several of the constants which are determined in 
this paper, including e/m from 1*7591 ±0*0004 to 1 *7690 ± 0*0004 e.m.u. g."^. 
Furthermore, Birge considers that the value 9673*48 of ejM^ we have used 
should be lowered to 9591*4^ ± DO,. If this value is accepted as well as the 
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new value of F our value of will be raised from 1837*4^ to 1837*7^* 

This change in makes a small change of 0*0084 cm in the value 
of i?Qo from 109737-272 to 109737 - 263 ^ ± 0*020 cm. R.M.s. error which is what 
it was before applying the Barrell and Sears ( 1939 ) correction.] 
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Statistical thermodynamics of super-lattices* 
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(Received 19 October 1939) 

1. Introduction 

There is no need to define super-lattices, since they have been so freely 
discussed in recent years. An excellent summary of the subject, with 
complete references to the literature, has been given by Nix and Shockley 
( 1938 ). The application of statistical mechanics to the theoretical develop¬ 
ment is due to Gorsky ( 1928 ) and to Bragg and Williams ( 1934 ). Improved 
approximations have since then been introduced by Bethe ( 1935 ), Peierls 
( 1936 ) and Kirkwood ( 1938 ), all of which are fully reviewed by Nix and 
Shockley ( 1938 ). We shall therefore be able to confine ourselves to a com¬ 
parison, at a later stage, of their formulae with those which we shall derive 
here. 

We introduce in this paper a new method of approach which we shall call 
the qmsi-chemical method. The method was first devised and used by 
Guggenheim ( 1935 ) in a treatment of regular solutions. An error in this 
treatment was corrected by Rushbrooke ( 1938 ), who showed that the correct 
treatment by the quasi-chemical method is equivalent to the use of Bethe’s 
method in its first approximation. It has recently been shown (Guggenheim 
1938 ) that the quasi-chemical method is equivalent to the method of Bethe, 
and in certain respects more convenient to use, not only for regular solutions 
but for a whole class of assemblies which may be called regular aBsemblies, 
The class includes regular solutions, monolayers on solids, solutions of 
hydrogen in palladium, and mixed crystals, provided there is no long-range 
order. We shall here show that the last proviso may be removed; the quasi- 
chemical method may be applied with equal rigour and convenience to an 
assembly in which long-range order is present. In the first part of this paper 
we shall confine ourselves to alloys such as /?-bras 8 , in which in the ordered 
state there are equal numbers of lattice points of each of two types a and 6 , 

• This paper was written for the Physics Conference at the International Exhibi¬ 
tion at Zurich and oommimicatod to the organizers at the end of June. Owing to the 
war it has become necessary to withdraw it and make other arrangements for 
publication. In the meantime a paper by Bethe and Kirkwood ( 1939 ) hw appeared 
giving some of our more important results without proof. 

[ m ] 
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all the nearest neighbours of a's being 6*s and vice versa, and equal numbers 
of atoms of each of two types A and J5. This is the ideal case and the simplest 
example of an assembly showing long-range order. We discuss the new 
method and compare it with the older methods in full detail for this case^ 
showing that it is equivalent to Bethe’s method in its first approximation. 
In this comparison the precise statistical significance of Bethe’s method 
becomes fully apparent, for perhaps the first time. We then proceed to 
apply the new method to the more general case, by removing the restric¬ 
tion to equal num bers of atoms A and B, The superior power of the quasi- 
chemical method becomes evident at this stage. It should also be applicable 
more widely to other types of lattice. 


2. The energy of a orystaIj composki) of equal numbers 
OF ATOMS A AND B 

We start by considering a crystal composed of 2iV atoms, of which N 
are A's and N are jB^s (o.g. y?-brass; A = Cu, B s Zn). The pi*e8ence of long- 
range order means that one can distinguisli two types of lattice points a and 
b\ each a is assumed to have z sites 6 as neighbours, and each 6 to have z sites 
a (in yS-brass, 2 = 8). 

Let us denote by Nr the number of a sites occupied by A atoms; here Nr 
will also be equal to the number of b sites occupied by B atoms. The number 
of a sites occupied by S’s, and the number of b sites occupied by A*^ will 
both be W(1 - r). There are in the crystal zN pairs of neighbouring sites oft, 
whose arrangements must now be specified. We use the symbols Aja, etc. 
to mean an atom A on a site a, etc.; and Aja, Bjb, etc. to mean a pair of 
neighbours AB of which the A is on an a site and the ^ on a 6 site, etc. In 
any configuration of given r we have the following relations: 

[Ala, B/b] + [Ala, A/b] = [A/a, B/b] + [B/a, B/b] = zNr, (2-1) 

[A/a,Aib]^[Bla,Ajb] = zN(l ^r). (2-2) 

in which the [ ] denote the numbers of pairs of the type specified by the 
enclosed symbols. It follows that one more parameter is sufiBoient to 
specify the most general possible arrangements of pairs for given r. We use 
a parameter x, so defined that zNx is the number of pairs of type A/a, Ajb. 
In the perfectly ordered state x ^ 0, The number of pairs of each type for 
given r and x is shown in table 1. 

The current theories of super-lattices all assume that the configurational 
energy is equal to the sum of independent contributions due to each pair of 
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neighbours. Denoting the contribution of an AA pair by Xaa> 
using table 1 , the energy of a configuration of given r and x is found to be 

+ zNx(Xaa + Xbb - ^Xab\ 

independent of r. Writing 

2 X = Xaa + Xbb - ^Xab, ( 2 - 3 ) 

we see that the configurational energy is 

^N(Xab + ^^X)- ( 2 - 4 ) 

Thus 2x i 8 the work required to replace two AB pairs by an pair and a 
BB pair. 


Table 1. Numbers of pairs for a simple ab lattice 

OCCUPIED BY EQUAL NUMBERS OF AND £’S 

[i4/o, i?/6] lAla^Ajh] [i?/a, B/6] [B/a, ^/6] 

zN(t--x) zNx zNx zN(\—r-^x) 


To determine the equilibrium properties of the alloy the essential problem 
is to determine the average or equilibrium value z of x. The quasi-chemical 
method consists in making the assumption that, in the equilibrium state, 


[ Ala,Blb}[Bja ,Alb] ^ 
[Ala,Alb][Bla;Blb-\ 


( 2 - 6 ) 


If we replaced the right-hand side of the equation by unity, we should obtain 
a random distribution of pairs (consistent with a given value of r), and this 
approximation leads to the formulae of Gorsky and of Bragg and Williams. 
The exponential factor favours the configurations with pairs of lower energy 
at the expense of those of higher energy in the manner characteristic of a 
chemical dissociative equilibrium, since — 2x is the amount by which the 
energy of the two AB pairs in the numerator on the left-hand side of ( 2 * 6 ) 
exceeds that of the AA and BB pairs in the denominator. We shall not at 
this stage attempt any more rigorous justification of ( 2 - 6 ). The analogous 
formula in the absence of long-range order has been discussed at length 
(Rushbrooke 1938 ; Guggenheim 1938 ) and leads to acceptable results. For 
the present we treat ( 2 ’ 6 } as a reasonable guess and examine the conclusions 
to which it leads. 

Using the values of table 1 , we obtain for equilibrium a; *= 2 , 
(r- 2 )(l-»- 2 ) = 2 *e*x/**’. 


( 2 - 6 ) 
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with the relevant root 

* “ ^ 1 ) 


(2-.7) 


giving the equilibrium value of x for given r according to the quad-chemical 
method. If we introduce the usual long-range order a defined by 


r = i(l+a), (l-r) = 4(l-a), 

formula (2-7) becomes 


(2-8) 


(2-9) 


Substituting this value of x for x in (2*4), we obtain for the equilibrium 
energy E{s)oi the crystal, averaged over all states of given long-range order a, 

m Xab + 

Nzx X ~ ^ 

which can be written in the alternative form 


^ __iz**_ /ft.in 

If we replace the exponential in (2'11) by unity, we see at once that we 
leoover the approximation of Bragg and Williams, 


) _ Xab 

Nzx X 




( 2 - 12 ) 


3. The free enkroy for given long-range order 


From formula (2-11) for the equilibrium energy E{8) we can derive the 
free energy F(a) for given a by integrating the thermodynamic relation 


0 ( 1 / 7 ) ■ 


E{a). 


(3*1) 


If the fixed limit of integration is taken at 1/7 = 0, 7 = oo, the integration 
constant in F{a)IT is -Alogg'(«), where g{a) denotes the number of 
distinguishable configurations of given a, and is given by 

r T 

“ L(i^r)! (JV-i\rf)!j ’ 

log g(8) - iV{2 log 2 - (1 + a) log (1 «) - (1 - «) log (1 - a)}. (3-8) 
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A detailed derivation of this formula is given, for example, by Kirkwood 
( 1938 ), as well as in several others of the papers referred to. 

Using ( 2 ’ 11 ) and (3-3) in the integrated form of (3’1), we obtain 

(l 4 .«)log(l+«) + (l-«)log{l-s)- 21 og 2 + 

riXikT /2y\ 

{l + (l-: 8 *)(e*x/*r-l)}* + l 

To evaluate this integral we may conveniently use the substitution 

{l + (l- 52 )(g 2 A£/Ar_l)}i ^ a, (3'6) 

when the integral rationalizes and we find 

= (l+«)log(l+ 5 ) + (l-«)log(l-«)- 21 og 2 + 

+ j(l + s) log^^ + (1 - s) log - 2 Iog^™j. (3-6) 

We observe incidentally that, if we choose to take as energy zero the 
completely ordered crystal, Xab — all terms in Xab ^ omitted 

throughout. We prefer, however, to keep our formulae independent of any 
arbitrary choice of energy zero, especially since there has been occasional 
confusion on this point. 


4. Equilibbiom state at a given tbmfebatubb 


Having obtained an explicit formula for the configurational free energy 
■F(a) as a function of T for any given «, we have now merely to minimize 
F{«) at each temperature. The value of s so determined is then the equi¬ 
librium value of a at that temperature, and the remaining equilibrium 
properties follow at once by using this value of «in F{8) and E(8). For high 
values of x/hT the minimizing value of « has a value greater than zero, 
which decreases as xl^T decreases. At a certain value of x/hT ( 2 :0-288) the 
minimizing value of a becomes zero, and remains zero for all lower values of 
X/hT. All this is well known, and it is only the exact quantitative deductions 
obtained by the quasi-chemical method that call for comparison with those 
obtained by other methods. Using formula (3-6) for F(«), we find with the 
help of (3*5) that 


1 dF(8) 
NkT da 


1 -L o 

(ia-l)log~-i-Jzlog 


a-f« 
a —a’ 


1 a*F(«)_ 2-2 2 

NkT 0a* " l-a*'^<x(l-a*)‘ 


(41) 

(4-2) 


Vol. 174. A, 


>3 
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All stationary values of F(s) are given by the root of 

(4-3) 

\ z/ 

Equation (4*3) is always satisfied by « = 0. At temperatures less than a 
Curie temperature Tg, it is also satisfied by another value a”* of a. It can be 
verified algebraically that, when T<%, a - s* gives the minimum and 
a = 0 a maximum of jP(a). The equilibrium state is therefore given for 
T < IJ. by a = a* > 0. When T > IJ, the only stationary value is a == 0 and this 
gives the minimum of F{s). When TkT^ there must be some point of in¬ 
flexion between a* and 0 at which d^F{s)/da^ = 0. As T -> 7J,, a* 0 and so 
therefore must the inflexion. It follows that is determined by the simul¬ 
taneous satisfaction of the equations 


d^F(s) ^ 

aa* ’ 


.. 0 , 

OS 


(4-4) 


Using (4'1) and (4'2), these conditions reduce to a = 2 /( 2 - 2), or 

ex/**** = z/(z-2). (4‘6) 

jjl? = log“~-2. (4-6) 


This is exactly the Curie temperature given by Bethe’s method. Equations 
(4-3) and (2’9), which may be taken in the form 



l-4-a 

(4-7) 




X a+l’ 

(4-8) 

with 

{1+ (]-««) (e**/*^-1)}4 a, 

(4-9) 


supplemented of course by F(s) if required, give the equilibrium state 
according to the quasi-chemical method. 


6. EqUIVALHNOB OB THE QTTASI-CHEMIOAL AND BkTHE’S METHODS 

The identity of (4'6) for T* with the corresponding equation given by 
Bethe suggests the possibility that the results of the two methods, in this 
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case at least, are identical. The set of equations containing the resutts of 
Bethe’s method for this case may be put in the form (Bethe 1935 , § 6 ) 


l + « 




E(s) = const. + ^ . 

where e is a parameter given by the correct root of the equation 


^ "" L'e + e^J ' 


( 6 - 1 ) 

( 6 - 2 ) 


(6-3) 


Somewhat surprisingly equations (4-7-4-9) and {5* 1-6*3) are fully equivalent. 
We can combine equations (6*1, 6*2) to give an expression for J&(«) of the 


form 

const. + Nzx^il — s)j(e + 


If we define e', not yet necessarily Bethe’s e, by the equation 

e' l-f« 

a+r 


(6*4) 


80 as to make the energy expressions (4*8) and (6*2) agree formally, and use 
equations (4*7) and (4*9), we can show that e' also satisfies (6*1) and (6*3) and 
is therefore identical with Bethe’s e. 

These elegant tricks are, however, far from satisfactory as a complete 
account of the relationship. By returning to the foundations of Bethe’s 
method one can establish its complete equivalence to the quasi-chemical 
method for lattices of this type for any values of the atomic ratios, not 
merely for equality. 

The essence of Bethe’s method is the construction of a grand partition 
function for a sample group of sites; in Bethe’s own exposition for an a site 
and its z neighbours 6, and for a b site and its z neighbours a. When the 
central site is an a site, the configurational factor in the grand partition 
function for the sample is of the form 

•S’" = + ^BVAB^)^ + ^Bi^AVAB^ + >^B^BB^bY^ («•«) 

In this expression the A's are the distribution parameters or absolute acti¬ 
vities of the atoms A and B\ etc. are a shortened notation for e-XAjl^T^ 
etc.; and the ej, are Bethe’s correcting factors for the average effect of 
the rest of the assembly for an A and a B atom on a site b as neighbour to 
a central site o. There is a corresponding expression for a group with a 
central site 6 which we need not trouble to write down. The fundamental 



196 


R. H. Fowler and E. A. Guggenheim 

assumption of Bethe’s method is that the other interactions can be allowed 
for in the mean by correcting factors of this form whose values are to be 
obtained by an equation of consistency. Now it is an essential property of 
any type of partition function that its terms are proportional to the fraction 
of time that the assembly occupies the corresponding states or configurations. 
If therefore we select a pair of sites consisting of the central a and a particular 
neighbour 6, the corresponding terms in the partition function (6-6) for 
a pair Aja, Ajb are 

there are similar expressions for the frequency of occurrence of other types 
of pairs. We have therefore 

[Aja, Ajb] cc ^{^aVaa 

[Aja, Bjb] X A^. ^bVab ^b^^aVaa^ + ^bVab^Y"^’ (B-Q) 

[BjajAjb] X Aj 5 . A^i/^p + ^jtVBB^BY~^y 

[Bja, Bjb] X Ajg . ^bVbb^b{^aVab^a + ^bVbb^bY~^- '• 


On forming the ratio [d/a, B/6][B/o,A/6]/[A/o,A/6][B/o,B/6] we find 
from these equations 


[Ala.BjbnBla.Alb ] 

[Aja, Ajb] [Bja, B'fb] ti^B 


(B-7) 


which is precisely the fundamental equation (2-6) of the quasi-chemical 
method. Since all the equilibrium properties of the alloy follow thermo¬ 
dynamically from (2’6), we may infer from the identity of (6-7) and,(2'5), 
together with the self-consistency of Bethe’s equations, that two 
methods are completely equivalent. This inference holds here for all atomic 
ratios, not merely for the special case of equality, for which we have already 
verified it in detail in the earlier part of this section. 

From the way in which the extra factors ( )*-* eliminate themselves 
from (6‘7), it is clear that it is unnecessary to consider in Bethe’s manner a 
group of z +1 sites. A group of a pair of neighbouring sites is sufficient and 
fully equivalent, since in this type of lattice the neighbours of a site are not 
nearest neighbours of each other. If we construct for a pair of neigh¬ 
bouring sites, we find 

-S** = ^A(^AVAA^'^^BVAB^)'^~^B(^AVAB^A + ^BVBB^)y (®‘®) 

in which the g’s are appropriate correcting factors for the interaotion of one 
atom of the pair with aU other atoms except the other atom of the pedr. 




Statistical thernudynamics of super-lattices 197 

It is poBsibie, but not necessary, to correlate these f *s with the e’s in (5*6). 
We then find 

[A la, A lb] X 

and three similar formulae, which lead as before to (6-7), 

It is of some importance to observe that z does not enter the fundamental 
equation (2-5) or (5*7) at all, and only enters the final formula for E{a) or 
F(s) as the ratio (| 2 ) of the number of pairs to the number of sites, because 
the two parts of F(8) depend, one on the number of pairs, and the other on 
the number of sites. 

The results of Bethe’s method for a simple ab lattice with equal numbers 
of atoms A and B have been thoroughly discussed elsewhere. Since the 
results of the quasi-chemical method are the same, we need not discuss 
them further in this case. 


6. Comparison with Kirkwood’s rkstjlts 

Kirkwood ( 1938 ) has given an expansion for F(s)INkT in powers of 
XikT, up to and including the term in (xlkT)^, which is exact for the assumed 
model, in which the only interactions are those between pairs of nearest 
neighbours. It is easy to study rigorously the accuracy of Bethe’s or the 
quasi-chemical method by expanding F(s)INkT as given by (3*6) in powers 
of x/fcT- We find by expansion that 

( 6 - 1 ) 

Equation { 6 - 1 ) agrees exactly with Earkwood’s result ( 1938 ), when allow¬ 
ance is made for the different notation and an error of sign in Kirkwood’s 
last term is corrected, the necessity for which was pointed out by Chang 
(I939«)- 

The accuracy of the quasi-chemical method for higher powers of x/kT 
cannot be estimated in the absence of exact formulae of Kirkwood’s type 
for these higher terms. 

In case comparisons between the result of the quasi-chemical method 
and accurate expansions in powers of l/T beyond 1 /T* may some day be 
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possible, we include the result of expanding (3*6) in powers of Af/ifir up to 
and including {xIkT)*. It is 

(1 + s) log ( 1 + 8 ) + ( 1 - a) log {1 - ~ 2 log 2 + 

- {J + 308* - 10580 + ip8«) (1 - 8»)* ^ (6*2) 


7. Unkqtjal ntjmbbbs or atoms A an© B 

Even the formulae for a simple o6 lattice become very complicated when 
worked out in Bethe’s manner for unequal numbers of atoms A and B 
(Easthope 1937). The work is greatly simplified by use of the quasi-chemical 
method, and the results are naturally the same. 

Of the N sites o let Nr (r for right) be occupied by atoms A, and i\r(l — r) 
by atoms B. Of the N sites b let Nq (q for queer) be occupied by atoms A, 
and.A7^(l — 9) by atoms B. We may without loss of generality assume that 
1, i.e. fewer .d’s than B’s. Let us define x as before so that zWo; is the 
number of pairs (A ja , Ajb ). Then the zN pairs of neighbouring sites must be 
occupied as in table 2. 

Table 2 

[Ala,Bjb] [Ala,Alb] [Bja. Bjb] [B/o, ^/6] 
zN{r—») zNx zN{l—r—q+x) zN{q—x) 

The formulae establishing table 2 are simple extensions of (2-1) and (2*2). 
The configurational energy is now 

zN(r + q)xAB + ^N(^~r-q)xBB + zNx{Xaa + Xbb - ^Xab), 
or, for shortness, E^ + zNx2X‘ (T-l) 

is then the configurational energy for the greatest possible order, and x 
is still defined by (2*3). 

The equation of quasi-chemical equilibrium is 


{r—x){q—x) = f(l-r-g-|-x)e*x/k2’. 


( 7 * 2 ) 
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The relevant solution is 


_ {l + [2(l-r-g') + 4r^]y + (l-r-g)»y»}*-l-(l-r-g)y ,, ,, 

a;.. .._ (7 3J 

where we have written, for shortness’ sake, 


y = e^xffcT^i^ 


(7*4) 


The equilibrium configurational energy is given by substituting x from (7*3) 
for X in (7*1), being then given as a function of r and q\ these variables are 
equivalent to the long-range order and the atomic ratio. If is the 

number of A atoms, r + t? ^ 1 is equivalent to 6^ ^ We may defime the 
long-range order 8, in accordance with the usual convention, so that the 
number of A atoms on a sites is N6j{l We then have 


T = 


l-r^Os-dj^a] 
!-(?= + 




(7-5) 


In terms of djj and 8 

_ ^ (1 -f [2{dj,-0j) + 4gj (l -a^)] y + {d„-0^ry^}i -1 - 


= {1 + [2(6>^-gj4- 4gj(l -^»)]y+ - (dj,-0J y 

Nzx y 

(7-7) 

F(a) -Eo^-kT log g(N, 6^, a) + {E{a) - • (7*8) 


The number of distinct configurations g{N, r, q) or g(N, is now given by 

N\ N\ 

g{N,r,q) = ^2f- Wi\(Nq)\\N-Nq)\' 

On converting to 6^ and a we find that 

log g{N, e ^,«) « - N[{dj^ + d^a) log (0^ + ^«) + log (0^ - 0ja) + 

+ (0A - 0aS) log (Ga - ^A^) + +Oa^) log (0s +(7-10) 


On changing the variable of integration to y by (7-4), so that 
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we can reduce F(s) to 

+ Ba^) log {Ba + B^8} + (ds - e^8) log (dg - 6^8) + 

+ {B^ - Ba f>) log {Ba -BaS) + {Bg + Bj^8) log {dg + 6^8) + 

, ,jy{I + mdg-dA) + 4(9i(l -«*)]y + (Bg-- 1 - {Bg-d^)y 

. y{y^W~~~ . *'• 

(7-12) 

The second (integral) term can also be written in the form 




^ {1 + [2(0„-^) + 40i(l -fi=>)]>+(0,,-6i,)W+ 

This second form can be evaluated by the usual procedure of factorizing the 
radical in the form 

l + mBg-0A) + ‘^B%{\-8^)]y+{0g~0Aftf = {{BB-BA)y+p}{(BB-BA)y+p'}, 

(7-14) 

and making the substitution 


The integral reduces to 
i?4ei(l-8>)2(jp'-,p)x 


' (Bg-BJjy-^-p 

XBB-B^)y+p‘ 




(7-16) 


I (Plp')i (/? + 1) [/?(;>' - 1) + (1 - i>)] [A?>' - - (7> - +<?,)] 


. (7-16) 


which gives an expression involving logarithms of functions of p, p’ and p. 
We shall not trouble to write this down explicitly here, since the explicit 
value of F(s) can be derived in a complete form even more simply by the 
method expounded in § 8. The determination of a requires the evaluation of 
dF{8)/ds, and this is so much simpler than !’(«) that we shall give the 
complete expression. On differentiating the form (7*12), we find 

I ms) _., (i+s)(g^+M 

NkT Ss ~ ^ ®*(1-«)(6!b-M 




(1 + y) {I + [2(4 - dj + 4^i(I - ««)] y + {0g - 0^) V}» * 

(7-17) 
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On making the substitution (7-16), we find that 


(7.18) 


On evaluating the integral and reducing to the original variables, we find that 

NkT da ~ a) {Os -O^s) 

- iz{2d^) log^ \ ~ [y ^ ^ ~ ■ (7-19) 

Alternative forms of the second logarithm are 

(l+j^)(l+a)(0^+d^s) 


■\z(20^)\Qg- 


0B + 0^8^ + {ds-d^a^)y^a{...r 


(7-20) 


^ (1 — a) {6s —Oj^a) _ds +^«*+ (^B ~y + *(• • -iO 


(7-21) 


By using the form (7-21) it may be readily verified that this 3i^(«)/9a reduces 
to the form (4.1) when Os = 0^ = ^. 

The evaluation of d^F{a)/da^, and its use to determine the Curie tem¬ 
perature as a function of concentration, is also a simple matter, using any 
one of the forms for dF{a)/5a. It is hardly worth while writing down the 
complete expression. It is found that 0*i^(s)/0s® = 0 for « = 0 when 


z-2 ^ {[\ + {0B-0A)y]*+^yY 
2 1 +y 


(7*22) 


while dF{8)lda always vanishes for « = 0 . It may be shown further that a 
non-zerqjDot of dF{s)ld8 = 0 always enters at« = 0, so that equation (7.22) 
determines a Curie temperature, as in the simple case ^ = 1. Solving 
(7'22)fory, wefind 

1 - e»xiicTc « {l - {Os-eJ^. (7.23) 

This equation, previously obtained by Easthope ( 1937 ) using Betbe’s 
method, gives the complete variation of 7], as a function of concentration to 
this approximation for the simple ab lattice. The maximum value of 7J, 
occurs iat = Os™ \- 

We shall not pursue the analysis further, since we already know that the 
results we shall obtain are equivalent to those of Bethe’s method in a form 
which has already been given by Chang ( 1938 , 1939 a). 
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8. As AFPEOXIMATE COMBINATORY FORMTTLA AS A 
BASIS FOR THE QTTASI-OHEMIOAL METHOD 

We have so far treated formulae (2*4) or (7*2) as fundamental hypotheses 
of the quasi-chemical method, which we have introduced without further 
support than their own inherent reasonableness, by analogy with the law 
of mass action in gaseous chemical equilibria. We shall now show that these 
formulae, more particularly {7*2} which included (2*6) as a special case, are 
equivalent to an approximate combinatory formula for the number of 
configurations of the assembly with given values of r and q and a given 
value zNx, of the number of pairs, [Aja.Alb], If we could assume that 
the number of such configurations may be calculated as if the various types 
of pairs do not interfere with one another, then, since there are zN pairs 
grouped as in table 2, the number of configurations would be 


{zN{r — x)} ! {zNx }! {zN{l - r — g + x)}! {zN(q -*• x)} ! ‘ 

This is of course incorrect, firstly because the different pairs do in fact 
necessarily interfere with one another at least to some extent, and secondly 
because (8* I) would not give, when summed over all values of a;, the correct 
total number of configurations. We can remove the second defect by in¬ 
serting a normalizing factor independent of x, and writing for the number 
of configurations g{N, r, q, x) 

g{N, r, q, X) = h(N, r, q) ^ . 

( 8 - 2 ) 

We can moreover evaluate h{N,r,q) in (8'2), at leant approximately, 
without much trouble. For 


2:^g{N,r,q,x) = g(N>r,q), 
and on using (7-0) we find 
A/ AT \ V 

' ’*{ziV(r-i)}!{*iV^x}!{ai^(l-r-g+»)}!{2¥(V-x)}! “ 

__ N[ Nl ,, 

{Nr )! (N - Nr)[ '{Nq)\ {N- Nq )!' 

Now we can sum the Tj, in (8'3) with sufficient accuracy by identifying Nto 
with its maximum term. The maximum term is determined by the condition 

{r-x)(q-x) =:^x{l-r-q+x), (8-4) 

X * rq, ( 8 - 5 ) 


which gives 
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fche value of x which corresponds to purely random arrangements of pairs 
of neighbours. It follows that, with sufficient accuracy, 

htN \ 

^ ! {N-NrjT(Nqf\ (N- Nq )! 

{zN(r - rq)} ! {zN !{ 2 jV(l -r~q + rq)}]{zN{q-rq)}\ 

X-- . (8 6) 

The corresponding explicit expression for g(N, r, q, x) is 

(JV!)2 

9iS,r,q,x) = 

{zN{r-rq)}\ {zNrq] ! {z N(\-r-q + r q)}\ {z N(q-rq ) }! 

\zN\r — x))\ {ziVa:} f {zN{ 1 — r — gr + x)}! (zlV(g — x)}! ' ' 

So far we have merely been investigating the form of g{N, r, q, x) to which 
our suggested approximation for the number of configurations of given x 
leads us. We have now to apply the result to the thermod 3 mamic problem. 
Since by (T-l) the configurational energy for given x is E’^ + zNxiXt i'J’® 
configurational partition function for given r, q, in this approximation, is 

2"^ g(N, r, q, x) c-(iE”+*-v*ax)/kr. ( 8 - 8 ) 

It follows that F{r,q) and E{r,q) may be derived at once from ( 8 ' 8 ) by 
searching for the maximum term in ( 8 * 8 ) and so evaluating this part of the 
partition function. The condition for the maximum term, x = x, gives 

(r — x){q — x) =‘ x{l — r — q + x)e*x*^, ( 8 * 9 ) 

which is precisely the condition (7-2) for quasi-chemical equilibrium. It 
follows at once that the hypothesis of the non-interference of pairs, and the 
approximate combinatory formula for numbers of oon%uration 8 to which 
it leads, also les/d to all the equilibrium results which we have deduced by 
the quasi-chemical method. The two assumptions are in fact exactly equi¬ 
valent to each other; what we have just proved may be described by saying 
that the hypothesis of the non-interference of pairs, (8'7), implies all the 
results of the quasi-chemical method. The converse implication, which 
completes the proof of equivalence, has been proved recently in a paper by 
Chang ( 19396 ). He has shown that the equations of Bethe’s method for 
this case, which we have seen in § 5 to be equivalent to a quasi-chemical 
equilibrium, imply a combinatory formula which is equivalent to (8*7). 
We refer the reader for a proof to Chang’s paper. 
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It will be observed that, if we evaluate the logarithm of the partition 
function ( 8 - 8 ), we evaluate F{r, q) or «). This is much the most direct 
and simple method of writing down F{r, q) or F(dj^, a) expUoitly, and we 
give the result, since it is not unlikely to prove of general utility in the 
future. By the general formula relating free energies and partition functions, 
using ( 8 ’ 8 ), 

F(r, q) =^-kT log g(N, r, *) + + zNx2x, ( 8 - 10 ) 

where x is the relevant root of (8-9), that is, by (7-3), 

_ {l + [2{l-r-q) + irq]y + (l-r-q)»y^f-l-{l-r-q)y 

--- — - 

y being short for i The values of 6^, and a in terms of r and q, 

according to (7'5) are given by 


" = (^A = W+q)- (8-12) 

Then 

Fir a) — E’> 

— WM '— “ [rlogr + (l-r)log(l-r) + 2logg' + (l-<j()log(l-g')] + 

+ *[(r —*)log (r —S) + S logi + (1 -r—91 + *) log (l — r — 9 + ») + (9 — *)log(9 — *)3 — 

— ^[{r-rglloglr —r9) + r9logrg' + (1 -r-9 + r(/)log(l —r —9 + r9) + (g—r 9 )log(g-r 9 )] + 

+ z^x, ( 8 - 13 ) 

where x maximizes F{r, q) as a function of x, and is given by (8-11). It may 
bo shown that in the simple case when \ or r-^q= 1, F(r,q) 

given by (8-13) reduces to F(a) given by (3*6), and further that dF{a)lda 
calculated from (8-13) agrees with (7*21). In computing dF{a)lda we need 
not vary x. 

Equation (8*13) contains the whole of Bethe’s first approximation, or 
the quasi-chemical method in its simplest and at the same time its most 
powerful and complete form. 


9. FtTRTHBE APPLICATIONS OF THE QOASI-CHBMIOAL METHOD 

In this paper we have merely examined by the proposed new method the 
details of the formation of a super-lattice in a lattice of the simplest 06 type. 
The new method, however, is so much more direct than Bethe’s method as 
usually applied, that one is encouraged to formulate its applioation to more 
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complicated types of lattice, in which super-lattice formation can be 
treated by Bethe’s technique only with considerable difficulty. 

Peierls ( 1936 ) has already discussed an ab^ lattice of the type found in 
CujAu by an extension of Bethe's method. He uses an approximation in 
which all the interactions between nearest neighbours in a group consisting 
of a central atom and its twelve neighbours are included explicitly, and 
other interactions taken into account by means of the e factors. This is an 
approximation in which the group contains rings of ,three nearest neigh¬ 
bours, and is more elaborate than any case which can be treated directly 
by the quasi-chemical method. Peierls dismisses as insufficiently accurate 
in this case an approximation which could be treated quasi-chemically, 
and no results have been given for such an approximation, in which one 
proceeds on the basis of the effective non-interference of pairs. In view, 
however, of ( 1 ) the intractable nature of the equations resulting from 
Peierls’ approximation, ( 2 ) the certainty that the results of the quasi- 
chemical method will be at any rate more accurate than those of Bragg and 
Williams, and (3) the comparative simplicity of the equations, it seems well 
worth while to derive the results of the quasi-chemical method for ab^ 
lattices (CugAu type) and for other simple close-packed lattices. Their 
study seems likely to prove extremely helpful to a better understanding of 
the process of ordering in such lattices. Beside the ab^ type one can study 
in a similar way an ab close-packed lattice of CuAu type in which order 
means alternate planes of unlike atoms (Wilson 1938 ). It is more than 
likely that the method is of still wider application, since it provides in all 
cases an approximation at least one stage better than that provided by the 
approximation of Bragg and Williams. The results of course are no longer 
identical with those of an approximation as elaborate as that used by 
Peierls. Results, however, obtained by the systematic exploration of the 
hypothesis of the non-interference of pairs (the quasi-chemical method) 
may nevertheless prove of considerable value. 

Summary 

This paper establishes the precise statistical basis of Bethe’s method of 
discussing order-disorder phenomena in super-lattices in Bethe's first 
approximation. It shows that for cubic lattices of the type here considered, 
in which all points of one suj>er-lattioe have as nearest neighbours points of 
the other super-lattice only, Bethe’s first approximation is equivalent to 
the use of a method which we call the quasi-chemical method. The quasi- 
chemical method is an approximation which proceeds by assuming that 
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the bond between any pair of nearest neighbours may be treated as if it 
were a chemical molecule, and the number of arrangements with given 
numbers of bonds as if the bonds did not interfere with each other. This 
method had previously been devised by one of us for the class of assemblies 
called regular, but it has not previously been applied to assemblies with 
long range order. 

In the simple case considered, all the details of Bethels method and the 
quasi-chemical method and the approximation on which they are based, 
and the relationship between them, can be made perfectly explicit. There 
seems reason to hope that the greater power of these explicit methods may 
enable them to be applied successfully for more complicated lattices, for 
which at present only the much rougher approximation of Bragg and 
Williams can be carried through. 
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The absorption spectra of ethylene, deutero-ethylene 
and some alkyl-substituted ethylenes in the 
vacuum ultra-violet 

By W. C. Price and W. T. Tdttb 
Physical Chemistry Laboratoryy Cambridge 

[Plates 8, 9] 

{Communicated by R, G. W. Norrish, FM,8—Revived 14 August 1939) 

Because of the great importance to organic chemistry of the double 
C^C bond and the resonance effects which arise from the conjugation of 
double bonds, the electronic spectra of the molecules ethylene and buta¬ 
diene (see following paper) are of very considerable interest. Unfortunately 
it is not possible to obtain these spectra in emission since an electrical dis¬ 
charge tends to disrupt polyatomic molecules into diatomic fragments. 
However, the spectra can be obtained in absorption. It is found that the 
first strong bands appear in the neighbourhood of 2000 A and that they 
extend towards shorter wave-lengths far into the vacuum ultra-violet. The 
instruments which have been employed in this present investigation arc 
two vacuum grating spectrographs. These were used in conjunction with 
a source of the Lyman continuum which enabled the absorption to be fol¬ 
lowed down to about 1000 A (Rathenau 1933 ; Collins and Price 1934 : 
details of the experimental technique are given in these articles). A certain 
amount of earlier work has been done on ethylene and butadiene by Scheibe 
and Grieneisen ( 1934 ). As these authors employed the molecular hydrogen 
continuum in conjunction with fluorite spectrographs in their investigations, 
their measurements were limited to the region above 1660 A and under the 
circumstances no attempts at analysis were made. The extension of the 
investigations to shorter wave-lengths by the present methods has given a 
more complete picture of the absorption. From this and with the help of 
more recent ideas on the structure of these molecules it has been possible 
to arrive at a satisfactory analysis of the bands. A preliminary account of 
the spectrum of ethylene together with a tentative analysis has been given 
by Price ( 1935 ). By obtaining the spectrum of tetra-deutero-ethylene 
(and also CjHgD) to compare with that of CgH^ we have been able to put 
this analysis on a firm basis, to correct minor defects and also to correlate 
a great deal of additional data. 
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Tlie speotnuQ of ethylene is shoirn in %ore 1 , plate 8 ; tibeupper pioture 
is of heavy ethylene (CjD^), the lower one of light ethylene. Atpressmes of 
about 0‘01 mm. in a path length of 2 m., the absorption starts abruptly 
around 1746 A. It appears as a well-defined pattern of bands which extend 
down to about 1600 A. Below this wave-length there is a region of relative 
transparency, the next strong set of bands starting around 1390 A. It is 
clear that the pattern which appears in the neighbourhood of 1700 A is 
repeating itself here with some modifications and with smaller intensities. 
At shorter wave-lengths there is another region of transparency followed at 
about 1290 A by another set of absorption bands weaker than the previous 
ones. Comparison with the analogous systems in CjD^ and CgH,D and many 
other reasons indicate that the sets correspond to separate electronic 
transitions. In fact the spectrum is typical of a system of electronic bands 
converging to an ionization potential similar for example to that observed 
for acetylene (Price 1935 ). If the p^s of such a system are taken, then it is 
to be expected that they will fit approximately into a Rydbei^ formula, 
the limit of which will correspond to the ionization potential of the molecule. 
The lower members of such a series might be expected to deviate appreciably 
from the formula, though when the excited orbits are very large in comparison 
with the dimensions of the molecule the agreement should be better. The 
following Rydberg series were thus constructed for (a) C 2 H 4 and ( 6 ) C 2 D 4 . 

vj = 84,760-iJ/(n +0-91)* » = 2,3,4, etc. (lo) 

vj == 84,860 - JS/(n -f 0-92)» « = 2,3,4, etc. (1 b) 

Table 1. Obsbevbd and calculated febquencies of CjH* 

IN SBEiBs (la) and C2D4 in sbeibs (16) 


CjHi series (la) 


series (16) 

6 b«. 

Calc. 

Obs. 

Calc. 

57,340 

54,660 

67,620 

55,068 

71,790 

71,790 

72,020 

71,978 

77,600 

77,572 

77,710 

77,708 

80,215 

80,198 

80,360 

80,316 

81,625 

81,608 

— 

— 


The bands used to form the series were of course those which were in¬ 
dicated as being Pq in type from the &ot that they suffered a small shift to 
short wave-lengths in going from C2H4 to C^D^. It was found most desirable 
to choose the constants in the formula so that the third, fourth and fifth 
members fitted well. This is done because there are many good reasons fbr 
expecting the first member to deviate somewhat from such a series while 
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difitiBeoiMft and weakness of some of the higher members make their 
identifioation a little uncertain. Table 1 showstheagreementof the caloolated 
with the observed values. The values givmi are consideied accurate within 
10-16 

The ionization potential of ethylene deduced from the limit is 10*46 V, 
that of heavy ethylene being only about 0*01 V higher. This difference is 
of the same order as the difference between corresponding ionization poten¬ 
tials of C,H, and Cel>«. The possible error in the ionization potential intro¬ 
duced by the extrapolation involved in the formula is considered to be less 
than three or four hundredths of an electron volt. The electron impact value 
given by Kusoh, HustruUd and Tate (1937) is 10*80 ± 0*06 V The order of 
the agreement is that usually obtained between the electron impact atid 
spectroscopic values. It is clear that the absorption bands and the ionization 
potential associated with them refer respectively to the excitation and 
removal electron from the double bond The electrons in the basic 

[tr*]* single C—C and C—H bonds do not give rise to strong absorption until 
shorter wave-lengths (cf. ethane and methane starting around 1360 and 
1260 A respectively) and moreover they are expected to have considerably 
higher ionization potentials, about 12-13 V for C—C and ~14*6 V for 
C—H (Mulliken 1935). 

Evidence of two other much weaker Rydberg series going to the same 
ionization potential was found in ethylene. They were estabhshed definitely 
as different electronic systems by the fact that their v, bands were shifted 
to short wave-lengths by the isotope substitution. The first members of 
these two series start around 1518 and 1436 A respectively and subsequent 
members are given approximately by changing the denominators in (la) 
to (n + 0*4)® and (ra-(-0*7)*. 

It is significant that the term values of the series (1 a) in ethylene are very 
close to those of series II in acetylene where a n electron is also being 
rmnoved. Moreover, there is some indication that the ethylene bands are 
doulde headed and they are certainly shaded towards the red like these 
particular acetylene bands. (Also, as will be shown later, the reduction in 
00 valence frequency is of the same order in both oases (1974->>1786 in OtH,, 
1623-^1870* in 0«H«).) Since the acetylene series has been interpreted as 
(7rJ~^ nxoTg, the ethylene series probably has the analogous inter¬ 
pretation [x -t- x]-i ruaig, (for the explanation of the group theory 

notation see Mulliken 1935,1937). 
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Vibrational stritotubb 


It is clear that in ethylene, as also in acetylene, the main spacing of the 
vibrational pattern is due to a modified CC valence vibration* The separa¬ 
tion between consecutive pairs of the 1700 A pattern is about 1370 om.“^ in 
C 2 H 4 and 1290 cm*-^ C 2 D 4 . This is undoubtedly the totally symmetrical 
valence frequency of the double bond, i.e. which has a value of 1623 
cm*~“^ in the ground state (1516 cm.“^ in 021 ) 4 ). Although there are fifteen 
different vibration frequencies in ethylene, this frequency separation may 
be assigned to with considerable certainty for the following reasons; 
(a) the change in the frequency resulting from the isotopic substitution is 

1370 

about what would be expected from the mass factors, i.e. “ 1*062, 


j 


16 {CDa) 


, = 1-069; ( 6 ) the relatively small number of bands that appear, 

the intensity distribution in the progression and the fact that the bands 
are shaded towards the red, all indicate that there has been a small diminu¬ 
tion in the frequency as a result of the excitation, thus agreeing with the 
change in frequency 1623 1360 cm.-^; (c) the assignment is in agreement 

with the selection rules of Herzberg and Teller ( 1933 ) which state that in 
absorption from a non-vibrating ground state only totally symmetrical 
vibrations can appear strongly if the electronic transition is an allowed one; 
(d) as the electron being excited is one of the valence electrons of the 
double bond, it is clear that its excitation will set up vibration in this 
bond. If the excitation were of an electron from a CH bond, a CH valence 
vibration would be expected to appear which would be reduced as a result 
of the isotopic substitution by the rather large mass factor 1 /^2 and further 
the large diminution in vibration frequency from -3000 to 1370 cm. “^ 
would give rise to much larger zero pointenergy changes than those actually 
observed. Some difficulty is encountered in getting a good value of this 
frequency for the second Rydberg system of C 2 H 4 at 1390 A because the 
second members of the pattern seem to suffer an abnormal splitting. The 
mean value found was 1450 This is somewhat higher than the value 

1370 om.“^ obtained for the first (1740 A) system. This increase in might 
have been regarded as spurious if it were not for the fact that the 1390 A 
pattern is much clearer in the heavy ethylene and the separation there 
could be definitely established as 1360 cm.^^ compared with 1290 cm,“^ in 
the first Rydberg pattern. The value in the third Rydberg pattern of C 2 D 4 
which also appeared more clearly than in CaH 4 was 1330 cm.“^. Thus it se^s 
that the first Rydberg orbital is a little antibonding compared with the 
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subsequent ones* This is in agreement with its being found at slightly 
shorter wave-lengths than is predicted from the Rydberg formulae ( 1 ) 
(see table 1 ), and also with the greater zero point energy shifts found for 
this transition as compared with the higher Rydberg bands* Although for 
various reasons, no vibration frequencies could be established for Rydberg 
states higher than the third, there can be little doubt that the values of 
in these states and also in the ion is not far from 1450 cm.“^ for C 2 H 4 
and 1350 for The earlier tentative conclusion that it diminished to a 
low value is no longer tenable. Other good reasons for abandoning it are 
that as a single n electron only contributes less than one-quarter of the bond 
strength of the double bond its complete removal would not be expected to 
have a very large effect on the bond and secondly, if the frequency were 
actually reduced to a small value it would be almost certain that a great 
increase in the internuclear distance would accompany the change. Thus on 
the Franck-Condon principle, long vibrational progressions would bo 
expected to take the place of the short ones observed. This is not the case 
and in fact the shorter wave-length patterns contain fewer, not more, bands 
than the longer wave-length ones. 

The bands in the region around 1700 A appear in pairs. In the case of 
C 2 H 4 their separation is 470 cm.'*^; for C 2 D 4 it is 300 cm.' ^ The first band of 
the CaD 4 system is shifted to shorter wave-lengths by 280 cm.“^ relative to 
that of C 2 H 4 , in accordance with its character. The second is also shifted 
to shorter A but only by 95 cm.” ^ and it must clearly be regarded as a 
vibrational transition accompanying the main electronic transition. 'Some 
indication of the nature of this vibration is obtaine<i from the ratio of its 
magnitudes in the light and heavy molecules, i.e. 470/300 = 1*57. Tliis mass 
factor is closer to^D/H ^ 1-41 than .y^CDa/CHj == 1*069. The most likely 
vibration having this mass factor which can be assigned to such a frequency 
difference is that involving the twisting of the two CHg groups about the 
C==C bond. Its value in the ground state is not known exactly but is 
generally assumed to be 750-800 The separation in the excited states 
appears to have a constant value of 470 for C 2 H 4 and 300 cm."”^ for 
C 4 D 4 in the first, second and third members of the Rydberg series ( 1 ). An 
important intensity chan^ occurs in the bands of this small ‘"doublet” 
separation in going to the second, third, etc. Rydberg systems. While in 
the 1740 A system both components of the doublet are equally strong, in the 
1390 A and subsequent systems the long wave-length component is very 
much weaker than the short wave-length one. There seems to be no obvious 
explanation of this peculiarity. The weakening of the bands increases 
the diflSoulty of getting high members of the Rydberg series and also of 
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following the d vibration to higher electronic states. It is also rather strange 
that only one quantum of this vibration is allowed to appear at a time. This 
is perhaps not so very unusual as a similar instance occurs in the B and C 
systems of CHgl (Price 1936 ). It does appear, however, that C,H 4 which is 
plane in the ground state remains so in the excited and ionic states con¬ 
sidered here, since any appreciable departure from the plane ought to cause 
the appearance of many quanta of the twisting vibration. In contrast to 
these states is the somewhat weaker system appearing at longer wave¬ 
lengths (Snow and Allsopp 1934 ; Scheibe and Grieneisen 1934 ). This 
consists of a long diffuse progression with a frequency separation which has 
a mean value of about 750 cm.~^ though it varies over a range of 100 cm.“^ 
(possibly as a result of the difficulty in measuring these diffuse bands or 
because of the superposition of other frequency separations on the main 
pattern). This progression increases regularly in intensity from about 2000 A 
up to 1750 A after which there is difficulty in following it because of the 
predominating intensity of the Rydberg bands. There is no doubt, however, 
that it has its maximum at still shorter wave-lengths, and it seems in fact 
that it might identify itself with the continuous absorption having a 
maximum at 1630 A which apjiears as a background to the discrete Rydberg 
absorption in this region. The electronic transition associated with the 
progression has been interpreted as ( 7 r-l- 7 r)“>( 7 r —;r) or in Mullikcn’s more 
detailed notation as or F. Now it 

can be shown theoretically (Mulliken 1932 ) that the equilibrium position 
of this upper state is one in which the two CH 2 planes are mutually per- 
jiendioular*, thus a large number of quanta of the twisting vibration must 
be expected to be present in the transition. It is therefore possible that the 
750 cm.”^ difference corresponds to the twisting vibrations though it may be 
a reduced C=C valence vibration. 

An interesting feature of the spectrum around 1700 A is that an 
additional weak member appears in the pattern. It is situated about 
730 from the main bonds. It combines with the C—C valence vibra¬ 
tion but not with the vibration. It may possibly arise from a small 
amount of CjDgH present as impurity, being most probably some unsym- 
metrical vibration which becomes permitted because of the lack of symmetry 
of C 2 D 3 H. As no CgDjH was available at the time, it was not possible to test 
this hypothesis. However, the spectrum of was obtained, but was not 

found to exhibit any similar bands. It was nevertheless interesting in that 
all its shifts relative to C 2 H 4 were found to be about a quarter of those of 

♦ Inoidentally this is the explanation of ci»-t/ran$ photoisomerism by absorption 
of light in N^V type transitions. 
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C^J)^ relative to Thus the small pattern spacing attributed to 0=C 
twisting was found to be about 416 cm,“^ as compared with 470 om.“^ for 
C 2 H 4 and 300 for C 2 D 4 , and the large pattern spacing {C:==:C valence) was 
found to be 1360 compared with 1390 and 1290 respectively. The ionization 
potential had of course an intermediate value. 

Table 2 gives a list of frequencies of bands in the first Rydberg states of 
the molecules together with the vibration frequencies occurring in the 
pattern. The values in the column are obtained by subtracting one 
frequency from another two places above it; those of S by subtracting it 
from the frequency directly above. In addition to the frequencies given in 
the table for C 2 D 4 four others corresponding to a new type of vibration of 
--730 cm."^ were observed. They are 58,340,69,660,60,930and62,i95cm.'~^. 
Their differences which are 1310,1280 and 1206 respectively show the main 
C^C valence vibration while the separations from the main bands are 720, 
740, 740 and 735 respectively. 


Table 2 . Frequencies oe bands in 1700 A pattern of CaH 4 , C 2 D 4 and 

CjjHgD TOGETHER WITH THE VIBRATION FREQUENCIES CHARACTER¬ 
ISTIC OF THE PATTERN 


»'(C,H4) 


S 

PICK'D,) 


d 

V(C,HaD) 



67.340 



67,620 



57,415 



67.816 


475 

67,910 


290 

67,826 


410 

68,716 

1375 


68,910 

1290 


68,766 

1360 


69.185 

1370 

470 

69,200 

1290 

290 

69,180 

1366 

416 

60,070 

1356 


60,190 

1270 


60,100 

1336 


60,630 

1345 

460 

60,480 

1280 

290 

60,605 

1326 

405 

Very diffuse 


61,460 

1270 


61,400 

1300 


»* 



61,750 

1270 

290 

61,820 

1315 

420 


The shift to short wave-lengths of the Vq band of the 1750 A system* 
arising from the isotope substitution is 280 cm.“^. This is quite large com¬ 
pared for example with the shifts of about 40 found in CgHa > CaDj 
(Price 193 s) and of between 30 and 40 cm.^^ for (Price and 

Wood 1935 ). Itisevenlargerthan the shift of 203 cm.“^^ found for the 2600 A 
band of benzene [38,292 (CeH^)], the excited orbital of which 

is known to be strongly antibondingf {S|>oner, Nordheim. Sklar and Teller 

0 ) and <y* refer to the light and heavy molecules respectively, '' refers to the ground 
and' to the excited state. If the vibration frequencies are diminished by the exoita- 
tion, then this shift is positive. 

t It is worth noting that this fairly low value of 203 cm.”^ makes it highly im¬ 
probable that the OH vidonoe frequenoiea and most of the CH distortion frequencies 
are much afifeotod by the excitation. 
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1939). Thefre are two main factors which can account for such a large zero 
point energy shift and possibly both of them are contributing in this case. 
First, the upper state may be so strongly antibonding that even those 
vibrations which depend mainly on a mass factor of -^CH/CD are reduced 
to such an extent by the vibration that the zero point energy difference 
between the upper and lower states is changed considerably. Secondly, it is 
possible that those vibrations which are hydrogen-dependent are being 
considerably reduced by the excitation. It is clear from the spectrum that 
neither the hydrogen valence nor the “in plane” distortion frequencies are 
much affected by the excitation since neither of the modes or di\\ can 
reasonably be interpreted as being present in the accompanying vibrational 
pattern. Further, the reduction in the C=C valence frequency is too small 
to account on its own for the shift. There remains the d± and the S (twisting) 
vibrations both of which are hydrogen dependent. It appears from theo¬ 
retical considerations that changes in the frequency of the latter probably 
make the greatest contribution to the zero point energy shift. This can be 
supported by the fact that such a vibration seems to be present in the 
vibrational pattern where it is considerably reduced (by about 40 %) from 
its value in the ground state. According to the analysis given by Sponer et ah 
(1939) for the 2500 A system of benzene, there appears one vibration, the 
so-called vibration or the of Wilson (1934), which is reduced by about 
this amount (400 240 cm.“^) as a result of the excitation of the tt electron. 

This vibration is of a somewhat similar type to the twisting vibration in 
ethylene being actually a twisting of the benzene hexagon. It differs from 
the ethylene vibration in not being hydrogen-dependent. Thus it appears 
that the large zero point energy shift of benzene is probably due to the great 
antibonding and to the great number of vibrations affected, while that in 
ethylene is principally due to the fact that a vibration which is hydrogen 
dependent is strongly affected. 


SpKOTBA of THE ALKYn-SlJBSTITTTTED ETHYLBNE8 

The spectra of the various alkyl-substituted ethylenes are of interest 
because it is known from the work of Kistiakowsky and his collaborators 
(1936) that the heats of hydrogenation of double bonds are considerably 
affected by the nature of the groups attached to them. As the tt electrons are 
the ones which are involved in the hydrogenation process, it follows that 
their energy states are changed by such substitutions. These changes will 
reflect themselves in the spectra of these electrons. In fact the work of Carr 
and Stiicklen (1936, 1938) shows that the bands in the Schumann region ore 
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shifted progressively to longer wave-lengths for each hychogen whicdi is 
substituted. The long wave-length shift of the spectra and the diminution 
in the heat of hydrogenation show parallel effects with alkyl substitution 
as indicated in figure 3. We have used in this graph the shifts indicated in 
figure 3 of Carr and Stticklen ( 1936 ). It will be noticed that the greatest 
sliift for a single hydrogen substitution occurs in going from ethylene to 
propylene (~ 3600 a change which also corresponds to the hugest 

diminution in beat of hydrogenation (2*7 koal.). The smallest is in going 
from trimethyl ethylene to tetramethyl ethylene (2000 om.~^) and it corre¬ 
sponds to the smallest diminution (0*3 heal.) in the heat of hydrogenation. 



Fiaxntx! 3. Long wave-length shifts plotted against diminution in heat 
of hydrogenation with increasing alkyl substitution. 

The spe/cirum of propylene is shown in figure 2 . It is clear that the first 
strong absorption is shifted to long wave-lengths relative to that of ethylene. 
Most of the discrete structure which forms such a striking part of the 
absorption pattern of ethylene has been obliterated and the whole system 
has been fused into a region of diffuse absorption with a maximum around 
1730 A. After this there is a short region of transparency followed by 
another set of fairly diffuse bands occurring just below 1500 A and then 
another still weaker set just below 1400 A. If these last two sets are con¬ 
secutive Rydberg series members as seems most probable from their 
appearance, then extrapolation in a Rydberg formula suggests an ionization 
potential of about 9- 6 V. Support for this value comes from a recent electron 
impact value of lO’O V obtained by Delfosse and Bleakney ( 1939 ). Although 
it is 0*4 y higher than the one suggested here, this is in accord with the fact 
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that electron impact ionization potentials are usually a few tenths of a volt 
higher than minimum ionization potentials because they correspond to 
vertical ionization processes (cf. the spectroscopic ionization potentials of 
C|H«, CgH, are 10-46 and 9-19 V; the impact values are 10-8 and 9-6 V 
respectively). Further confirmation is supplied by the fact that the r^^ns 
of absorption of propylene lie very close to corresponding regions in ei«- 
dichloro-ethylene for which Mahncke and Noyes ( 1935 ) have found a fairly 
well-developed Rydberg series of bands converging to an ionization potential 
of ~ 9-6 V. They also obtain by electron impact methods a value of 9-7 ± 0-3, 
thus confirming the conclusion based on their spectroscopic interpretation. 
We consider the rather large drop in the ionization potential of the tt 
electron in going from ethylene to propylene(10-46 —9-6 = 0-86 V) to be due 
to the transfer of negative charge from the methyl group into the neigh¬ 
bourhood of the double bond. The ionization potential of propylene is of 
importance for comparison with that of butadiene. The discussion of this 
will be given in the following paper. 


BtTTKNE AND OYCLOHBXBNB 

Butene 2 (trana) is shifted to long wave-lengths relative to propylene. 
In fact the spectra of the alkyl substituted ethylenes can be classified into 
groups according to the number of C—C bonds adjacent to the double 
bond (Carr and Stticklen 1936 ). The molecules in each group have their 
absorption regions at closely the same wave-lengths and as the relative 
number of adjacent CC bonds is increased the groups are progressively 
displaced towards the red. Cyclohexene and even benzene fall into the butene 
group containing two adjacent CH and two adjacent CC bonds. The case 
of benzene is really a coincidence since its electronic structure is quite 
different from the other molecules. It just happens that the four mobile 
electrons in the outer doubly degenerate orbital have binding energy “fi” 
per electron, which is the same eui that for electrons in the unconjugated 
double bond. As these electrons are surrounded by the same relative num¬ 
bers of C—H and C—C bonds, it is therefore not surprising that the tran¬ 
sitions should occur at approximately the same wave-length. This is'really 
very fortunate since, while the more highly excited bands of butene and 
oyolohexene Are too diffuse for them to be extrapolated with accuracy to the 
photoionization limit, this procedure can be performed for benzene (Price 
and Wood 1935 ). Thus the ionization potentials of these molecules may be 
taken as about the same as that of benzene, i.e. 9-2 V, the estimate bring 
probably correct to within 0-06 V. In the same way it was found that the 
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speotnun of trimethyl etihylene fell very oloee to that of toluene ionization 
potentials ~ 8-75 V and that of tetramethyl ethylene oloae to that of ortho- 
xylene, the ionization potential of whioh is not known exactly but is 
probably ~ 8-3 V. 

Some general features of the first strong resonance bands of these sub¬ 
stituted ethylenes are worthy of comment. First, it seems that these bands 
tend to collect more and more of the intensity from the more highly excited 
bands as more alkyl groups are substituted for hydrogen atoms. This is 
true in the aromatics as well as in the simple derivatives. In tetramethyl 
ethylene and xylene almost the whole of the intensity is concentrated in the 
first band. Secondly, although this band shifts to long wave-lengths with 
alkyl substitution, the shift is considerably less than the diminution in 
ionization potential. This indicates that the upper state is becoming in¬ 
creasingly antibonding with the alkyl substitution. Possibly some explana¬ 
tion of this may be forthcoming in terms of Mulliken’s ideas on hyper¬ 
conjugation. 

It should also be mentioned that for all these molecules diffuse absorption 
from C—C and C—H bonds were observed at shorter wave-lengths. This 
increased in intensity and spread up towards 1460 A with increase in the 
alkyl part of the molecule. 


COMPAEISON WITH THE 8PEOTRA OP THE MOHLOBO-BTHYLENES 

Some instructive comparisons can be made with the spectra of the 
diohloro-ethylenes (Mahncke and Noyes 1935 ) which have already been 
referred to in connexion with the spectrum of propylene. For cts-dichloro- 
ethylene it was found that the first strong bands ap|)ear around 1860 A. 
These correspond to the CgHi bands around 1700 A. They are followed to 
shorter wave-lengths 1670-1360 A by bands which are certainly analogous 
to the ethylene bands from 1460-1200 A, the bands of the halogen substi¬ 
tuted molecule being shifted to long wave-lengths by some 7000 cm.~* 
(e.g. 72,170-65,164). This shift persists right up to the ionization potentials 
whioh are 84,800 om.~^ (10-46 V) and 77,800 cm.“^ (9-6 V) for CgH, and 
GgH|Clg respectively and it is clear that here also a corresponding C~C 
electron is teing excited and photoionized. The various electronic states 
appestr as vibrational patterns with separations of 1430 om.~^. This separa¬ 
tion can be interpreted as the excited C~C valence vibration (1687 cm.~^ 
in the ground state) and its appearance lends some support to the idea that 
a n electron is being removed from the double bond. 
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The diminution in the ionisation potential seems at first rather strange 
since on a purely inductive (charge transfer) effect it might be expected that 
tlie chlorine atoms which are more electronegative than the carbon atoms 
would remove negative charge from the double bond and so increase its 
ionization potential. A similar case occurs in the spectra of the phenyl 
halides where the ionization potential of the mobile electrons is diminished 
rather than increased by the halogen substitution and all bands undergo 
a shift to long instead of to short wave-lengths. It will be seen in a later 
paper dealing with these molecules that the effect is caused by resonance to 
those ionic structures which are postulated to explain the ortho-para 
directing effect of substituents possessing unshared electron pairs. Reson¬ 
ance to similar ionic states 



is probably effective in reducing the ionization potentials of the double bond 
electrons of the halogen substituted ethylenes below the values which might 
otherwise be expected. The effect is also observed in chloroprene (see 
following paper) and the evidence indicates that it is accompanied by a 
corresponding increase in the ionization potential of the non-bonding pn 
electrons of the chlorine atom. This evidence is based on the appearance of 
the D bands at 1427 A, whereas in ethyl and w-propyl chloride they are 
located at the longer wave-lengths 1466 and 1476 A respectively. 

Another interesting point in connexion with these halogen substituted 
ethylenes which supports the foregoing explanation is the followixsg. 
Duchesne ( 1937 ) and Linnett and Thompson ( 1937 ) find that for tetrachloro- 
ethylene abnormally low values are obtained for the force constant of the 
C=C bond when the frequencies are fitted into very plausible potential 
functions of the valence force field type. This they explain is probably due 
to resonance to structures similar to those which we suggest are responsible 
for lowering the ionization potential of the “ tt ' * electrons of dichloro-ethylene. 

Mahncke and Noyes ( 1935 ) much higher ionization potential of 

- 11-3 V for «fan^-dichloro-ethylene, although its absorption bands occur 
at closely the same wave-lengths as those of the ci«-molecule. Comparison 
with the 8 i)eotro 8 Gopio ionization potential of 112 V for methyl chloride 
(Price 1936 ) indicates clearly that this corresponds to the ionization of a 
“ pTT'' Cl electron. The fact that Mahncke and Noyes did not find an electron 
impact value of - 9*6 V for ^roros-dichloro-ethylene is probably due to 
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shielding of the electrons in the G—C bond by the Cl atoms in the irwns 
position. 

In conclusion we should like to thank the Department of Scientific and 
Industrial Research for a maintenance grant made to one of us; the Imperial 
Chemical Industries for a grant for apparatus; Dr G, H, Twigg of the Colloid 
Chemistry Department for making the heavy ethylene available, and 
Professor E. H. Parmer of Imperial College for supplying us with some of 
the alkyl substituted ethylenes. 


SUMMAEY 

The absorption spectra of C 2 D 4 and CgHgD have been investigated 
in the region 2000-1000 A. The spectra are interpreted as arising from the 
excitation and photo^oni^ation of the "'n'' electrons of the double bond. The 
ionization potential obtained by the extrapolation of successive excited 
states in Rydberg series is 10-45 V probably accurate to 0-03 V. The spectra 
of (a) propylene, (b) butene 2 (trans) and cyclohexene, (c) trimethyl ethylene, 
(d) tetramethyl ethylene, are shifted progressively to long wave-lengths 
corresponding to reductions of their ionization potentials to (a) 9-6 V, 
( 6 ) 9-2 V, (c) 8*76 V and {d) 8*3 V. This is probably a charge transfer or 
inductive effect brought about by the additional alkyl groups. 

The spectrum of ci^-dichloro-etbylene is discussed and its low ionization 
potential of 9*6 V is attributed to resonance to ionic states similar to those 
postulated to explain the ortho-para substituting properties in the phenyl 
halides. The value 11*3 V obtained for ^mw^-dichloro-ethylene by Mahncke 
and Noyes is attributed to a non-bonding Cl electron. 
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The absorption spectra of conjugated dienes in 
the vacuum ultra-violet (1) 

By W. C. Prick and A. I). Walsh 
Physical Chemistry Lahoralory, Cambridge 

{Communicated by R. G, W, Norrish, F.R.8.—Received 14 August 1939) 

[Plates 10, 11] 

Butadiene is important as the simplest example of resonance between two 
conjugated double bonds. The comparison of its ultra-violet absorption 
spectrum with that of ethylene might be expected to give some indication 
of the way the n electrons of the molecule are aff ected by the resonance. The 
electronic structures of a number of molecules for which resonance is im¬ 
portant have been worked out theoretically by Hilckel ( 1935 ), Lennard-Jones 
( 1937 ), Sklar (i 937 )andMulliken(i 939 aand 6 ). The pur{>ose of the present 
work is to obtain spectroscopic data with which the theoretical expectations 
can be compared. As most of the strong absorption bands of these molecules 
occur at wave-lengths less than 2000 A, the investigation falls naturally into 
the region of vacuum spectroscopy. 

The first strong absorption of 1 , 3 butadiene (presumably trans) occurs in 
the neighbourhood of 2170 A (see figure 1 , plate 10 ) where there begins a well- 
marked progression of four diffuse bands having an average frequency separa¬ 
tion of 1440 cm. (table 6 ). This vibration is doubtless the symmetrical C==C 
valence vibration somewhat reduced by the excitation ^m its value of 
about 1634 om.”^ in the ground state (Dadieu and Kohlrausch 1930 ). It is 
to be compared with the analogous separation of 1370 cm,~i appearing in 
the first Rydberg band in ethylene where the assignment to the C=C 
valence vibration (1623 om.~^ in the ground state) can be with 



221 


UUrcMnolet spectra of conjugated dienes 

oertainty. It will be oonvenient to call the above transition the ^ K 
transition. The explanation of this notation will be given in the discussion. 
Towards shorter wave-lengths some fairly strong individual bands appear 
which because of their isolation must be regarded as different electronic 
states. There are also a number of pairs of bands with separations of about 
360 cm.~^ between each component. These, by analogy with the spectrum 
of ethylene, probably represent a twisting vibration about the C=C bond. 
At 1760 A a diffuse set of bands appears which spreads at high pressures 
both to long and to short wave-lengths. A separation of about 1600 cmr^ 
is evident, but the diffuseness of the bands and a background of continuous 
absorption prevents any very accurate measurements being obtained. This 
system is thought by Mulliken ( 19396 ) to be in type. (In order that 

the variation in absorption may be more easily observed a line has been 
drawn along the base of the second exposure. It can be seen that above it 
an absorption curve is drawn with respect to this base line. The explanation 
of this effect is that the intensity of the continuum varies across its width, 
being a maximum at the centre as a result of certain peculiarities of the 
experimental set-up.) 

Below 1620 A the bands are somewhat different in character. Although 
they are sufficiently close together so that at first glance it might be expected 
that at least some of them would fit into a vibrational pattern, none were 
found to do so. Thus they all appear to be different vibrationless electronic 
transitions. The absence of any pronounced shading either to short or to 
long wave-lengths supports this to some extent, since it is necessary that 
changes in the moments of inertia should be small if no vibrations are to 
appear. An inspection shows that they exhibit the general characteristics 
of bands approaching an ionization potential, i.e. they get weaker and crowd 
closer together towards shorter wave-lengths eventually fusing into a 
photoionization continuum. It was found that most of the strong bands 
fitted into the following Rydberg aeries: 

vjf 73,116-i2/(^i-h0*90)2 n = 2,3,4 etc. (la) 

=« 73,066 - Sl{n -f 0*60)® w -= 3,4,6 etc. (16) 

The series are marked in the photograph. The order of the agreement 
between the observed and calculated frequencies is shown in table 1 , It is 
vejy good, especially for the higher members which show up with line-like 
sharpness on the plate. 

The first member of each series appears as a multiplet. The multiplet 
separations, however, quickly diminish to zero in going to higher members. 
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This multiplicity is rather similar to that observed ia the analogous bands of 
benzene (Price and Wood 1935 ), where it was shown to be electronic (not 
vibrational) in origin. The mean limit of series (lo) and (16) corresponds to 
an ionization potential of 9’022 V, the probable error being about 0*01 V. 
Though there is no electron impact value for the ionization potential of 
butadiene at present available with which to compare it, the above value can 
be accepted with considerable conbdenoe aa there are theoretical reasons 
which will be explained later for expecting the ionization potential of 
butadiene to be slightly less than that of benzene (9-19 V, Price and Wood 
1935 ). Certain other bands were observed below 1370 A. As this corresponds 
to an energy greater than the first ionization potential, these bands must be 
due to the excitation of an electron from a more strongly bound molecular 
orbital. They are the only bands which can reasonably corresjwnd to 
Mulliken’s N ->V^ transition and show a maximum about 1280 A. The nature 
of the electron removed at the first ionization potential of 9-02 V will be 
discussed in a later paragraph. 

Table 1. Table showing the obseevbd and calculated 

FBEQUBNOIES OE THK BUTADIENE BANDS OF SBBIBS (la) AND (16) 

Scries (1 o) Series (16) 



Obs. 

Calc, 

Oba. 

Calc. 

n 





2 

60,112 

60.067 

— 

__ 

3 

65,900 

66,900 

64,600 

64,108 

4 

68.570 

68,545 

67,617 

67,647 

5 

69.987 

69,963 

69.436 

69,438 

fi 

70.829 

70,810 

70,446 

70,469 

7 

71.369 

71,357 

71,095 

71,116 


The epecirum. of iaoprene. The absor)>tion of isoprene (figure 1 , plate 10 ) 
parallels in almost every feature that of butadiene except that the analogous 
bands of isoprene are shifted by between 1300 and 1800 cm.-‘ towards long 
wave-lengths relative to those of butadiene. Starting at 221 0 A a progression 
of three diffuse bands with a separation of about 1450 cm.-* appear. These 
bands though somewhat more diffuse are very similar to the first (A-»-li) 
set of bands in butadiene and they also appear at very nearly the same 
pi-essures. It is probable that as before the valence frequency of the C=C 
bond is being excited. The next absorption bands following this system are 
a pair of bands at 1909 and 1892 A which clearly belong to a different elec¬ 
tronic transition and as far as can be ascertained are iin»/v»n»n p enif»d by 
vibrational structure. In this respect they resemble the band in butadiene 
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at 1863 A. To shorter wave-lengths at 1800 A a second diffuse progression 
appears. This is somewhat similar to the first (2200A) progression, only it is 
considerably weaker. It resembles the second diffuse region occurring around 
1760 A in butadiene. The first member of the progression is by far the 
strongest. The frequency separation between the members is 1640 cm,"^. 
At shorter wave-lengths particularly below 1600 A the bands are weaker and 
get close together, suggesting that as in butadiene they are approaching 
the ionization limit. This indeed was found to be the case and several 
Rydberg series converging to a limit of <-71,360 om.^^ or 8*806 V were 
established among the bands 

vl = 71,363--+ 0*90)2 7 ^ = 3 ^ 4,5, etc. (2a) 

i/J - 71,321-jK/(w-f 0*60)2 71=2,3,4, etc. (26) 

As can be seen from table 2 very many members were obtained for the 
strongest series and the agreement of the higher members with the formula 
is particularly good. The error in extrapolating to the limit is probably not 
more than 100 cm. ^ or 0*01 V. No vibrational structure was found to 
accompany the bands which occur below 1600 A and they were clearly of a 
vibrationless electronic type. Some difficulty was experienced due to diffuse 
absorption from C—H and C—C bonds which with increase in pressure 
tended to spread up from below 1400 A to long wave-lengths. However, this 
did not seriously interfere with the determination of the convergence limit. 
As in butadiene transitions were found to occur just below the first 

photoionization limit. 

Table 2. Table showlsig the observed and caloitlated 

FREQUENCIES OF THE ISOPRENE BANDS OP SERIES (2a) AND (26) 
Series (2rt) Series (26) 



Obs. 

Calc. 

Obs. 

Calo. 

n 

ora."'* 

cm.""' 

cm.“^ 

cm.“^ 

2 

— 

— 

54,419 

63,763 

3 

63,967 

64,138 

62,475 

62,363 

4 

66,821 

66,783 

65,841 

66,902 

5 

68,220 

68,201 

67,661 

67,693 

6 

69,068 

69,048 

? 


7 

69,680 

69,595 

? 

— 

8 

69,970 

69,968 

69,804 

69,802 

9 

70,233 

70,233 

— 

— 


The spectrum offiy dimethyl butadiene. As might be expected the spectrum 
of this substance (figure 2, plate i 1) is very similar to that of butadiene and 
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isopreue except that it is shifted still farther to long wave-lengths on aoooont 
of its additional methyl groups. Again the spectrum starts with a progression 
of three strong diffuse bands {N Vi) separated by the C—C frequency. Its 
value seems to be somewhatdiminished indimethyl butadiene and ohloro^ 
prene relative to that in butadiene and isoprene (see table 6 ). At 1020 A 
these are followed by a pair of bands analogous to those which occur around 
1900 A in isoprene and 1880 A in butadiene. Although at first sight there is 
one continuous progression of bands between 1920 and 1700 A, it is clear by 
a comparison with the spectra of the other molecules that the 
system starts at 1810 A and is not connected with the bands at 1920 and 
1800 A. The separation (C=C vibration) is ~ 1660 Below 1600 A it 

was again possible to establish Rydberg series, the bands showing strong 
analogies with those of the previous molecules. The main series found are 

= 70,240 - JB/(to + 0-90)* » = 3,4, 6 , etc. (3o) 

= 70,249 -Bj{n + 0-60)* »= 3,4, 6 , etc. (36) 


Tabus 3. Table showing the observed and calculated fre¬ 
quencies OF THE DIMETHYL BUTADIENE BANDS OF SERIES (3a) AND (3h) 

Series (3a) Series (36) 



Obs. 

Calc. 

Obs. 

Calc. 

n 


OtD.~^ 



3 

63,063 

63,026 

61,628 

61,291 

4 

66,696 

66,670 

64,912 

64,830 

5 

67,078 

67,088 

66,703 

66,621 

6 

67,927 

67,936 

67,667 

67,652 

7 

68,478 

68,481 

68,298 

68,296 

8 

— 

— 

68,746 

68,731 


The ionization potential corresponding to the limit is 8-668 V, a drop of 
0-14 V relative to isoprene which itself is lower by 0-21 V than butadiene. 
This gradual diminution in the ionization potential we attribute to transfer 
of negative charge from the methyl group into the neighbourhood of the 
double bond (i.e., inductive effect). It may be compared for example with 
the diminution of ionization potential of 0-2 V in going from methyl to 
ethyl iodide (Price 1936 ). The fact that the addition of the second methyl 
group produces less lowering than the fbrot is evidence of a tendency towards 
saturation. 

The spectrum of Moroprene. The three molecules already dealt with 
indicate by the successive lowering of the ionization potentials, that the 
effect of alkyl groups on the mobile electrons of butadiene is purely an 
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iaduotive one. The effect of halogen substituentB (also OH, NHg, etc.) in 
benzene is known to involve another effect known as the mesomerio or 
resonance effect. As a result of this effect additional resonance structures 
involving changes in the non-bonding electrons of the substituent atom or 
group become imj>ortant. The previous paper shows how the effect reveals 
itself in the spectra of the ohloro-ethylenes as an abnormal reduction in their 
ionization potentials; the bands are shifted to long wave-lengths where on 
a purely inductive effect alone the opposite might have been expected. This 
is indeed found to occur for chloroprene also. Its spectrum which is very 
similar to the spectrum of the previous three molecules is shifted to long 
wave-lengths relative to that of butadiene by about the same amount as 
isoprene. In the photograph lines have been drawn along spectra 1 and 5. 
The automatically drawn absorption curves lying above these lines are 
interesting. The first shows clearly the four humps of the C—C vibrational 
progression. The second shows the diffuse absorption in the region 1750 A 
which may be interpreted either as iV or alternatively as the second 
Rydberg member of the diffuse absorption around 2000 A. Below 1600 A it 
was again found that the bands were of a vibrationless electronic t 3 rpe and 
could be fitted into many membered Rydberg series converging to a common 
photoionization limit. The following formulae were found to represent the 
strongest series: 

vj = 71,216-i2/(n +MO)* » = 3,4,6, etc. (4o) 

i/Jf = 71,190-if/(n +0-60)* n = 3,4,6, etc. (46) 

Table 4. Table showing the observed and calculated fre¬ 
quencies OF THE CHLOROPRENE BANDS OF SERIES (4a) and (46) 


Series (4a) Series (46) 



Obe. 

Calo. 

Obs, 

Calc. 

n 

om.-^ 

om.-^ 


cm.“^ 

3 

64,740 

64,687 

62,485 

62,232 

4 

67,012 

66,996 

65,822 

66,771 

5 

68.276 

68,266 

67,574 

67,662 

6 

— 

— 

08,574 

68,593 


The limit corresponds to an ionization potential of 8'787 V probably 
accurate to 0*01 V. It is only 0-02 V less than that of isoprene and there is in 
fact a fascinating “one to one “ correspondence amongst the bands, those of 
chloroprene being shifted by a few A.U. to long wave-lengths relative to 
those of isoprene. Such a correspondence could hardly occur if the inter¬ 
pretation of the bands as isolated vibrationless electronic transitions were 
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not correct. A similar correspondence of course extends to butadiene and 
fiy dimethyl butadiene and it is made evident by the approximate equality 
of the Rydberg denominators of corresponding series. It means that while 
the term values of the excited states remain approximately constant those 
of the ground states are being affected by the substitution. 

At about 1430 A there occurs a group of fairly strong bands which has no 
analogue in the spectra of the alkyl substituted butadienes. Comparison 
with the spectra of the alkyl chlorides (Price 2936 ) indicates that these bands 
arise from the excitation of a non-bonding pn electron from the chlorine 
atom. They are in fact analogous to the so-called ‘‘D” bands of methyl 
chloride. They are also observed in dichloro-ethylene, phenyl chloride, etc. 
Judging from the wave-length at which the ‘‘Cl” absorption occurs, the 
ionization potential of the ^*pn*' electrons in this molecule may be estimated 
as -10-9 V. 


It might be expected superficially that the ionization potential of the 
“ ;r ” electrons of the double bond in chloroprene would be greater than that 
in butadiene, since on account of the high electron affinity of chlorine, it 
would tend to draw away negative charge from the neighbourhood of the 
double bond and so increase the effective positive charge from which the 
electron is escaping. The fact that the contrary is the case can be explained 
by the effect of resonance to the structure 



^ Q\ 


Such a structure while it explains reduction in ionization potential of the 
double bond by transfer of negative charge towards it and reduction in 
bonding of the n electrons also implies increase in the ionization potential 
of the “Cl” electrons. Evidence for this is that the “D” band occurs at 
shorter wave-lengths (~ 1438 A) in chloroprene than in ethyl or propyl 
chloride (1466 and 1475 A respectively). Comparison with the position of 
the “D” bands in methyl chloride (1406 A) would not be a fair one because 
to avoid differences in charge transfer effects the carbon atom bound to the 
chlorine should have the same number of C—H and C—C bonds attaol\ed 
to it as the alkyl chloride with which it is being compared. It might also be 
mentioned that the D bands in dichloro-ethylene and phenyl chloride occur 
at closely the same wave-length as in chloroprene and thus a corresponding 
increase in the ionization potential of the Cl electrons is also indicated for 
these molecules. 

Diactiseion. It may at first sight appear rather curioiis that the removal to 
high Rydberg orbits of a rr electron which has considerable bonding power 
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causes hardly any vibrational bands to appear. The spectrum at short wave¬ 
lengths (< 1600 A) is composed almost entirely of vibrationless electronic 
transitions and resembles closely that of a non-bonding electron. The same 
phenomenon was found for benzene (Price and Wood 1935 ) where the 
analysis was confirmed by the use of heavy benzene (CgD^). The following 
seems to be a satisfactory explanation of this curious anomaly: As a result 
of the process of resonance all the electrons are shared between the 
two double bonds and the removal of one such electron from butadiene for 
example can be regarded as the removal of only one half an electron from 
each double bond. Thus the internuclear distances and vibration frequencies 
will only be diminished by a half of what they would be in relatively isolated 
double bonds where the whole effect is localized in one and not spread out 

Table 6, Table showing the separation of the first diffuse bands 

OF BUTADIENE, ISOPRENE, fiy DIMETHYL BUTADIENE AND CHLORO* 

PHENE 

Butadiene Isoprene Dimethyl butadiene Chloroprene 


Fre¬ 


Fre¬ 

Fre- 


Fre¬ 


quency 

Separation 

quency Separation 

quenoy 

Separation 

quency 

Separation 

om.~^ 


om.“^ 

cm."^ cm.“^ 


om.“^ 

om.”^ 

46,240 


44,820 

43,800 


46,120 



1420 ±60 

1600 ±100 


1400± 100 


1260±100 

47,600 


40,320 

46,200 


46,370 



1460 ± 60 

1460 ± 100 


1360 ±100 


1180 ±100 

49,110 

1440 ±60 

47,770 

46,650 


47,660 


60,660 








over many bonds as in conjugated systems. As a matter of fact because of 
the splitting up of the four electrons into two groups, which will be discussed 
later, the removal of one n electron in butadiene only has -- 0-36 the effect 
which might be expected for example in ethylene. In benzene it is a third. 
Thus each bond is altered only very slightly and the molecule can accom¬ 
modate itself easily to the excitation without much vibration being invoked 
by the Pranok-Condon Principle. Even when a tt electron is removed to 
a fairly strong antibonding orbital, the fact that it is shared among all the 
double bonds of the molecule reduces its effect on each individual bond. 
Thus in the 2600 A band of benzene, which undoubtedly corresponds to a 
fairly strong antibonding orbital (Sklar 1937 ), the main frequency is only 
reduced from 901 to 920 om,“^ Wherever there is evidence of the existence 
of vibrational structure in the absorption spectra of conjugated molecules 
it may be expected that the upper state is to some extent antibonding in 
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character. This is what happens in the band system which is observed in the 
neighbourhood of 2100 A in butadiene (also in isoprene, etc.). It was at first 
thought that this transition was completely analogous to the first Rydberg 
series band of ethylene at 1760 A because the two systems have closely equal 
term values (~ 27,000 and are the first strong absorption bands of 

both molecules and also are of comparable strength. However, the 2100 A 
band in butadiene does not fit on very well as a Rydberg series member of 
the bands at shorter wave-length. It is obviously different in character 
from them being represented by a vibrational progression rather than a 
single atom-like vibrationless transition. Further, if this band were quite 
analogous to the 1760 A band we should only expect half the reduction of 
the C—C frequency which occurs in that molecule, i.e. | (1623 — 1370) = 127 
Actually the reduction is --190 cm.“^ (1640 — 1460), i.e. slightly more 
than might be expected, and this may be taken as evidence of the slightly 
antibonding character of this transition with respect to the first Rydberg 
band of ethylene. The degree of antibonding is not very large—a fact which 
is supported by the close equality of the term values of the two states (i.e. 
if the first Rydberg band in ethylene acquires antibonding power in buta¬ 
diene, then this should be accompanied by a reduction in its term value). 
MuUiken ( 1939 a) interprets the transition as one of the charge transfer type 
and attributes its great predominating intensity to this fact. The configura¬ 
tion of the normal state N of butadiene can be written as XiXl 
n electrons are concerned. Two electrons occupy the Xi orbital which gives 
bonding in all the bonds between the carbon atoms and two fill X 2 which is 
only bonding in the C~C bonds. It corresponds to the (~ 1 -62/?)* (- 0‘62;?)* 
configuration of Htiokel ( 1937 ), being the resonance integral between 
electrons on adjacent atoms. Lennard-Jones ( 1937 ) points out that Hfiokel’s 
simplifying assumption that all the CC distances are equal is not true in 
practice. He derives the energies for the orbitals for bond distances 
C—C = 1*44 A and C~C = 1*36 A. These are ± 60*7 kcal. {Xi and Xi) 

± 24-4 kcal. (x# and Xz) with = 36 kcal. Mulliken ( 1939 a) using Lennard- 
Jones’s results with slightly modified bond distances gives ± l*422yj and 
± 0*674yJ for the energies. There are four possible non-Rydberg transitions 
corresponding to the jump of an electron from either 
X 2 (-- i‘422;ff) to either of the antibonding orbitals or X4(l*422^). 

These transitions Mulliken calls I 4 , the four excited states being 

A:iXaA: 4 . XiAJiAia. ^ ««« that N^Vi is the longest 

wave-length transition^ N -*Vt and ^ coming next, both corresponding 
to the same energy change, and finally is the shortest wave-length 
transition of this type. Mulliken finds the total theoretical dipole strengths 
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of these transitions to be very large but their relative strengths depend on 
the symmetry of the molecule. Thus are suppressed when the 

double bonds are in the “^trans" position. They are allowed in the “ew” 
position but iV -»■ is diminished in intensity and JIT TJ forbidden (MuUiken 
1939 a, table 6 ). The frequencies of the transitions cannot be calculated by 
just taking the difference of the binding energies, since it is necessary to add 
to the energy of the excited orbitals a term to allow for changes in the 
electronic interaction energy resulting from the excitation. This term is 
apparently very large, being about 27,000 om.“^ (~-80 koal.) in and 
butadiene if Mulliken’s interpretation of the spectra is correct [Gloeppert- 
Mayer and Sklar ( 1938 ) by theoretical calculations find interaction energies 
of this magnitude for CgHg]. The question we should like to be able to answer 
is whether the butadiene bands in the neighbourhood of 2100 A can be inter¬ 
preted as Mulliken’s transition or whether they are first Rydberg 

1-422^ I 

. + electronic 
O-eiiB interaction 
1 energy 

0 

0-674/3 
1-422/3 

Fioube 3. Energy levels and JV ->■ F transitions in butadiene. 

bands of a type (n)-^ 3«. If the latter suggestion is correct, then there are 
certainly no other bands of the required intensity which could be inter¬ 
preted n,B N -*Vi, If the former suggestion is correct, then one might ask 
what has become of the first Rydberg state. For a large molecule like buta¬ 
diene the orbital of the first Rydberg state is expected to lie to a considerable 
extent within the dimensions of the molecule. The resulting interaction 
might transform it into an orbital of the Vi type. With larger molecules and 
especially those corresponding to conjugated systems it appears that the 
earlier Rydberg states might be made to take upon themselves the character 
of F states, that they may be simply replaced by these states or that there 
may be a certain amount of mixing of the two R and V types. Evidence for 
this comes from the tendency of the first Rydberg orbital in the substituted 
ethylenes to acquire V characteristics with increase in the amount of alkyl 
substitution. These characteristics are briefly a tendency to acquire in¬ 
tensity at the expense of higher Rydberg bands, a departure from the Ryd¬ 
berg formula and a more complicated vibrational structure differing consider- 
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ably from the higher Rydberg states where these are still observable. Thus 
in ethylene the resemblance between the band at 1740 A and that at 1390 A 
is very marked, while in propylene this resemblance is already lost. More 
striking evidence that those long wave-length bands really have some 
N->Vi character comes from the spectra of the dienes. Here the theory 
predicts that the transitions should be relatively weaker for the cis (cyoUo) 
dienes than for trans dienes, the probability of the transition depending 
upon the symmetry of the molecule. These expectations are borne out 
experimentally (Mulliken i939<x). 

In justifying his theory Mulliken works out a value for fi (the resonance 
integral for the double bond; e in his notation) from the difiFerence of the 
first strong N bands in butadiene (2 x 0'674;^-f C) and for 

C 2 H 4 (2 X /S-h C'); C is the electronic interaction constant. We consider that 
he should have used the value for propylene in order to make both the 
electronic interactions the same and to allow for charge transfer effects by 
surrounding both double bonds by 3CH and one C—C bond*. It happens 
that the value for ethylene used by Mulliken (i.e. 68,000 cm. ^ ^ or 1724 A) 
just accidentally corresponds to propylene. From our plates (see 

previous article) it does not correspond to ^ ethylene which is around 
1630 A. Thus the derivation of /? from (propylene) - (butadiene) 
« 58,000-48,300 = 2-2 x0*674y? giving /?»• 16,200 cm. or 1*87 V or 
43 kcal. works out to the same value as Mulliken obtained. Another method 
of getting y? is to make the very reasonable assumption that the difference 
between the ionization potentials of propylene and butadiene is equal to 
the difference in binding energy of the n electrons in the two molecules. 
This gives 9*0 —9-02 V = /?-0-674y? or 1-8 V in agreement with the 
previous value. A similar comparison can be mode between isobutene and 
fiy dimethyl butadiene for which the ionization potentials are -^ 9*20 V 
and 8-67 V. This gives a value for p of 1*6 V. One cannot get a value of/? 
from cyclohexene and benzene because the electrons in the comparable 
groups both have the binding energy /? and therefore may be expected to 
have the same ionization potentials. That this is so is indicated by the close 
identity of the bands of these molecules at wave-lengths less than 1860 A. 
In fact this identity may be used to show that the strong absorption in 
benzene A1790 is probably At, 8 X 4.5 in character. 

♦ In any case it is sure that the Btrong bands of butadiene should be compaied 
with the Btrong bands of the unoonjugated molecule. The relatively weak **step out ** 
occurring in ethylene from 2000-1760 A, which Mulliken used, has its analogy in a 
similar “atop out” in butadiene from 2300-2170 A (Scheibe and Grianeioen 1934 ) 
and is not comparable with the strong bands of butadiene. 
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Ail the ionization poteniiale given here for the dienes olearly belong to 
the ionic state the least bonding orbital Xt corresponding to the 
minimum ionization potential. It is not possible to observe the photo¬ 
ionization of electrons in because they are expected to have an ionization 
potential a few volts higher than Xt their resonance bands fall in a region 
where there is very strong continuous absorption from electrons in single 
C—C and C—H bonds. The first strong absorption bands of the X\ electron 
can usually be observed superimposed upon the photoionization continuum 
of the x% electrons. This also occurs in benzene (the ionization potential at 
9' 19 V being to Price and Wood 1935 ). As it seems possible that these 

first strong bands correspond to JV -> type transitions in the same way as 
the first strong bands of the ;\;2 electrons probably correspond at least partly 
to ->■ Pi transitions, they will be treated in the following paragraph as 
though this were actually the case. 

If the electronic interaction energy is the same for the transitions 
Fj, Fj, F 4 , then F^^j-Fi = F^-Fj,, = 0-748>? and F^-F^ = l-496y9 
(MuUiken 1939 a, table 4). In the following table the values of for the 
Pi, Pj^j, and Pi states are given together with the values of fi calculated from 
the above relations. 

Table 6 . Table showing the fbequhnoibs of the F bands of 


BUTADIENE, 

ISOPBENB, 

DIMETHYL BUTADIENE AND OHLOKOPBENB 





p in kcal. 

p in koal. 

Molecule 

yx 


y. 

from 

from Fg-Fj 

Butadiene 

48,300 

67,800 

77,000 

36 

66 

Isopreno 

40,300 

60,300 

74,000 

38 

63 

Py dimethyl 

45,600 

60,000 

— 

40 

— 

butadiene 

Chloroprone 

46,600 

50,800 

— 

39 



It appears that while the fi's calculated from Pt,s—Pi separations are fairly 
reasonable those from P 4 - Pi (also Pi - Pi_ 8 )aremuoh too large. This is probably 
due to variation in the electronic interaction energy and is to be expected 
from the fact that while in the Pi—Pi difference the same electron is involved, 
for the Pi — Pi difference the bands used correspond to the excitation of a 
different electron. 

Before accepting the values of /? derived in the above table attention should 
be called to certain difficulties with respect to the interpretation of the bands 
as AT -*■ F transitions. The V states which give rise to bands at shorter wave¬ 
lengths are theoretically more strongly anti-bonding than those giving rise to 
longer wave-length band systems. This would lead us to expect lower vibrai- 
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tional frequencies for the shorter wave-lenghh systenui. ActoaUy ia fuaetioe 
the reverse is nearly always the case. For instanoe tJie 0=0 freqtiODqy ta 
the N-*Vi states of the dienes is around 1460 oia.~* and is less than ttekt in 
the N states (~ 1600-1600 om.~*) which according to N -►F inteir- 
pretation are more strongly antibonding. Also in benzene the 2000 A system 
has been interpreted by Sklar (1937) as more antibonding than the 2600 A 
system, yet the breathing frequency in the former is 960 cm.~^ (Carr and 
Stticklen 1938) as compared with only 920 cm.~* in the latter. Similar 
differences are shown by the 3000 and 2000 A systems of SOg and CSg 
(Price and Simpson 1938). The change in bonding due to the excitation of 
an electron is equal to the bonding of this electron in the ground state 
plus its antibonding power in the excited state. Evidence from vibra¬ 
tional frequencies indicate that this second factor is smaller the shorter 
the wave-length of the band concerned, instead of being larger as the 
N-*-V explanation would lead us to expect. It might possibly be that 
the attenuation of the excited orbital is such that the antibonding is 
in fact less, but that the electronic interaction increases to prevent the 
shift to long wave-lengths which would automatically follow. Thus the 
transition could retain the qualities of an iV -> F transition though the quan¬ 
titative contributions to the total energy involved would be considerably 
different. A theoretical explanation of this anomaly is certainly desirable. 
If the much weaker system in ethylene between 2000 A and 1760 A, which 
shows far greater frequency reduction (the C=C vibration being probably 
reduced to ~800 om.“^: Scheibe and Grieneisen 1934), is really the pure 
N~*-Vi transition in ethylene, then by analogy it is the weak “step out’’ 
between 2300 and 2170 A in butadiene which really corresponds to the pure 
N-*-Vi transition in this molecule. If this is correct, then MuUiken’s intensity 
predictions for iV -> F transitions must be in error. 

The existence of absorption indicates according to Mulliken 

(19396), the presence of a certain amount of cia butadiene (he estimates 
20 %). If there is a difference in the stability of the two forms arising for 
instanoe from the greater repulsion between the two double bonds in the eie 
as compared with the tmn< positions, then it might be expectted that tine cm 
form would have a lower ionization potential than the trans. Certainly the 
cyclic dienes seem to have considerably lower ionization potentials of the 
traru dienes judging from their absorption spectra In butadiene we were 
tmable to find any evidence of a lower ionization potential oorrespondii^; to 
the cia form. Thus itseems that butadiene is mainly tmn«and that tibe N g 

transition occurs in violation of MulUken’s selection rule or that it has some 
other interpretation, e.g. as a Rydberg transition. 



BUTADIENE 

2000 1800 1600 1400 











It Appeiura £K>m the spectra that sonae of title e^Iier Rydberg series 
membets are weaker than they might be expected to be relative to the 
higher members by comparison with Rydberg series in atoms. There are 
several reasons for this. Firstly, the wave functions of the earlier Rydberg 
series members may be modified by the extensive struotnie of the molecule; 
secondly, the continuum may be stronger at long than at short wave-lengths 
particularly if the absorption falls in the neighbourhood of an emission line 
and finally the shorter wave-length bands may be enhanced by a weidcening 
of the continuum due to a background of continuous absorption. 

The samples of butadiene, isoprene and chloroprene were I.C.I. products 
made available to us by the kindness of Dr H. W. Melville of the Colloid 
Chemistry Department. The /Jy dimethyl butadiene was prepared in a very 
pure state by the method suggested by Kyriakides ( 1914 ). In conclusion 
we should like to thank the Department of Scientific and Industrial Research 
and the Imperial Chemical Industries for financial assistance. We are also 
indebted to Professor J. £. Lennard-Jones for several interesting and 
fruitful discussions. 


Summary 

The absorption spectra of butadiene, isoprene, fiy dimethyl butadiene 
and chloroprene have been investigated in the region 2600-1000A. They are 
all very similar. The first strong bands appear as short diffuse progressions 
involving the C=C vibrational frequency but no vibrational structure is 
observed in the bands below 1600 A. The latter are interpreted as vibration¬ 
less electronic transitions converging to the first photoionization limit 
XJx* of fhe “mobile” electrons. The extrapolation of successively excited 
states in Rydberg series gives the following very accurate values of the 
molecular ionization potentials: butadiene 9*02 V; isoprene 8*81 V; fiy 
dimethyl butadiene 8-67 V; chloroprene 8*79 V. 

The diminution in the ionization potential with alkyl substitution is 
interpreted as a simple inductive effect. The diminution in chloroprene 
involves the mesomerio as well as the inductive effect. The non-appearance 
of vibration bands accompanying the Rydberg transitions is a direct result 
of the resonance. As the electron is shared between two bonds, its removal 
has only one half the effect on each and this is apparently inadequate to 
cause the appearance of vibrational bands. Attempts are made to evaluate 
the resonance integral from various features of the spectra and from the 
ionization potentials. It is pointed out that the main difficulty with MuUi- 
ken’s N-^V interpretation of the staong bands of the dienes (also that of 
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Sklar’s for benzene, etc.) is that the shorter wave-length transitione are 
interpreted as being the more strongly antibonding. The reverse is observed 
to be the case as judged from the vibration frequencies appearing in the 
spectra. 
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Investigations of infra-red spectra (2*5—7‘5 /m). 
Absorption of water 

By j. j. Fox and A. E. Mabtik 

{Communicated by Sir Sobert RoberUon, F.R.S.—Received 16 Aaguet 1989) 

iNTBODtrOTION 

During recent years much information has been obtained concerning the 
infra-red absorption of hydroxy bodies in the region about Z/i. A number 
of investigators (Brrera and Mollet 1936 : Errera 19370 ; Buswell, Deitz and 
Rodebush 1937 ; Buswell, Rodebush and Roy 1938 ; Davies and Sutherland 
1938 a, b\ Fox and Martin 1937 ) have shown that at low concentrations in 
carbon tetrachloride a hydroxy body, whether an alcohol, phenol or 
carboxylic acid, has a sharp OH band at 2‘75-2'83/(, and as the concentra¬ 
tion increases this band diminishes rapidly and is replaced by a wide 
intense band at longer wave-lengths, Z/i and higher. The sharp band is due 
to the valency 0-H vibration in the monomer, while at higher concentratimis 
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the moleotiles mtertem with one another and modify the nature of the 0-H 
vibrationB in a manner which depends somewhat on the nature of the com¬ 
pound concerned. 

Water, as a simple hydroxy body of special interest, has been investigated 
by many workers. The vapour spectrum consists of vibration-rotation 
bands in the photographic (Mecke 1933; Baumann and Mecke 1933; 
Preudenberg and Mecke 1933) and near infra-red (Plyler 1932; Plyler 
and Sleator 1931; Sleator 1918; Sleator and Phelps 1925), and pure 
rotation bands in the far infra-red to 75/t (Randall, Dennison, Ginsburg 
and Weber 1937); it has been thoroughly explored but is very complex, and 
its interpretation is still by no means complete in all regions. Two modes 
of vibration of the isolated water molecule can be identified from the infra¬ 
red data, one a little less than 2-7/e, corresponding to a valency 0-H vibra¬ 
tion, as in alcohols and other hydroxy bodies, and the other near 6/e attribut¬ 
able to the angular deformation frequency of the H-O-H molecule. 

In the liquid state water has received considerable attention, and bands 
at 3,4-7 and 6/e have been studied together with combination bands at lower 
wave-lengths. The band at 4-7/e has no counterpart in the vapour spectrum 
and on this account has been attributed to associated water molecules; 
Bode (1909) showed that this band moved to 4-6/e in ice. Collins (1925) 
examined some of the combination bands up to 2/e at different temperatures, 
while Plyler (1924) measured the absorption of ice at some of these wave¬ 
lengths. Combining the vapour measurements with those of Collins and 
Plyler, it is found that the frequency increases in the order, ice—^water at 
0® C—water at 100® C—water vapour, for these combination bands. Ganz 
(1937) using a prism spectrometer measimed the temperature dependence 
of the water bandd at 3, 4-7 and 6/1. He found that as with the combination 
bands, that at 3/i increased in frequency with rise of temperature, but the 
other two bands showed the reverse phenomena, the 4*7/i band being greatly 
affected by change of temperature. These observations on the variation 
with temperature of the water bands have not so far been explained. In 
collaboration with Sir R. Robertson and using a prism apparatus, the 
writers had already made observations in 1936 similar to those of Ganz, 
but it was considered that to obtain results of the desired precision the 
resolution of a grating spectrometer was essential, and the present com¬ 
munication deals, among other matters, with measurements made by us 
with such an apparatus. It is now generally understood that there ore 
important differences between the spectrum of a liquid hydroxy body and 
the spectrum of a solution in a non-polar solvent such as carbon tetra¬ 
chloride, in which the substance is present in the monomeric form when 
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auffioiently dilute. A oomparison of the epectra of the liquid at different 
temperatures, and of the monomeric substance (in vapour and in solution) 
is valuable in deciding problems connected with the structure of the liquid* 
In the case of water considerable progress along these lines has been made 
by Cross, Burnham and Leighton (1937) from a consideration of Raman 
data. It is our aim in the present communication to continue this study of 
the structure of water, using our newer infra-red data. 

Attempts have been made to investigate the infra-red absorption of 
water dissolved in non-polar solvents, but owing to the low solubility of 
water in siich solvents the earlier results obtained were only partially 
successful (cf. Bosschieter and Errera 193 7; Kinsey and Ellis 1937). Recently, 
however, Borst, Buswell and Rodebush (1938), usir^ a 12*5 cm. cell of 
carbon tetrachloride (or carbon disulphide) saturated with water at room 
temperature, were able to observe the essential details of the absorption 
bands in the region of 3 /^. Two distinct bands were found corresponding to 
the vibrations Pi and V2 (figure 1) in the isolated water molecule, and as is 
to be expected the symmetrical vibration (strong in the Raman spectrum) 
was much weaker in intensity than the other. These observations, together 
with the absence of absorption in the position where the OH frequency is 
found in associated compounds, show that water in carbon tetrachloride 
is monomeric. 

•'i 

3766 om.-> 

YioxrSE 1. Modes of vibration of the isolated water molooule. 

Some interesting observations have also been made by Errera (19376) 
for water in dioxan over a wide concentration range. In this solvent, at a 
concentration of 0-1-1 %, water has two bands at 3616 and 3676 cm.-^ 
(2-86 and 2-80/t), but here the frequency changes fix>ra and >>, of mono¬ 
meric water are greater and the intensity of absorption is increased in oom¬ 
parison with water in c.arbon tetrachloride, so that the spectrum cannot be 
regarded as that of monomeric water but rather of the complex formed 
between water and dioxan. Errera and Sack (1938) have pointed out the 
extreme sensitivity of the infra-red absorption spectrum as a means of 
detecting traces of water. 

In the present communication we shall describe our own measurements 



3664 om.-> 1^96 cm.-» 
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of the absorption of water dissolved in carbon tetrachloride, paying special 
attention to the quantitative aspect. On the whole our results in the 3/t 
region agree with those of Rodebush et ed. (1938). 



Fiotire 2. Apparatus for measuring the absorption of ioe 
and of water at different temperatures. 


Experimental 

Absorption of ice and of liquid vxder at different temperatures 

A brief description of the grating spectrometer used in this work and of 
general technique has already been given (1937, 1938). Great care was 
taken to eliminate water vapour and carbon dioxide from the whole of the 
spectrometer by the lavish use of PgOj and caustic potash, and by using 
only metal or glass in the construction of the outer case of the instrument 
and for internal fittings. Absorption ceils were made up from fluorite plates, 
1 in. in diameter, separated by washers, usually of metal foil, of the desired 
thickness. The cell with the water enclosed was placed in a brass mount A 
(figure 2) into which screwed a cap for holding the fluorite plates firmly 
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together. A second pair of plates, suitably spaced, was similarly mounted 
and served as a blank. Freshly boiled distilled water was used in these 
experiments. Extremely thin water layers are required, e.g., at the maximum 
of the 3/t band in ice a thickness of 0*001 mm. absorbs about 76 % of the 
radiation. Most of the earlier workers used such thick films that the light 
apparently transmitted was largely stray radiation in the appartus, and 
for this reason the absorption bands obtained were very broad and appeared 
to shift as the thickness of the film was varied, Plyler and Craven (1934) 
used films as thin as 0*001 mm., but Ganz (1937) did not use layers thinner 
than 0*006 mm. For spacing the fluorite plates we generally used washers 
of metal foil, but for layers as small as 0*003 mm., metal washers were 
troublesome to handle and those of celluloid were preferred. The celluloid 
film was made by floating a solution of celluloid in amyl acetate on a level 
piece of plate glass and when dry stripping off the film in water. All the 
washers were cut with sharp steel punches. For thicknesses of 0*003-^*001 
mm., no washer was used; a drop of water was pressed between the fluorite 
plates and these were held together in the screw mount. After absorption 
measurements had been made, an estimate of the mean thickness of the 
water film was obtained by weighing the fluorite plates, with and without the 
water film (0*001 mm. 0*6 mg.). 

The apparatus with which the temperature of the water film was varied 
is shown in figure 2. Each cell in its mount, A, screws into a thick brass 
plate B which slides smoothly in grooves on the outside of a hollow brass 
box C\ through which water from a vessel fitted with a toluene/mercury gas 
regulator is pumped. This part of the apparatus is mounted in a heavy lead 
block D containing a spiral tube through which water from the thermostat 
also flows. Surrounding the whole apparatus is a heat insulating box E, 
made of expanded rubber and provided with holes for the light beam. The 
inside of this box towards the top is lined with copper sheet F which can also 
be brought to the same temperature as the rest of the apparatus by cir¬ 
culating the water from the thermostat through metal tubing G in close 
contact with the copper. Temperatures approaching 100° C are readily 
obtainable, although with the thinner water films examined, evaporation of 
the water limited the maximum temperature to 60-70° C. Ice films were 
obtained by pumping the liquid from a salt and ice freezing mixture through 
the apparatus, and when a temperature of about -16° C had been attained 
the water film was solidified by jolting the cell. At the lower temperatures 
there was a tendency for the fluorite plates to become cloudy owing to 
deposition of moisture from the surrounding air. This trouble was obviated 
by directing a current of dry air against each fluorite plate of whichever 
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pair wafl in the light beam. This current of air was cooled by passing through 
a metal tube H, inside the body of the apparatus C, in contact with the cold 
circulating brine. A thermometer J projecting through the insulating box 
enabled the temperature to be determined at any time, while a change over 
from cell to blank and also complete cut-off of the radiation were arranged 
by sliding the brass plate B up and down in the grooves by means of a cord 
worked from outside. Stops were provided for limiting the movement so 
that either cell came exactly into the beam as desired. 



wave-length (/i) 


Fiuuke S, AbaorjJtion of ice and of water. 

Figures 3-5 and table 1 show the results obtained for the absorption bands 
at 3, 4-7 and Qfi, both for water at a high and a low temperature, and also for 
ice at a few degrees below zero. The molecular extinction coefficient k is 
defined as 1 jcl logjo l^jl, where ^ is the radiation transmitted by the empty 
cell and 1 the amount transmitted by the cell containing the water. I is the 
length of the cell in cm. and c the “concentration” of water in moles per 
Utre, i.e. where p is the density of water at the temperature of the 

experiment. The blank cell compensates for some of the reflexion losses 
and for any absorption in the fluorite plates, but there remains a small 
diSerenoe in the reflexion losses at the inner fluorite/air and fluorite/water 
surfaces of the two absorption cells. This small difference was estimated and 
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found to be almost constant over the wave-length range studied. When 
calculating k for ice it was assumed that d remained unchanged on passing 
from water to ice. This is reasonable, since it was found that the original 
water value was obtained when the ice melted. Other workers have some¬ 
times recorded their results in terms of the mass absorption coefficient 
(l/Zplog/o/^)» but we use k that the results for liquid water and ice can 
be readily compared with those for other hydroxy bodies as well as water 
vapour and water dissolved in carbon tetrachloride. 



With regard to ice we may recall that Plyler (1924) found absorption bands 
at0-71M)-81,0*89“0‘92, l-02-l‘06,and l*26»l*29/(. A thickness of 5 mm. was 
used, and the absorption maximum and intensity of each band varied a 
little according to the manner in which the ice crystal was out with respect 
to the optic axis. In omr experiments no control of the direction of the optic 
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axis was poseable, and our ice specimens must be regarded as a mixture of 
crystals with all possible orientations. We found that successive freezings 
of the water gave the same absorption within experimental error. 



wavc-laogth (fi) 

Fioitbe 5. Absorption of ice and of water. 


Table 1. Temperatokb dependence of the absorption bands of 

WATER at 3, 4*7 AND 6/4, AND THEIR POSITIONS IN ICE 
3/t band—frequencies in oin."^ 

Water at 60° C Water at 19° C Water at 3° C Ice at — 9° C 

3426 3395 3382 3256 

4 *7/4 band—^frequencies in om.~^ 

Water at 70° C Water at 21° C Water at 3° C Ice at -- 7° C 

2092 2128 2146 2222 

6/4 band—frequencies in om.“^ 

Water at* 70° € Water at 20° C Water at 3° C Ice at - 8° C 

1642 1646 1649 1644 

AH these frequencies are probably accurate to ± 2 with the exception of 

ice at 6/4. 

When it is remembered that rarely if ever has liquid water been examined 
in the region 2“6-7*5/4 with the high dispersion here available, our results 
are in reasonable agreement with those of previous work^. The composite 

i6 
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structure of the Zft band of water reported by Plyler «id Craren (1934), 
and also the new bands found by these workers at 5*50 and 6*83/1, have not 
been substantiated by us. Recently, Collins (1939) has reported a band in 
liquid water at 2 * 52/1 (/c max. s 0* 61), and this we have confirmed. We find the 
wave-length of the maximum of the band to be 2*615/i at 21“ C, while 
/^max. = 0-46. This band is too small to be shown on thesoaleusedforfigureS. 

Infra-red absorption of wakr dissolved in carbon 
tetrachloride-quantitative aspect 

The solubility of water in carbon tetrachloride has been measured by 
Clifford (1921), and by Rosenbaum and Walton (1930). Clifibrd’s method 
was to bubble air dried with calcium chloride into the saturated carbon 
tetrachloride, and to absorb the moisture carried off by the air in calcinm 
chloride tubes. 
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Figubk 6 . Baman and infra-red vibrational frequencies of water as vis^ur, 
liquid, solid, and in solution in CCI 4 . Data taken from table 5. 

Instead of calcium chloride as a drying agent we have substituted PtO,, 
and by using a bubbler incorporating a sintered glass filter we have speeded 
up the drying process considerably so that it is possible to dry a solution in 
10-15 min. As the supply of air required is quite small, a blow-ball fitted 
with a screw clip for regulation is convenient. The absorption tube con¬ 
taining P,Ot is attached directly to the bubbler by means of a ground joint. 
After the desired period of drying, the bubbler is removed and a current of 
dry air passed through the absorption tube for 6 min. to remove OCI4 
vapour. The increase in weight of the absorption tube gives the amotmt of 
water removed from the carbon tetrachloride. Experiments were carried 
out in which carbon tetrachloride saturated vdth watm* was dried in this 
manner for different periods of time, at the end of which each sample was 
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examined with the grat^g spectrometer. The absorption oell was filled 
directly from the bubbler through a tube which was attached by an inter¬ 
changeable ground joint. The gradual removal of water was shown by the 

frequency (cm.~^) 



FltGXTBK 7. Absorption of carbon tetrachloride with water in solution: (a) 100 %, 
{^) 64'7%, (c) 18*2% saturated at 18*3® C. The break in the curve for dry carbon 
tetrachloride at 2*68/4 is due to absorption of water vapour in the air in the blank oell. 

diminution of the infra-red absorption, and a comparison was made with 
the weight of water coUected. Typical absorption curves are shown in 
%are 7. The absorption ceil was 5 cm. long, 2 cm. in diameter internally. 
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and was made of brass. The end-plates were of fused silioa, ^ mm. thick; 
we may remark that this substance is excellent for the purpose, absorption 
being negligible up to about 4/^. The end-plates were attached to tiie tube 
with a trace of fish-glue, reinforced on the outside with shellao. The fish-glue 
was allowed to dry and the cell containing dry carbon tetrachloride left for 
several days. After this there was no noticeable tendency for perfectly dry 
carbon tetrachloride to pick up moisture from the cell. As a comparison 
cell a piece of brass tube with one silioa window, equal in thickness to the 
two plates in the absorption cell, was used. In this way the refiexion losses 


Table 2. Absoeption op caebon tbteaohlokidb containing vakyino 

AMOUNTS OP WATBE (6 CM. CELL) IN EBLATION TO THE OONOENTEATION 
OF WATEE . 


Wave¬ 

length 

d 

(dry 

d, 

(a, figure 7; 
complexly 

d. 

d. 

Ratio d^-d for partly 
dry CCI 4 to di-d for 
saturated CCI 4 

W 

OCIJ 

saturate) ( 6 , figure 7) (c, figiu*o 7) 

(h) 

(c) 

2*592 

0*018 

0*188 

0-106 

0*061 

0*612 

0*194 

2*618 

0*024 

0*236 

0-140 

0*058 

0*547 

0*161 

2*634 

0*032 

0*267 

0-166 

0*070 

0*624 

0*162 

2*654 

0*031 

0*290 

0-168 

0*076 

0*629 

0*174 

2*676 

0*024 

0*428 

0-264 

0*099 ‘ 

0*670 

0*186 

2*696 

0*036 

1*181* 

0-663 

0*249 

0*548 

0*186 

2*716 

0*037 

0*630 

.0-308 

0*123 • 

0*650 

0*174 

2*737 

0*042 

0*310 

0-197 

0*082 

0*678 

0*149 

2*768 

0*036 

0*378 

0-214 

0*106 

0*620 

0*202 

2*778 

0*041 

0*815 

0-189 

0*091 

0*640 

0*183 


Mean of all measurements «0-647 0*182 

By absorption of water with P,0, 0-666t 0-218^ 


* Obtained from measurements with a 1 om. cell, 
t 3-0 mg. of water absorbed per 100 g. of saturated solution, 
f 6-4 mg. of water absorbed per 100 g. of saturated solution. 

and any absorption of the silica were practically allowed for, the measured 
absorption of the solution of water in the absorption cell being the com¬ 
bined absorption of carbon tetrachloride and water. A small correction to 
our results (figure 7) is necessary, since the optical path when using the com¬ 
parison cell contains 6 cm. of air, with some water vapour, in place of 6 om. 
of carbon tetrachloride in the absorption cell. Owing to the difference in 
optical path when the 5 om. layer of carbon tetrachloride was substituted 
for the comparison cell, the cells were used with parallel radiation, obtained 
from a Nernst filament and rock-salt lens. A second lens collected the light 
passing through the cell and focused it on to the slit of thie specfrometer. 
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With this arrangement there waa no change of focus of the image on the slit 
when the absorption cell was replaced by the comparison cell. 

In table 2 are given values for the optical density d at a few different wave¬ 
lengths for carbon tetrachloride with varying amounts of water in solution. 
d is defined as logljl, where Iq is the radiation transmitted by the com¬ 
parison cell and I the amount transmitted by the absorption cell. If d is 
the density at a given wave-length for thoroughly dry carbon tetrachloride 


frequency (cm.~’) 



wave-length {/t) 

Fiamuc 8. Abaorption of water disaolved in carbon tetrachloride after oorreoting for 
the absorption of the latter: (a) 100%, (6) 54-7 %, (c) 18-2% saturated at 18*3° C. 

and di is the value for a solution of water in carbon tetrachloride, then 
di^d depends only on the absorption of the water and is corrected for the 
absorption of carbon tetrachloride and water vapour in the 6 cm. air path. 
The molecular extinction coefficient k is {di-d)jcl, where e is the con¬ 
centration of water in moles per litre, and I is the cell length in cm. According 
to Beer’s law di—d ia proportional to the water content, and in figure 8 and 
table 2 it will be seen that within the limits of accuracy of the method this 
is the case. Our results correspond with a value 0-0069 g. of water per 100 g. 
of carbon tetrachloride saturated at 1S-S” C. This value is in accord with the 
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deteminations of CMbrd ( 1921 ; 0-010 % at 24° 0 and 0-013 % at 28-6° C)» 
and of Bosenbaum and Walton ( 1930 ; 0-0071% at 10“ C. 0-0084% at 
20° C, and 0-0109 % at 30° C, with an accuracy claimed to be better than 
0-001 %). 

Reference to figure 7 shows that a 60 mm. layer of carbon tetrachloride 
absorbs 10 % or less of the radiation between 2-6 and 2 - 8 /t. A small negative 
peak of about 4 % at 2-08/^ is due to the absorption of 6 cm. of moist air when 
the comparison cell was in use as already mentioned. Davies and Sutherland 
( 19386 ), however, found an absorption band in a 6-02 mm. layer of dry 
carbon tetrachloride with a maximum of 26% absorption near 2-70/t. 
This absorption was attributed to carbon tetrachloride itself, but in view 
of the fact that their maximum occurs just where we find the main absorp¬ 
tion peak of water dissolved in carbon tetrachloride, it seems likely that 
their carbon tetrachloride still contained a little water. 

In figure 9 we have attempted to split up the absorption curve of water 
in carbon tetrachloride into its component parts. The area of each band is 
approximately 1-4/x max. (Fox and Martin 1938 ), where /is the band half¬ 
width in cm.~^ and k max. is the maximum value of the molecular extinction 
coefficient k. On this basis is 2-1 times as intense as while we find the 
frequencies 3706 and 3614 cm.~^, respectively, as compared with 3702 and 
3611 cm.“* by Borst et al. ( 1938 ). Our frequencies are corrected to vacuum 
and are believed to be accurate to within 1 cm.“^. The absorption curves 
shown in figure 8 are similar to those obtained by Borst et al., but the 
fine structure on the bands found by these workers could not be repeated 
by us, although a very careful search was made. In our apparatus the whole 
of the optical path, with the exception of 1 ft. in the air of the room, was 
thoroughly dried and freed from CO^ with P^Os and stick potash. The infra¬ 
red absorption of water vapour in these conditions was small, so that the 
energy incident on the cell containing the carbon tetrachloride solution of 
water did not vary much over the region of absorption of water vapour 
about 3700 om."^. Unless the precaution of removing water vapour was 
taken, the energy curve fluctuated violently due to the vibration-rotation 
bands of water vapour as the wave-length was vuied. With such an uneven 
energy curve, if there were the slightest difference in alignment between the 
absorption cell and the comparison cell (which in this experiment was similar 
to the absorption cell and contained thoroughly dry carbon tetrachloride) 
a spurious structure was superimposed on the measured absorption curve 
(of. Robertson and Fox 1928 ). By deliberately incteMing the water-vapour 
content of our optical path we were able, in one experiment, to obtain a 
slight apparent structure on our water bands, someth^ like that shown by 
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Bodebush el al. In our search for this fine structure we used smaller slits 
than we normally employ in order to have the best possible chance of 
resolving any fine structure. 

Abaorptim of water vapour in the region 2'5-2'85/4 

We have in our apparatus ample reserve of resolving power to find any 
significant structure of the order of 1^2 cm.^^, and in order to compare the 
absorption of water in carbon tetrachloride with wiiter as vapour we have 
explored the spectrum of the vapour in the regioii about 3700 om.‘“^. In 
figure 10 a general idea of the band system is given; ^he absorption for most 
of the band was less than 60 %. The individual pi^ks check well with the 
measurements of Plyler and Sleator (1931); a gerieral picture of the band 
system obtained by these workers is not easily i^erived from their data. 
Figures 9 and 10 show the essential differences between the spectrum of 
water as vapour and in carbon tetrachloride solution. Allowing for the 
difficulty involved in comparing two such different spectra, the intensity of 
absorption of monomeric water would appear to be much smaller in the 
vapour state than when dissolved in carbon tetrachloride. We would here 
stress the fact that the individual rotational lines are suppressed in solution. 
We have found this to hold also for methane, ethane, ethylene and methyl 
bromide dissolved in carbon tetrachloride, and in these cases the absorption 
curve in solution is approximately the envelope of the vibration-rotation 
bands. As a further example of this, figure 11 shows the absorption curve 
for ethylene in solution in carbon tetrachloride as compared with the results 
of I/evin and Meyer (1928) for the gas. 


Bisoussion 

Infra-red abmyrption of monomeric water {waler vapour 
and water in carbon tetrachloride) 

The isolated water molecule has three modes of vibration, and Vg, 
depicted approximately in figure 1. and v, are essentially 0-H valency 
vibrations and are to be expected near 8700 where such vibrations 

are generally found for hydroxy bodies, is an angular deformation fre¬ 
quency and occurs at a much lower frequency; it is therefore easily dis¬ 
tinguished from the others. The infra-red vibration frequencies for water 
vapour have been discussed by Meoke (1933), Baumann and Mecke (1933), 
Freudenberg and Mecke (1933) and by Bonner (1934), and the three funda- 
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mental frequencies from which the other bands can be derived have been 
given as follows: 

= 3756-6 cm.~^, = 3604-6 cm.~^ ~ 1696-5 om.~^. 


frequency 

2950 3000 3050 - 3100 3150 3200 



Figxtbk 11» Suppression of the rotational structure of absorption 
bands of ethylene dissolved in carbon tetrachloride. 

It should be noted that i'* is a calculated value and has not been directly 
observed in the infra-red spectrum of water vapour. Since it is a symmetrical 
vibration it is found in the Raman spectrum, but at 3654 om,”^ (Johnston 
and Walker 1932 ; Bender 1935 ) and not 3605 om.“^ Sutherland ( 1933 ) 
has suggested that a difference between a frequency observed in the infra¬ 
red ft-nd in the Raman spectrum might be due to the fact that the Raman 
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frequency was obtained from measurements on the vapour at more than 
760 mm. pressure, whereas the infra-red measurmnents were made on 
water vapour in the air at a pressure of a few mm. This is not borne out by 
experiments at different pressures in the infra-red, and farther the Baraan 
frequency at 3664 cm.“^ in the vapour is only reduced to 3600 om.~^ in the 
liquid at 374° C (Cross et al. 1937 )^ a frequency shift comparable with that 
which occurs with (vapour) when water is dissolved in carbon tetra¬ 
chloride. We believe that the discrepancy between the Raman and infra-red 
values for v* lies in the limitations of the theoretical treatment (Bonner 
^934)- According to this worker if Uj, and Wg are the quantum numbers 
associated with the three different fundamental modes of vibration, then 
the vibration frequency u is given by 

i>-niXj + njXj -t- ngXg -1- nfx„ + njxg, + nfxg, 

+ »inj*ig-i-n,n»Xi,-(-n,»3X„, (1) 

where to Xgg are constants. The three fundamental frequencies are 

Vl = Xi + Xn, 1^* = X,-|-X88 I'3 = X8 + X3a. 

Bonner studied seventeen well-known frequencies for water vapour and 
having used nine frequencies to evaluate Xj to Xg, was able to calculate the 
remaining eight. The agreement with observed values was very good except 
for i^j. The reason for this discrepancy appears to be due to the fact that 
*1 to X |3 actually vary slightly from band to band, and this can be demon¬ 
strated simply as follows. Possible variations in Xg, x,,, x^g and x,, are 
avoided by considering only vibrations for which ng = 0 . They are listed in 
table 3, and putting in the appropriate values in equation (1) we have 


o-Xi-f-Xii ^vi, ( 2 ) 

6 = Xi-f-Xii-f-Xg-l-Xgg + Xig =Vx + a + X3j, (3) 

c =* Xi + Xii +2x3 + 4x33 +2xu = >»i + 2a + 4x33, (4) 

d a Xi + Xu + 3x3 + 0x33 + 3x„ = + 3a + Qxgg, (6) 

c = Xi + Xu + 4x3 + 16x33+ 4 xi 3 a Vj + 4a + 16x33, (®) 

/* 3*1+ 9*11 (7) 

p a 3 Xi + 9 Xu + Xg + X33 + 3 Xj3 */^+7 + X33, (8) 

A a 3Xi + 9Xu + 2 X 3 + 4 X 33 + 6 Xi 3 « yj+2y + 4 X 33 , (9) 


where *» + *«*«, 3xi + 9xu = /? and X 3 + 3xuay. 

Vi and Xgj can be calculated from equations ( 3 ), ( 4 ) and ( 8 ), and from ( 4 ), 
( 6 ) and ( 6 ). The values are respectively 3750'6 and 8728'3 cm.-» for and 
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- 71*2 and — 74-9 cm.“^ for A third value for a?,, can be obtained from 
equations (7), ( 8 ) and (9) and is - 64'9 It is dear from this that 

is not constant for the different sets of frequencies, and therefore the 
calculated value of Vg, (z^ + z^i), will also be liable to some error. The calcula¬ 
tions show that the tendency in equations ( 2 )-( 6 ) is for to duninish as % 
increases, and presumably will similarly diminish as increases. Thus the 
calculated value of P 2 likely to be lower than the fundamental, for which 
^ 0 , and this is just what is found. 


a 

Table 3. Vibration frequencies of water vapour for whioh 

reg = 0 


Aasignment 

Observed frequency 

1 Assignment 

Observed frequency 



in water vapour 

1 ^ 


in water vapour 

nj 

ng 


n* 

"8 


1 

0 0 

3756 5 =a 

3 0 

0 

11032-36=:/ 

1 

1 0 

7263-0 = b , 

3 1 

0 

14318*77 = ^ 

1 

2 0 

1061312 = c 

3 2 

0 

17495-48 =: h 

1 

3 0 

13830-92 = ^ 




1 

4 0 

16899-01 = e 





When water is dissolved in carbon tetrachloride two absorption bands 
are found near 3700 cm.-^, and these have been identified as v, and v, by 
Rodebush ci al. From our results (figure 9 and table 6 ) we find that Vj shifts 
from 3756 in the vapour to 3705 cm.~^ in carbon tetrachloride, and that if 
we assume the second frequency to be Vj the shift is from 3664 in the vapour 
(Raman) to 3614 cm.The percentage frequency shifts are almost the same, 
as indeed is to be expected, since any alteration in the force constant of the 
0-H bond by surrounding molecules will affect the frequencies equally to 
a first approximation. The frequency shift of an OH or other group in a 
solvent or in the pure liquid is a measure of the interaction between the 
molecules of the solute and solvent, or between the solute molecules them¬ 
selves. The frequency shift 40-60 cm.~^ in carbon tetrachloride found for 
OH is much greater than the shift observed for CH groups (~ 6 om.-^ in 
carbon tetrachloride; Fox and Martin 1938 ), and this can be attributed to 
the fact that the dipole moment of OH is much greater than that of CH 
(~ 1 - 7 : 0 * 3 ). The small band of water in oarbon tetrachloride (figure 9) at 
about 3810 om.~^ is visible also in the curves of Rodebush et al., and appears 
to follow the envelope of the rotation lines at about 3850 om.~^ in the vapour 
speofanim (figure 10 ). The band whioh occurs in oarbon tetrachloride at 
8614 om.~^ and which has been assumed to be f, might likewise be regarded 
as the envelope of the rotation lines in that region, but in view of its sharpness 
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and intensity compared with the band at 3810 cm.-’-, we beKeve i^t essen¬ 
tially it does represent the frequenoy of the water molecule. In the vapour 
speotnun the V 2 band system is doubtless masked by the intense band, 
and the difficulty of locating the band system has been discussed by 
Meoke ( 1933 ) in the light of Dennison’s theory of the plane asymmetrical 
rotator ( 1931 ). 

Infra-red absorption of ice, and of liquid umter at different ten^peraturea 

Curves showing the absorption of ice and of liquid water near 0 ° C and 
at a higher temperature are given in figures 3-5, ««id the frequendes of 
these bands will be found in table 1 . There is a significant change in each 
band, both when ice melts and when water is heated to about 70° C, but the 
former change is much the greater. By far the most intense band is that at 
3/t, and at room temperature k max. is 65 as compared with 91 for phenol 
in carbon tetrachloride (Fox and Martin 1937 ); the band is, however, rather 
wider in the case of water. We have shown that many alcohols have a value 
of K max. of about this magnitude, except in cases where association is 
exceptionally difficult, e.g. triphenylcarbinol. In carbon tetrachloride 
K max. for water drops from 65 to 38 (figure 9), and in the vapour state to 
a much lower value (cf. figure 10 and p. 248). The high value for water in 
carbon tetrachloride shows that while the general shape of the absorption 
curve and position of the bands is not greatly altered in that solvent (of. 
Buswell et al, 1938 ), the carbon tetrachloride molecules play quite an 
important part in the absorption phenomena. The foregoing measiirements 
show that the intensity of absorption is very much increased on association, 
and since we know on general grounds that this is greatest in ice and 
diminishes as the temperature of water is raised, we should expect the 
absorption to vary accordingly. Figure 3 shows that this is the case. We see 
that when ice melts, the spectrum, both as regards intensity and position 
of the maximum, changes greatly, but that the change on raising the 
temperature of the water from 3 to 60° C is comparatively small, although 
in the right direction. It should be remembered that 3-60° is but a small part 
of the range of existence of liquid water: 0 ° to the critical temperature 
(374° G). Raman measurements (Cross et al. 1937 ) indicate that the associa¬ 
tion of water is almost broken down at 374° C, and at the rate at which the 
maximum shifts over the range studied by us, it appears probable that 
when a temperature of 374° C has been attained, the maximum will lesMh 
2’7p, (~ 3700 cm.~^), the position of the main peak in CCI4. It is significant 
that the 3/t band of water rises sharply firom 2-7/t, whi^ is the limiting 
wave-length for the 0-H vibration. It is interesting to note that tiie ice' 



Investigations of infra-red spectra 253 


band contains a small hump on the side in the podtion of the water band 
and presumably indicates a slight tendency towards the water structure 
in ice a little below the melting point. 

The 4'7/i band (~ 2130 cm.~^) which is absent in the vapour spectrum has 
been interpreted as a combination of the frequency (figure 1 ), which is 
found at 1596 cm.~^ in the vapour (~ 1660 in ice and water), and afreqnency 
of hindered rotation p^ of 601 om.~^ in ice and ~ 600 om."^ in water (vide 
infra). This interpretation was first put forward by Ellis ( 1931 ), although 
at that time the evidence for a frequency ~ 600 cm.~^ was meagre. The 
frequency -2170 cm. which occurs in the Raman spectrum of liquid water 
has been explained in a similar manner (of. Cross e< al. 1937 ). Accordingly, 
to a first approximation we have 

I'a + Pji=‘ 1644 + 601 = 2246 for ice (observed by us, 2222) 

and 1646 + 600 == 2146 for water (observed by us, 2128 at 21 ° C). 


The determinations of Pj^ for water are not definite enough for us to check 
our measurements of the movement of the 4-7/t band in water at difierent 
temperatures. However, the frequency Vjff must dimmish with rise of 
temperature until it finally vanishes in the vapour state, so that the 4*7/t 
band should tend to approach p^ (1595 cm.~*). Figures 4 and 6 show that 
this is the case, and it is noteworthy that the observed rate of shift of the 
4’7/t band is about that required. The intensity of this band is very much 
greater in ice, and in water diminishes fairly rapidly as the temperature is 
raised. . 

Our results for the 6 /t band are somewhat less definite than for the other 
bands. Figure 6 shows that the intensity is less in ice than in water, and in 
the latter increases with rise of temperature. The shift as the temperature 
rises is towards longer wave-lengths as for the 4'7/t band, but the shift on 
changing to ice is small and probably not significant owing to the fact that 
the band in ice is broad and contains at least one other component at longer 
wave-lengths, of which there is a suggestion even in the water curves. 

Both for the hindered rotation and for the hindered deformation 
vibration in water and ice (figure 12), the hydrogen atoms may to a first 
approximation be considered as moving at right angles to the OH bonds. 


1 Ik 

while the oxygen atom is almost stationary. Now Pr=‘ ^ /—, where tn 

ZTT fsj Wl 

is the mass of a hydrogen atom and is the appropriate force constant, while 


for an isolated water molecule v, 


1 Ik 

/“, where k, is the force constant, 
^nnJ m * 


appropriate to this case. For the vibration p^ in water and ice both force 
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constants come into play owing to the constraints imposed by sonounding 

1 fk +k 

molecules so that we may take ‘'s = ^ J Thus •'s “= + *'«)» 

since = 1696 cm.“^ and = 601 cm.~^, Vj =■ 1704 om.~^ in ice as com¬ 
pared with the observed value 1644 om.“*. In water ran."^ and 

Vg * 1671 om.“^ as compared with 1646 cm.~^ (observed). The values 
calculated for Pg in ice and water may well be too high since the deformation 
force constant kg is likely to be lower in a 4 co-ordinated structure for which 
the HOH angle approaches 109° 28' than in the isolated molecule where the 
angle is 104° 36'. Allowing for this effect, the qualitative agreement with 
experiment is satisfactory in that an increase of frequency is predicted on 
going from vapour to liquid or solid. 



Pjt (water and ice) rj (water and ioe) 

FrouBU 12 


It is of interest to note that while in the water spectrum the 3 /t band is 
much more intense than that at 6 /t, in the vapour the opposite behaviour 
is found. Our observations show that in water with rise of temperature the 
3/t band diminishes, while the 6 /t band increases, so that there is now no 
difficulty in reconciling these facts. 

For a long period it was thought that a number of the infra-red absorption 
bands of liquid water were to be attributed to a fundamental frequency near 
6 /t and harmonics of this, but it now becomes clear that the harmonios of 
Pi, Pg and Vg are vanishingly small in liquid water. Among the seventeen 
frequencies of water vapour considered by Bonner there are only two 
harmonios (~ and ~ 2 ^ 3 ), and even these cannot be found in liquid water. 
We may make tentative assignments for the more important liquid water 
bands, assuming that a relation of the type used by Bonner ( 1 ) can be 
applied to the liquid. Since the water bands as determined by Ciollins ( 1925 ) 
are generally much sharper at his highest temperature (96° C), we have 
taken the data at this temperature and compared the values with those for 
the vapour. To calculate the eight observed frequencies, six constants in 
equation ( 1 ) have to be evaluated. The first three frequencies (denoted by f) 
were used and the remaining three constants were chosen to fit the other 
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five froquendes as well as possible. The constants (notation of Bonner) are 
+ ■“ 34:68, aJj + ®i2 *® 3694, x^+x^ — 1640, a/^t ®*i “ ~ 110, 

and «u ■-> 62 om.-^. 

Tablb 4. Assignment of combination bands of liquid water 


Assignment 

Frequency 

observed 

Frequency 

observed 

Frequency 

calculated 


in vapour. 

in liquid, 

in liquid, 

Hi n, 


cm.“^ 

at 95° C, cm.“^ 

at 96° C, cm. 

1 0 

0 

3766-5 

3463* 

3453t 

0 0 

1 

1695-5 

1640* 

1640t 

1 0 

1 

5332 

5165 

5166t 

1 1 

0 

7263 

6993 

6968 

1 1 

1 

8807 

8647 

8560 

1 2 

0 

10613 

10309 

10325 

1 2 

1 

12151 

11834 

11807 

1 3 

0 

13831 

13514 

13524 


* Theao aro obtained from our meaaurementa. 

Since both and Fg have considerably lower frequencies in the liquid 
than in the vapour, and increase with rise of temperature, it is to be expected 
that the combination frequencies of liquid water (table 4) which mainly 
involve and w, will behave similarly, f, does of course show opposite 
behaviour to a slight degree but is quite swamped by the other two. It is 
satisfactory that the combination frequencies as aissigned in the table are 
all lower than in the vapour. Further, Collins ( 1925 ) showed that for all 
these bands the frequency increased with rise of temperature, although less 
rapidly (expressed as a percentage) than f^ and f,. The assignments of 
table 4 are compatible with this decline of temperature dependence for 
higher combinations, and a reasonable explanation is that as the vibrational 
energy of the water molecule increases it becomes less and less afiected by 
surrounding molecules. 

To complete this discussion we may observe that liquid water has not 
been examine in any great detail in the far infra-red, but Cartwright 
( 1935 ) has reported a band at 60/t (167 cm.~^) in light and heavy water, and 
in ice. This frequency is also observed in the Baman spectrum and is regarded 
as a hindered translation frequency of a single water molecule in the water 
“lattice”. Another low frequency at 500 cm.“* was found by Bubens and 
Ladenbuig.(i 909 ) in the reflexion spectrum of water, and in the absorption 
spectrum by Cartwright ( 1936 ). This again has its counterpart in the Raman 
spectrum and is regarded as a frequency of hindered rotation of a water 
molecule in the water “lattice”. 
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Saman data for water and ice 

Many investigations of the Eaman speotrum of water have been made, 
and although there are discrepancies in the results, the essential details are 
fairly clear and the data are summarized in table 5 and figure 6 , together 
with infra-red frequencies for comparison. A very complete bibliography 
of the Raman investigations has been given by Hibben ( 1937 ), and still 
more recent measurements are due to Cross et al. ( 1937 ). The band -- 3000 
cm."^ has a complex structure which varies with temperature, both in ice 
and water, and its interpretation has been given in some detail by Cross et al. 
The frequency appears to be very weak or absent in the Raman spec¬ 
trum of water vapour, weak but distinct in liquid water, and practically 
absent in ice. Under these conditions one can say little about the variation 
of this frequency with change of state, but it may be noted that Cross et aL, 
and Bauer and Magat ( 1938 ) have calculated the frequency increase to be 
expected on passing from vapour to ice and agree that it should be 70-80 
om."^. In checking this frequency shift these investigators compared the 
infra-red frequency 1695 om.-*^ for the vapour with the Raman frequency 
1630-1660 cm.-^inliquid water. This is open to the objection that the Raman 
frequency in water vapour might be different from 1696 (cf, the case of i^j), 
and indeed Johnston and Walker ( 1932 ) claimed to find 1648 cm.“^, a value 
which however has never been confirmed. 

Table 6. Raman and infka-bed frequencies 

OF WATER IN VARIOUS STATES 


Monomeric water Liquid water Liquid water 

-.-. at70®C at 0 ‘’C loe at 0® C 


(OaB) 

Raman 

(Gas) 

I.R. 

(CCI4) 

I.R. 

Raman 

I.R. 

Raman 

I.R. 

Raman 

I.R. 


3766 

(•'ll 

3706 


3434 


3379 


8259 

3664 

3614 

3448* 


3413* 


8166t 


(»») 

1696 


1630- 

1642 

1630- 

1660 

• 

1644 


(>'.) 


1660 

2092 

1660 

-2170 

2149 

2225t 

2222 


♦ Maximum intensity of main band, Cross et aL ( 1937 ). 
t Cross et al. 
t Hibben (i937)- 


Besides the Raman frrequencies shown in table 5 several workers have 
found frequencies less than 1000 qm.-^ Magat ( 1934 ) gave 176, 600 and 
740 om.“^ for water; Hibben, 144 and 440 cm.~* at 28® C, and 149 and 460 
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om."^ at 88 ® C, in water, while in ice these shifts became 205 and 601 
and were much more distinct. Cross et al, found 200 and 320-1020 om.*^ 
for water at 40® C, and 210 cm.“^ in ice. Considering these data together 
we have two well-defined shifts for ice, 205-210 and 601 cm.~^, and less 
accurately 176and 500 cm.for water. The lower frequency is described 
as a hindered translation Vj, and the higher as a hindered rotation or libration 
Bernal and Tamm ( 1935 ) estimated these frequencies to be about 170 
and 480 cm. in ice and used them to calculate the specific heat of ice at 
the melting point. Cross et ah have also calculated these frequencies approxi¬ 
mately from the four co-ordinated structure to be discussed in the following 
section. 


The atructure of ice and liquid water 


The arrangement ol* oxygon atoms in ice is known from X-ray studies 
(of. Barnes 1929 ), and it is known that each oxygen atom is tetrahedraUy 
surrounded by four others. The number of water molecules per c.c. is 
3 /3 

, where r is the 0-0 distance, and taking the density of ice at 0 ® C to be 


0»9168 and Avogadro’s number 6-025 x 10 ®^, the 0-0 distance is found to 
be 2-77 A at 0 ® C and 2-73 A at 0 ®K, after allowance for the contraction of 
ice on cooling. There is less certainty about the positions of the hydrogen 
atoms, but the work of Pauling ( 1935 ) and Cross et ah makes it reasonable 
to place the hydrogen atoms on the 0-0 lines at a distance of about 1 A from 
the parent oxygen atom and 1-77 A from the oxygen atom which forms the 
hydrogen bond, so that each oxygen atom is tightly bound to two hydrogen 
atoms and loosely bound to two others. According to Bernal and Fowler 
( 1933 ) this tetrahedral unit is built up to form a semi-crystalline lattice in 
liquid water. When a hydrogen bond forms, the frequency of the OH 
valency vibration is reduced considerably, as when water vapour becomes 
liquid and again when water changes to ice (table 5). Since both valency 
vibration frequencies are mainly determined by the OH force constant, any 
alteration of this by the fields of force of the surrounding molecules should 
affect both frequencies equally to a first approximation. The data for water 
vapour and ice are quite accurate and may be used to show that this is the 
case as follows: 


while 


Infra-red frequency in water vapour _ 375^5 
Infra-red frequency in ice at 0 ® C 3259 


Raman frequency in water vapour _ 36M 
Raman frequency in ice at 0 ® C ” 3156 


VoUi74^ A. 


17 




258 


J. J. Fox and A. E. Martin 


The structure of liquid water proposed by Bernal and Fowler (X933) 
accounts satisfactorily for many of the physical properties of water, and it 
should be possible to adapt their ideas to our partioidar problem of ex¬ 
plaining the infra-red data. The change which occurs when ice melts modifies 
profoundly the infra-red spectrum (figures 3-5) and yet the energy change 
(1*43 kcaL/mole) is small compared with the total energy necessary to 
break completely all the hydrogen bonds, 11 *6 ± 0*4 kcal./mole. Two possi¬ 
bilities arise: either the 1*43 kcal. is used in a general weakening of all the 
hydrogen bonds to the extent of about 12 %, or only a proportion of the 
hydrogen bonds is affected, but to a correspondingly greater degree. Actually 
the change in the hydrogen bonds must follow some form of probability 
curve; the number of bonds wliich are completely broken is small, but 
appreciable, since figure 3 shows that some water molecules absorb at a 
wave-length close to that of the isolated water molecule (^ 2*7/i). Another 
small proportion of the bonds may be regarded as practically unchanged, 
but the majority are weakened by about 12 %, corresponding to the 
observed frequency changes 3259 to 3379 (infra-red) and 3156 to '^3400 
(Raman). 

We may csonsider at this point a more normal liquid than water, which 
we will suppose is made up of spherical molecules having no tendency to 
orient themselves in any particular manner with respect to each other. In 
this ideal liquid it is easy to show that one molecule can be surrounded by 
twelve others all touching it and each other, and if this form of packing is 
continued throughout the body of the liquid then the volume per molecule 
is dPI^2, where d is the diameter of the molecule, i.e. the distance of closest 
approach of two molecules. If this ideal liquid has a density equal to that 
of water at the critical point, 0*4 g./cm.®, then d turns out to be 4*7 A, and 
the distance apart of any two oxygen atoms of adjacent molecules in water 
at the critical point will also be about this value as compared with a distance 
of 2*77 A in ice at 0® C. At a distance of 4*7 A the intermolecular forces 
are known to be small, in agreement with the observation of Cross et al. 
that the Raman frequency only drops from 3654 in the vapour to 3600 cm.*^ 
in water at the critical temperature. As water is cooled from the critical 
temperature, instead of one molecule being surrounded by some twelve 
others at a distance of -- 4*7 A, the molecules orient themselves with 
respect to each other more and more definitely as the temf)erature falls until 
finally the structure “locks'’ in the form of ice in which each molecule is 
surrounded by only four others, but at the much smaller distance of 2*77 A. 
If we assume that the part of the water absorption band at 3/e, for which 
A is greater than A max. of ice, is attributable to ice-like molecules, then only 
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about one in three of the molectdes in liquid water near 0 ° C can be in the 
same state as in ioe (e.g., k max. in iee is 120 while k for water at the same 
wave-length is 46, figure 3), and probably the proportion is more like one 
in four or five when an allowance is made for a certain amount of “ water 
structure’’ in ioe. This suggests that a common unit in liquid water at the 
lower temperatures is one molecule surrounded by four others, each of 
these having one or both hydrogen atoms more or less free. This would 
allow one molecule in five to give the ice-like spectrum while the other four 
give OH valency frequencies, both in Raman and infra-red, intermediate 
between the values found for ice and water vapour, as experiment shows. 
If each group of five molecules is regarded as a spherical “molecule” around 
which twelve similar ones can be packed, then the diameter d can be found 
as indicated above and is 5-9 A, while in ice the average distance of closest 
approach of two such tetrahedral “molecules” is ^5*5 A (approximately 
twice the 0-0 distance). By packing twelve “molecules” round one we 
shall have on an average three for each of the four external oxygen atoms 
of the central “molecule”, so that when water freezes only a com¬ 
paratively slight rearrangement of the molecules is required. 

[Paragraph added 8 November 1939 .] It is of interest to examine these 
conclusions in the light of recent X-ray diffraction measurements on 
water, such as those of Morgan and Warren ( 1938 ). At 1*5® C the radial 
distribution curve shows a fairly sharp peak near 2-85 A corresponding 
to the average separation of the nearest oxygen atoms (cf. 2-77 Ain ice), 
while a second rather diffuse peak at about 4*5 A is attributed to the 

second nearest neighbours O 1 O 3 These values for 0^0^ and 

are consistent with the angle being close to the tetrahedral 

value for which 0^0^ ~ The half-area of the first peak indicates 

that each molecule has on the average -2 nearest neighbours at a 
distance not more than 2*85 A, and this is in fair agreement with the 
idea of tetrahedral units mentioned above, since in any such group 
of five molecules the central one has four neighbours at a distance 
of ^ 2-77 A, while the other four have at least one neighbour each at this 
distance and others at greater distances '^3^5 A (for which considerable 
evidence is found in the radial distribution curve). The average number of 

1 X 4 4 X 1 

neighbours at a distance ~ 2-77 A is at least-g-= 1 - 6 , as com¬ 

pared with ~ 2 up to 2-86 A (see above). 

We desire to thank Mr B. Phipps for his aid in constructing some of the 


i7-a 
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apparatus desonbed and Mr F. 8 . Benge for assistance in many direotions, 
especially in taking observations. 


Summary 

1 , The absorption spectrum of water in the form of gas, liquid, solid, and 
in solution in carbon tetrachloride has been investigated in the region 

2 , In the liquid and solid the bands at 3, 4*7 and 0/^ have been studied, 
and their variation with temjxjrature in the liquid determined. The 3/f band 
moves to higher frequencies as the temperature increases, while the 4*7 
and 6 /i bands move in the opposite direction. Tliis behaviotir is attributed to 
hydrogen bonds between water molecules reducing the OH valency fre- 
(|uencie 8 but increasing the angular deformation frequency by reason of the 
constraints imposed by the surrounding molecules. Since the hydrogen 
bonds are at their strongest in ice and become progressively weaker when 
ice melts and the temperature of the water is raised, we expect to find the 
frequencies in the order, ice—^water at 0 ® C—water at 100 ® C—vapour, in 
accordance with the observations. The 4*7/i band is a combination of the 
deformation frequency and the frequency of hindered rotation about 
500 cm.~S which has previously been observed both in the Raman and 
infra-red sjjectra; its large temperature variation is due to the rapid diminu¬ 
tion of Vji with rise of temperature until finally it vanishes in the vapoiu* 
state. 

3, The absorption of water in carbon tetrachloride about 2*7/^ has been 

studied and the results of Rodebush et aL confirmed, except that the 
suggestion of rotational structure reported by these workers could not be 
substantiated. Our values for the valency vibration frequencies are 3705 
and 3614 and are 40-50 cm."^ less than the corresponding vapour 

values. A rapid method of eliminating water from carbon tetrachloride 
(and some other solvents and solutions) is described, and a value obtained 
for the solubility of water in carbon tetrachloride. 

4, Water vapoiu' was examined in the region of 2* 7/« and it was found that 
the apparent maximum value of the molecular extinction coefficient is only 
about 3, as compared with 38 for a solution in carbon tetrachloride, 55 for 
liquid water, and 120 for ice. The increase of intensity of absorption on 
association is thus very marked. 

5, It is well known that there is a discrepancy between the Raman 
frequency 3654 (j/j) and the value of 3605 deduced from infra-red data; it 
is shown to be due to the fact that while Bonner’s relationship between the 
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fandamental and combination frequencies is a good approximation, it is 
not exact enough to give a reliable value for 

6. Some of the more imjjortant combination bands of liquid water are 
considered in relation to the vapour frequencies, and a law similar to that 
used by Bonner for the vapour frequencies appears to hold for the liquid. 
In each case the frequency in the liquid is lower than in the vapour, and so 
the observed shift to higher frequencies with rise of temperature naturally 
follows. 

7. The structure of liquid water is briefly discussed, mainly from the 
point of view of its infra-red spectrum. 


References 

Bamos, W. H. 1929 Froc, Boy, Soc, A, 125, 670. 

Bauer, E. and Magat, M. 1938 J, Phya. Radium, 9, 319. 

Bauiuann, W. and Mecko, R. 1933 Z» Phya, 81, 446. 

Bender, D. 1935 ^tiya. Rev. 47. 262. 

Bernal, J. D. and Fowler, R. H. 1933 J. Chem, Phya. 1 , 616. 

Bernal, J. D. and Tamm, Ig. 1935 Nature, Land,, 135, 229. 

Bode, Ct. 1909 Ann, Phya,, Lpz., (4), 30, 326. 

Bonner, L. G. 1934 Phya. Rev, 46, 468. 

Borst, L. B., BmwelK A, M. and Rodobueh, W. H. 1938 J, Chem. Phya. 6 , 01 . 
Bosschieter, G. and Errera, J. 1937 Acad, Sci,, Paria, 204, 1719. 

Boswell, A. M., Deitz, V. and Rodebiish, W, H. 1937 J, Chem. Phya, 5, 84. 
Boswell, A. M., Rodebush, W. H. and Roy, M. F, 1938 ./. Atner, Chem. Soc. 60, 2239. 
Cartwright, C, H. 1935 Nature, Land,, 136, 181. 

— 1936 Phya. Rev. 49, 470. 

OlifiFord, C. W. 1921 Induatr. Engng Ch&m. 13, 628, 631. 

OoUins, J. R. 1925 Phya, Rev. 26, 771. 

— 1939 Phya. Rev. 55, 470. 

Cross, P. C., Burnham, J. and Leighton, P. A. 1937 J. Amer, Chem. Soc. 59, 1134. 
Davies, M. M. and Sutherland, G. B. B. M. 1938 a Nature, Lond,, 141, 372. 

- 19386 J, Chem. Phya. 6 . 756, 767, 

Dennison, D. M. 1931 Rev. Mod. Phya. 3, 2B0. 

Ellis, J. W. 1931 P% 4 f. Bev. 38, 693, 

Errera, J. 1937 a Trana, Faraday Soc. 33, 120 , 

— 19376 J, Chim. Phya. 34, 617. 

Errera, J. and Mollet, P. 1936 Nature, Lond., 138, 882. 

Errera, J. and Sack, H. 1938 Trana. Faraday Soc. 34, 728. 

Fox, J. J. and Martin, A. E. 1937 Proc, Roy. Soc. A, 162, 4li> 

-- 1938 Proc. Roy. Soc, A, 167, 257. 

Freudenberg, K. and Mecke, R, 1933 Z. Phya. 81, 466, 

Qanz, E. 1937 Ann. Phya,, Lpz., ( 6 ), 28, 445. 

Hibben, J. H. 1937 J, Chem. Phya. 5. 166. 

Johnston, H. L, and Walker, M. K, 1932 Phya. Rev, 39, 636. 

Kinsey, E. L. and Ellis, J. W. 1937 Phya. Rev. 51, 1074. 

Levin, A. and M^er, C. F. 1928 J, Opt, Soc, Amer. 16, 137. 

Magat, M, 1934 J, Phya, Radium, 5, 347. 



262 


J. J. Fox and A. E. Martin 


Magat, M, 1936 Ann* Phys*^ Faria, 6 , 108. 

Meoke, R. 1933 Z* Phya* 81, 313. 

Morgaxi, J. and Warren, B. E. 1938 J. Chem* Phya* 6 , 666 , 

Pauling, L. 1935 J* Amer* Chem* Soc* 57, 2680. 

Flyler, E. K, 1924 J. Opt* Soc* Amer* 9, 646, 

— 1932 Phya* Bev. 39, 77, 

Plyler, E, K. and Craven, C. J, 1934 J. Chem* Phya* 2, 303. 

Plyler, E. K. and Sleator, W. W. 1931 Phya* Bev* 37, 1493. 

Randall, H. M., Dennison, D. M., Ginsburg, N. and Weber, L. R. 1937 Phya* Rev* 
52, 160. 

Robertson, R. R, and Fox, J. J. 1928 Proc. Boy* Soc* A, 119, 128. 

Rodebush 1938 aee Borst, Buswell & Rodebush. 

Rosenbaum, C. K. and Walton, J* H. 1930 J* Amer* Chem. Soc* 52, 3568. 

Rubens, H . and Lmlenburg, E. 1909 Verb* dtach. phya. Gea* 11, 16. 

Sleator, W. W. 1918 Aatrophya. J* 48, 126. 

Sleator, W. W. and Phelps, E. R. 1925 Aatrophya. J. 62, 28. 

Sutherland, O. B. B. M. 1933 Proc. Roy* Soc* A, 141, 636. 


The specific heat of superconducting mercury, 
indium and thallium 

By a. D. Misbneb, B. U. Wills Physics Laboratory, University of Bristol 
{Communicated by J* 1). Cockcroft, PM.S* — Received^!) August 1939) 

Introduction 

The application of thermodynamics to the transition between the super¬ 
conducting and normal states in the presence of a magnetic field yields 
formulae by which the entropy difference and specific heat difference of the 
two states may be determined from measurements of the threshold magnetic 
field (Gorter and Casimir 1934 ). These determinations involve the deduction 
of the first and second derivatives of the threshold field curve. They have 
been made for a number of superconductors (Daunt and Mendelssohn 1937 ; 
Daunt, Horseman and Mendelssohn 1939 ) and in the case of tin the agree¬ 
ment with direct specific heat measurements is good (Keesom and van Leer 
1938 ). The usual process of differentiating twice by visually determining the 
tangents to the curves, however, introduces a considerable experimental 
error. 

The work described in this paper was undertaken to determine the differ¬ 
ence in specific heats more accurately and to investigate the variation of 
specific heat with temperature of superconducting mercury, indium and 
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thallium. The threshold field curves were accurately determined. By the 
method of least squares, polynomials were obtained which fitted these 
curves within the experimental uncertainty. The derivatives were then 
calculated mathematically from these polynomials and the desired values 
computed. The results, therefore, have the accuracy of the directly measured 
values. The validity of the results depends upon the accuracy with which the 
chosen formula represents the form of the threshold field curve. This curve 
has no simple form. A least square polynomial taken to sufficiently many 
terms may lay claim to being the best representation and therefore to justify 
the considerable labour involved in its determination. The number of terms 
to be included in the polynomial is determined by the necessity of fitting the 
experimental data over the complete temperature range. 

The formula derived for the thresli old-field curves are useful also in de¬ 
termining the threshold values near the transition temperature of the metal 
where direct determinations are difficult. These values are important for 
calculations of the depth of field penetration in superconductors (Appleyard, 
Bristow, London and Misener 1939 ). 


Method 

The experimental arrangement is illustrated in figure 1 . The specimen 
was in the form of a long cylinder (diam./length 1/50). To prevent oxidation 
it was oast in a thin walled glass capillary. On this capillary was wound a 
double layer search coil (( 7 ) consisting of 2000-3000 turns of 50 gauge copper 
wire. This was connected to a ballistic galvanometer. The sensitivity was 
such that with the coil at liquid helium temperatures a change in field of 
0*2 0 produced a millimeter deflexion. The specimen was held vertical in a 
narrow Dewar vessel (D) filled with liquid helium. On the surface of the 
Dewar vessel was wound a uniform single layer solenoid (F) twice the length 
of the specimen. This was surrounded by the liquid nitrogen jacket {N) which 
fitted inside the large solenoid (O) used to provide the external longitudinal 
magnetic field. 

To determine the threshold field, the temperature was kept constant by 
controlling the vapour pressure over the liquid helium in D. A small current 
was passed through solenoid F, sufficient to produce a field of 0-7 G, This 
current was reversed. When the specimen was superconducting no flux 
through the search coil C was observed. A larger magnetic field was then 
applied by passing a suitable current through 0, This was gradually in¬ 
creased, the current in F being periodically reversed. When the sum of the 
two fields exceeded the threshold field large deflexions were produced by the 



264 


A. D. Muener 


reversal of the small field F. This arises from the faot that when the threshold 
value is passed the fiux due to fields of both O and F enter the specimen. 
Large deflexions were observed until the difference of the fi^ds exceeded the 
threshold field. Then the specimen was always in the normal state and the 
change of flux produced by reversal of the current in F was solely that pro¬ 
duced by F itself. 



Figure 2 shows a typical set of readings taken near the transition point of 
the metal. The field which first penetrates the specimen is taken as the 
threshold field and is very accurately determined. Its value is obviously the 
field of 0 which first produces observable deflexions plus the field due to F. 
Correction was made for the earth’s field and the small demagnetizing frotor 
of the specimen when these were of the order of 0* 1 % of the threshold field. 
The transition is seen to be accurately reversible. This proves the purity of 
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the materials and is a neoesaary condition for the application of the thermo¬ 
dynamic treatment to the transition. It was tested in every case. The tramd- 
tion is abrupt but occupies a finite field interval. When corrected for the 
amplitude of the field of F this interval was never more than a few per cent 
of the threshold field. 


0 4 8 12 16 

field due to solenoid Q 
FiauBK 2. Indium at 3-344° K 

The metals were supplied by Hilger and Co. and were the purest obtain¬ 
able from them. The purity as given by the manufacturer was mercury 
99-999%, thallium 99-996%, indium 99-985%. The fields produced by Owere 
measured with a calibrated fluxmeter using search coils which had been 
compared with a standard mutual inductance. Temperatures wore deter¬ 
mined from the vapour pressures of the helium bath using the 1937 Leiden 
values. Vapour pressures below 4 cm. of mercury were read on a Maoleod 
gauge. 

Bbsults 

Between 75 and 100 determinations of the threshold field of each metal 
were made at a variety of temperatures between the transition point and 
I-1* K. Assuming a polynomial of the type 

« A + ... 
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to fit these results, normal equations were computed from these determina¬ 
tions and the values of the coefficients evaluated. It was found that for 
mercury and thallium the terms beyond could be neglected; for indium 
the term in T® had to be included before the formula would fit all the experi¬ 
mental results within 0*3 G, the estimated experimental error. The formiilae 
obtained were 


Mercury: ^ 412-58-19*60T*--2133T3 + 0*266r^. 

Transition point == 4-167*^K. 

Thallium: H, ^ 170*67-0*193^34-0-219^4. 

Transition point - 2*392® K. 

Indium: ^ 269*18- 14*86^2«6*840^34- l*299T^-0*015!r^ 

Transition point =« 3*368® K. 


Values of the critical field together with the difference in specific heat 
between the superconducting and the normal state calculated from these 
formulae are given in table 1 . 

The entropy difference, A between the normal and the superconducting 
state is calculated from 



dH, 

df^ 


where V is the atomic volume and the specific heat difference A C from 




VT 

437 



+ ^c 



Below 1 ' 0 °K the values must be regarded as extrapolated. They are, 
however, a better approximation to the actual values than is obtained by 
linear extrapolation from the last experimentally determined points. 

The threshold field values for mercury and thallium agree well with those 
of Daunt and Mendelssohn ( 1937 , 1939 ). Indium shows appreciably lower 
values. However, these agree with the values determined by resistance 
measurements made by the author on the same material (Misener 1938 ). The 
specific heat differences for thallium are in excellent agreement with the 
directly determined values of Keesom and Kok ( 1934 ) (table 2 ). 

This agreement confirms the validity of the reasoning by which the 
specific heat differences have been derived from the threshold field curves. 
This has been previously verified only for the case of tin (Keesom and van 
Leer 1938 ). 
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Table 1 




Mercury 


Indium 


Thallium 



T 


AS AC ' 


AS AC ‘ 


AS 

AC 

T 


g&vm 

10-* cal. 10"* col. 

gams 

10"^ cal. 10^* cal, 

gauss 

10"* cal. 10"* cal. 


0-0 

412*6 

— ^ 

269-2 

— — 

170*7 

— 

— 

0*0 

0*1 

412*4 

-0*43 -0*41 

2690 

-0*36 -0*36 

170*4 

-0*36 

-0*34 

0*1 

0*2 

411*8 

0*87 0*79 

268*6 

0*71 0*72 

169*4 

0*69 

0*68 

0*2 

0-3 

410*8 

1*33 M4 

267*7 

1*07 1*00 

167*9 

1*02 

0*99 

0*8 

0*4 

409*3 

1*79 1-46 

266*4 

1*43 1*37 

166*7 

1*34 

1*26 

0*4 

0*6 

407*5 

2*26 1*74 

264*7 

1*78 1*63 

162*9 

1*66 

1*49 

0*6 

0*6 

406*1 

2*72 1*98 

262*5 

2*13 1*96 

169*6 

1*98 

1*66 

0*6 

0*7 

402*4 

3*19 218 

269*9 

2*48 2*30 

165*5 

2*20 

1*76 

0*7 

0*8 

399*1 

3*66 2*34 

266*7 

2*73 2*63 

160*0 

2*44 

1*77 

0*8 

0*9 

395*4 

4*12 2*46 

253*0 

3*07 2*94 

145*6 

2*64 

1*70 

0*9 

1*0 

391*2 

-4*68 -2*62 

248*8 

-3*41 -3*28 

139*8 

-2*81 

-1*46 

1*0 

M 

386*5 

6*02 2*63 

244*0 

3*76 3*61 

133*3 

2*95 

1*23 

1*1 

1*2 

381*4 

5*46 2*48 

238*6 

4*07 3*70 

126*3 

3*04 

0*82 

1*2 

1*3 

375*7 

6*87 2*38 

232*6 

4*36 3*70 

118*6 

3*08 

-0*29 

1*3 

1*4 

369*5 

6*26 2*21 

226*1 

4*69 3*67 

110*4 

308 

+ 0*39 

1*4 

1*6 

362*9 

6*64 1*98 

219*1 

4*83 3*12 

101*6 

3*03 

1*20 

1*6 

1-6 

366*7 

6*98 1*67 

211*3 

6*02 2-73 

92*1 

2*92 

2*16 

1*6 

1*7 

348*0 

7*30 1*30 

203*2 

617 2*11 

82*2 

2*76 

3*28 

1*7 

1*8 

339*8 

7*60 0*84 

194*5 

6*28 1*33 

71*6 

2*63 

4*64 

1*8 

1*9 

331*0 

7*86 -0*30 

186*3 

5*33 -0*40 

60*5 

2*26 

6*97 

1*9 

2*0 

321*8 

-8*07 +0*32 

176*3 

-6*32 +0*67 

48*9 

-1*90 

+ 7*66 

2*0 

2*1 

312*0 

8*26 1*03 

165*0 

6*26 1*89 

36*7 

1*49 

9*29 

2*1 

22 

301*8 

8*39 1*84 

1541 

5*13 3*28 

24*0 

1*02 

11*18 

22 

2*3 

291*0 

8*49 2*71 

142*7 

4*96 4*83 

10*8 

0*49 

13*23 

2*8 

2*4 

279*6 

8*64 3*76 

130*9 

4*72 6*36 




2*4 

2*6 

267*8 

8*54 4*86 

118*7 

4*39 7-83 




2*6 

2*6 

266*6 

8*49 6*08 

106*1 

4*07 9*78 




2*6 

2*7 

242*6 

8*39 7*41 

93*1 

3*67 11*43 




2*7 

2*8 

229*3 

8*23 8*86 

79*8 

3*22 13*37 




2*8 

2*9 

216*4 

801 10*45 

66*2 

2*72 14*90 




2*9 

30 

201*1 

-7*74 +12*16 

62*4 

-2*20 +16*67 




3*0 

3*1 

180*3 

7*40 13*98 

38*3 

1*62 18*92 




3*1 

3*2 

171*0 

7*01 16*96 

24*1 

1*03 20*40 




3*2 

3*3 

166*2 

6*66 18*06 

9*8 

0*43 22*47 




3*8 

3*4 

139*0 

6*04 20*29 






3*4 

3*6 

122*3 

6*46 22-68 






3*6 

3*6 

106*2 

4*82 26*21 






36 

3*7 

87*6 

4*11 27*88 






3*7 

3*8 

69*6 

3*34 30*71 






3*8 

3*9 

61*2 

2*61 33*71 






3-9 


4*0 

4i 


32*3 -1-62 36*81 
13*1 0*67 40*16 


4*0 

4*1 
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Table 2 


10 ”^ cal. 


Temp. ^ K 

Miaener 

Keesom and Kok 

1-4 

0*39 

0*4 

1*5 

1*20 

1*4 

2»0 

7*56 

7*6 

2*1 

9*29 

9*26 

2*2 

11*18 

11*2 

2*3 

13*23 

13*3 

According to Sominerfeld’ 

s theory the sj^eifie heat in the normal state, 

— jTy where 

'dAS\ Id AC 

\ 

y-{ 

JT [ dT 

/t-o 

The y values so obtained are given in table 3, where they are compared 

with those of Daunt and Mendelssohn ( 1937 , i 

939)- 


Table 3 

Daunt and 


Misener 

Mendolnsohn 

Mercury 

4*6 

3*8 

Indium 

3*6 

3*5 

Thallium 

8*4 

2*8 


The agreement for indium is good but the values for mercury and thallium 
are distinctly higher. The specific heat differences are shown in figure 3. 
There is no evidence of the inflexion in the curve for mercmy found by Daunt 
and Mendelssohn ( 1937 ). 

The specific heat of the metal in the superconductive state may be ex¬ 
pressed as 

Curves showing the dependence of C, on T are given in figure 4. The 
reduced temperature” TjT^ (7J, = transition temperature) is used for the 
abscissae. The curves are seen to be of a much simpler form than those 
previously obtained (Daunt, Horseman and Mendelssohn 1939 , Keesom and 
van Leer 1938 ). Also the specific heat is negligible only very close to the 
absolute zero. 

By making a logarithmic plot, as in figure 5, it is seen that the specific 
heats of superconducting mercury and thallium follow at T* law with a h^h 
degree of accuracy. With indium this condition does not hold, the variation 
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being according to This difference of behaviour may possibly be explained 
by difference of purity as the indium is the least pure of the metals used. Yet 
it seems difficult to attribute such a marked change of behaviour to 0*01 % 
of impurity, which was not sufficient to produce any observable hysteresis in 
the magnetic transition. 



Figube 3 
Discussion 

The estimated probable error of the experimental determinations of 
He is 0<3G. The least square polynomial deduced from these values has, 
therefore, a probable error of less than 0-06 G. This assumes that the 
temperatures are accurately known. Down to 1-6° K the 1937 temperature 
scale is probably sufficiently accurate for the values of to be correct to 
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TjT, log(T/r,)+l 

FiocRE 4 FiauBB 5 
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0‘1G. At lower temperatures a change of the temperature scale would 
change the threshold field values proportionally. A small systematic varia¬ 
tion of temperature below, say, 1*5° K, would make no appreciable change in 
the coefficients of the polynomials, provided the large number of determina¬ 
tions above were made with the correct temperature scale or even 

with a scale subject to small random corrections. Hence a change of 0-01 ° K 
in the temperature scale at the lower temperatures would change the values 
of and all quantities derived therefrom, by 1 %, which may be taken as 
an estimate of the accuracy of the results. 

Kok ( 193 s) has fitted a polynomial to the early Leiden values of the 
threshold field of mercury. He obtained 

= 433-0-- 89-08^24. 60-595r»- 18-6087^+ 1*8774T^ 

The expression does not show such a satisfactory rapid decrease in the 
magnitude of the coefficients as the one found by the author, nor does he 
give any idea of the accuracy of the fit and the temperature range. 

It is interesting to note that, in agreement with previous results (Daunt 
and Mendelssohn 1937 , 1939 ) the total electronic entropies of mercury and 
indium calculated according to Sommerfeld’s formula 

S = 3-2QX T 


are substantially less than the observed entropy differences of the super¬ 
conducting and normal states. The value for thallium is only slightly less. 
Table 4 is a comparison at 0 * 6 ° K where the formula might be expected to 
hold. 


Mercury 

Indium 

Thallium 


Table 4. T=r0 5° K 



S theor. 

/IS exp. 

n 

10-* cal. 

cal 

2 

M8 

2'25 

3 

1-42 

1-78 

3 

1-66 

1*66 


This work was carried out at the Royal Society Mond Laboratory, 
Cambridge and I wish to thank Dr J. D. Cockcroft both for placing the 
facilities of the laboratory at my disposal and for his advice and encourage¬ 
ment during the research. The late Dr E. T. S. Appleyard undertook the 
tedious duty of checking the computation of the polynomials. I am indebted 
to the Royal Commission for the Exhibition of 1851 for a scholarship during 
the tenure of which this work was carried out. 
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Sttmmaby 

Threshold field curves for merciay, indium and thallium were accurately 
determined by a magnetic method down to a temperature of 1*1° K. By 
least square methods, polynomials were fitted to these curves and from these 
the specific heat of the metals in the superconducting state was calculated 
using the formulae of Gorter and Casimir. The values obtained for thallium 
agree with the diiect determinations of Keesom and Kok. The specific heat 
of superconducting mercury and thallium varies as T®, that of indium 
as T\ 
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The molecular spectrum of iodine excited by 
fluorescence (in the presence of nitrogen) 
and by active nitrogen 

By a. Elliott, Ph.D., D.Sc. 

Physics Department, The University of Sheffield 

{Communicated by 8. R. Milner, F,R.S.—Received 28 September 1939) 

[Plates 12, 13] 

Introduction 

The fluorescence spectrum of iodine vapour in the presence of a large 
excess of foreign gas has been described by Oldenberg ( 1924 ) and by Dus- 
chinsky and Pringsheim ( 1935 ). Oldenberg noted a strong ‘‘continuum 
with maximum intensity at about 3425 A, on which was superposed a series 
of dilfuse bands, some weak bands about 9 A apart in the neighbourhood of 
2700 A, several diffuse bands between 4900 and 4300 A, and a continuum 
at about 5100 A. The last, unlike the other bands, was shown to be present 
only when nitrogen was employed as foreign gas, and was attributed to a 
photochemical reaction between iodine and nitrogen. The “continuum'' 
3425 A (sometimes referred to as 3412 or 3460 A—the latter figure refers to 
the long wave-length limit of the spectrum) has often been observed in 
iodine spectra, e.g. in emission in a high-frequency discharge (Curtis and 
Evans 1933 ), in a Geissler tube (Konen 1898 ) and in absorption in iodine 
vapour at high temperature (Skorko 1933 ; Warren 1935 ), when it shows 
clear signs of structure. The diffuse band at 4300 is also well known in the 
literature of iodine spectra as the continuum 4300 A, and accompanies 3425 
in emission spectra. It does not appear to have been observed in absorption. 

Duschinsky and Pringsheim (i 93 S«) photographed the 3425 A “con¬ 
tinuum" and showed clearly that it contained sharp bands. They believed 
it to be made up of a genuine continuum with bands superposed on it, and 
doubted whether the bands and continuum formed part of the same system. 
At low pressures (a few cm. of mercury) of foreign gas the continuum pre¬ 
dominates; at higher pressures the bands are relatively strong. Duschinsky 
a^nd Pringsheim gave measurements of the wave numbers of the band heads, 
and obtained some regularity in the spacing of the heads, but did not succeed 
in making a satisfactory analysis. Measurements of the other bands excited 
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by fiaoresoence in iodine with nitrogen present do not appear to have been 
maMle by them. 

The present work is concerned with the bands near 2700 A and with the 
“continue” 3426 and 4300 A. Mention is also made of some new bands in 
the region 4630-4440 A. The “continua” are shown to consist of sharp 
bands when the pressure of foreign gas (nitrogen) is high, and it is extremely 
doubtful whether at low pressures any genuine continuum is produced. 
Rather the low pressure of foreign gas appears to allow the development of 
a large number of bands, whose overlapping gives the appearance of a 
continuum. 

Plate 13, strips (d) and (e), shows these “continua” and bands under low 
dispersion. The bands near 2700 A may be seen on the high frequency side 
of the wave-length 2727 A, which is marked. Other wave-lengths referred 
to above are also indicated on plate 13. 


Exfkbimentai, 

The iodine was contained in a clear quartz tube, on one end of which was 
sealed a quartz window. Light from an aluminium spark fell on the side of 
the tube, and the fluorescent light emerging from the window was examined 
spectroscopically. For the ultra-violet region, two quartz spectrographs 
were employed, namely, a Hilger E 2 instrument, and one giving a slightly 
greater dispersion constructed from a mounting originally intended for use 
with a plane grating. For the visible region, a dense flint prism was sub¬ 
stituted for the quartz prism on this mounting. The spark was fed from a 
64,000 V transformer (2 kVA output) with a bank of oil-immersed con¬ 
densers in parallel with the gap. 

When the quartz tube was filled with nitrogen at atmospheric pressure, 
and the spark operated, the green glow described by Oldenberg was observed, 
due to the continuum at 5100 A. After a few minutes’ running, however, 
afog appeared in the tube, due presumably to the formation of solid particles 
caused by photochemical union of iodine and nitrogen. This fog scattered 
the light from the spark strongly, and it was found necessary to sweep it 
away by streaming nitrogen through the tube continuously, otherwise the 
fluorescence spectrum would have had a strong aluminium spark ^otrum 
superposed on it. It is intended to investigate the photochemical reaction 
at some future time. 

Where the intensity of the spectrum was sufficient, Ilford thin film half- 

toneplateswereemployed; the graininess of these plates was quite negligible. 

For photographing the less intense portions, Ilford rapid process panohro- 
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matio plates were tised. The appearance at the spectrum may be seen on 
reference to plate 12. The different band ^sterns developed are oonsideied in 
the following sections. 


The band system 2620-2730 A 

Reference to spectrum (c), plate 12, shows that these bands form a fedrly 
compact system, degraded towards the red. The intensity distribution is 
remarkable in that the intensities of the bands fall off sharply at the long¬ 
wave end of the system, and very much less sharply at the other end. No 
doubt the high intensities of the bands at the long-wave end are partly 
spurious, due to the overlapping of bands in the sequences. 


Table 1. Wave-lengths and wave numbers of the 

BAND HEADS IN THE REGION 2727-2624 A 


A in A 

V in cm."^ 

2727-4 

36664 

2720-7 

36744 

2714-2 

36833 

2704-7 

36962 

2703-6 

36977 

2702*6 

36992 

2696-6 

37073 

2696-4 

37089 

2094-4 

37103 

2687-3 

37201 

2686-0 

37219 

2679-0 

37316 

2677-4 

37338 

2668-7 

37460 

2666-7 

37602 

2664-0 

37626 

2660-0 

37682 

2666-3 

37649 

2061-2 

37707 


A in A 

V in cm.' 

2646-5 

37774 

2644-6 

37802 

2642-3 

37836 

2637-9 

37898 

2635-6 

37930 

2633-2 

37966 

2626-7 

38059 

2624*2 

38096 

2622*7 

38117 

2617-6 

38192 

2614-9 

38231 

2611-3 

38283 

2608-3 

38327 

2605-7 

38366 

2601-9 

38422 

2699-1 

38463 

2596-6 

38602 

2592*9 

38666 

2589*9 

38600 


A in A 

V in 

2586*6 

38649 

2583*4 

38697 

2680*3 

38744 

2677-2 

38790 

2674-1 

38837 

2570-8 

38886 

2607-9 

38931 

2564-6 

38981 

2561*6 

39026 

2558-4 

39076 

2555-1 

39126 

2552-4 

39167 

2548-9 

39221 

2545*4 

39274 

2643-0 

39311 

2639-4 

39368 

2533-5 

39459 

2524-2 

39604 

2513-9 

39766 


Wave-lengths and wave numbers of the band heads are given in table 1. 
The vibrational analysis is set out in the usual way in table 2 and shows 
satisfactory agreement between corresponding values of <t} (the interval 
between consecutive bands in a progression). The average values of <u' 
vary from 90 to 93 cm."^, those of w* from 148 to 111 cm.-^. At the short¬ 
wave end of the spectrum, the progression with w' == 8 can be extended to 
include four more bands which are, however, too faint for measurement. 
The v* numbering has been assigned on the assumption that the last band 
observed is the 3-0 band. It is of course possible that more faint bands 
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would be observed if the intensity of the spectrum or the time of exposure 
could be increased, but neither of these possibilities appeared feasible. In 
any case, a lower limit is set to the numbering. With regard to the vibra¬ 
tional numbering in the upper electronic state, the progression with lowest 
v' is a progression of the strongest bands in the system and shows only a 
single maximum of intensity. It may therefore, according to the theory of 
Franck and Condon, be supposed to bo composed of bands coming from the 
level V* = 0 , 

In table 2 a curve has been drawn through the strongest bands in each 
progression (horizontal row). This curve is a Franck-Condon parabola of 
the “open^^ fyp© corresponding to a considerable decrease in intemuclear 
distance as a result of the change in electronic configuration, and is of the 
kind to be expected in a system with the vibrational frequencies w' = 96*fi 
and uf “ 158 cm.”^ (these values are obtained by extrapolation). 

On plotting the interval between two consecutive bands in a v'" pro¬ 
gression against the mean v** for the two bands concerned, a graph is obtained 
which consists of two linear portions, with a change of slope at v"' == 17. 
Up to this value of i?", the band heads are represented by the formula 

V « 39709 + 96*5(f/-hi) -0*3(v' +1)*- I58(t;'' +1) + M(v" +1)^ 

Owing to the small range of v' in the bands observed, the value 0*3 om.“^ 
for the constant must be regarded as very rough. 

Tht band system 3450-3040 A (the ^'continuum'' 3245 A) 

A reproduction of the bands in this region is given in spectrum ( 6 ), plate 12 
(fluorescence in iodine at room temperature, in the presence of nitrogen at a 
pressure of 1 atm.). The general distribution of intensity in the system is 
very similar to that in the bands described in the previous section, except 
that the fall in intensity from the maximum (at about 3420 A) is very much 
steeper. No bands have been recorded at wave-lengths greater than 3454 A, 
but in the other direction the system extends at least as far as 3040 A. 
Table 3 gives the wave-lengths, wave numbers and assignment of vibrational 
quantum numbers, together with the wave numbers calculated from the 
formula 

V = 33744 -h 104(v' +1) - 0*2(v' + |)a - 214*26(t;'' +1) + 0‘692(«?' J-)*. 

The observations of Skorko ( 1933 ) and of Warren ( 1935 ), who have ob¬ 
tained some of the bands in absorption at high temperatures, made it very 
Ukely that the lower state was that of the normal iodine molecule, and the 
known vibrational constants for that state (Jevons 1932 ) have been inserted 
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in the formula above. The constants for the upper state have been chosen to 
secure the best fit with the observed wave numbers, but is subject to 

Table 3. Wave-lengths and wave numbers of the 
BAND HEADS IN THE REGION 3460-3040 A 




V obs. 

V calc. 

Band 

A in A 



* 

3454-1 

28943 


8-28 

3448‘2 

28992 

28988 

♦ 

3441*6 

29048 


7-27 

3438*9 

29071 

29068 

« 

3436-8 

29097 


4-26 

3431-4 

20134 

29129 

8-27 

3427*2 

29170 

29169 

12-29 

3423*6 

29201 

29208 

7-20 

3418*8 

29242 

29250 

9-27 

3413-3 

29272 

29270 

4r-24 

3409-7 

29320 

29314 

8-20 

3406-3 

29349 

29351 

1-22 

3403-3 

29376 

29378 

3-23 

3400*6 

29398 

29397 

5-24 

3397-8 

29422 

29410 

9-26 

3394-7 

29449 

29452 

2-22 

3391-3 

29479 

29482 

4-23 

3388*9 

29500 

29600 

10-20 

3382*9 

29552 

29652 

1-21 

3381-2 

29667 

29566 

3-22 

3379-2 

29584 

29584 

5-23 

3377*0 

29604 

29602 

9-25 

3374*1 

29629 

29635 

0-20 

3371-6 

20661 

29662 

2-21 

3369-7 

29668 

29670 

4-22 

3367*6 

29086 

29687 

10-25 

3362-6 

29730 

29736 

1-20 

3359*9 

29764 

29765 

3-21 

3357-9 

29772 

29772 

5-22 

3366*0 

29789 

29789 

7-23 

3364-3 

29804 

29804 

2-20 

3348*1 

20859 

29859 

4-21 

3346*4 

29874 

29876 

3-20 

3336*5 

29963 

29961 

5-21 

33349 

29977 

29977 

8-18 

3240*6 

30860 

30853 


V obs. V oslc. 


Band 

A in A 



* 

3237-6 

30879 


* 

3234-6 

30907 


9-18 

3229-9 

30962 

30964 

♦ 

3224-3 

31006 


* 

3222-2 

31026 


8-17 

3219-9 

31048 

31046 


3214-3 

31102 



3211-9 

31125 


9-17 

3209*7 

31147 

31147 

8-16 

3190-9 

31242 

31240 

♦ 

3197*1 

31269 


9-16 

3189*3 

31346 

31341 


3184-8 

31390 


12 d 7 

3178-8 

31449 

31446 

* 

3172-8 

31616 


11-16 

3169-6 

31541 

31541 


3165*7 

31679 


12-16 

3169*2 

31644 

31640 

11-15 

3149-5 

31742 

31736 


3146-4 

31773 


10-14 

3140-2 

31836 

31833 

* 

3136-9 

31869 


* 

3133-4 

31906 


11-14 

8130-6 

31934 

31933 

Hi 

3128-6 

31966 


* 

3124*3 

31998 


10-13 

3121-0 

32032 

82031 

11-13 

31U-4 

32131 

32131 

* 

8097*9 

32271 


« 

3089*2 

32361 


% 

3086-6 

32400 


m 

3076-1 

82610 


♦ 

3065-9 

32607 


* 

3067-3 

32690 


♦ 

3063*4 

32741 


♦ 

3048*5 

32794 


« 

3040*4 

32881 



* Indicates that a band has not been classified. 


considerable uncertainty. Owing to the fragmentary nature of the progies- 
uons, it would not serve any useful purpose to give a scheme such as that in 
table 2 for these bands, but table 4 is given to show roughly the intensity 
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distribution. The faot that tjf is very nearly twice as great as w* gives rise 
to a phenomenon already noted in the absorption system of iodine 

(Warren 1935 ), namely, that in part of the spectrum a number of progres¬ 
sions coincide more or less exactly to give the appearance of a single pro¬ 
gression of bands, which appear diflFuse if the coincidence is not exact. 
Measurements in the region where this occurs have not been made, as they 
are quite useless for the purpose of analysis; this accounts for the gap in 
table 3 between 29,977 and 30,850 cm.’"', and for the omission from table 4 
of the bands in the neighbourhood of a line joining 7-16 and 2-19. This fact 
must be kept in mind in considering the intensity distribution shown in 
table 4. The distribution of intensity supports Warren’s suggestion that the 
long-wave “edge” or limit of the system can be explained in terms of the 
Franck-Condon theoiy of intensities, as was done by Loomis and Nile 
{ 1928 ) for the bands of Nag. I have calculated the potential energy functions 
for the two Ig electronic levels here concerned, and obtain as the locus of 
strong transitions the broken curve in table 4. The data employed for the 
upper electronic state are as follows: = 104 cm." S = 0-2 om.“', 

« 3*3 A, Z)e = 33,291 cm.-'. 

Table 4. Vibrational scheme eob bands in the region 3650-3040 A. 



fa estimated from Morse’s relation = constant. The relation does 
not hold exactly, for has values 4020 and 3600 for the two states con¬ 
cerned in the visible absorption bands of iodine. A mean vsdue 3700 has 
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been used for this product. is calculated on the assumption (Mulliken 
1934) that the level here concerned dissociates to give iodine atoms in 
the and ®P| states respectively. The work of dissociation, Dg, is given by 
adding the energy of the products of dissociation (54,632 om."^) to the work 
of dissociation for the normal state (12,436 cm.”*^) and subtracting the energy 
of electronic excitation of the ^E:^ level (33,744 

The agreement in position between the theoretical locus of greatest 
intensity in a horizontal row and the locus of greatest observed intensities 
is very imperfect, though the two are of the same type, and coincide in the 
progression with v' = 0. The data available for constructing the curve for 
the upper state are, however, very imperfect, and it is not surprising that 
there should be some discrepancy between theory and observation. 

The processes involved in the production of the band system under 
consideration appear to be as follows: Light from the aluminium spark, of 
wave-lengths 1854 and 1862 A, is absorbed by cold iodine vapour (most of 
the molecules of which have zero vibrational quantum number) and the 
molecules are raised to the "^E^ level, with a very considerable amount of 
vibrational energy. In the absence of foreign gas, fluorescence of the 
ordinary type takes place (Oldenberg 1924; Duschinsky, HirsohlafF and 
Pringsheim 1935), and some of the molecules return to the various vibra¬ 
tional levels of the normal ^E^ state* Other molecules undergo transitions 
which lead to the emission of the McLennan bands (McLennan 1914); the 
nature of these transitions is still obscure (Duschinsky and Pringsheim 
193s *)• presence of foreign gas, however, the excited molecules hand 

over some of their vibrational energy during collisions with the foreign gas 
molecules, and as a result there is a concentration of iodine molecules in the 
lower vibrational levels of the ^E^ state; the rotational energies of these 
molecules will be aflFected by the collision processes and will, if collisions are 
numerous enough, be distributed more or less according to the Maxwell- 
Boltzmann law. Transitions will occur to that part of the ^E;^ potential 
energy curve lying immediately below the minimum of the ^E^; potential 
energy curve; this portion corresponds to twenty quanta of vibrational 
energy. The resulting band spectrum, with its peculiar intensity distribution, 
is the one described in this section. 

The mechanism described above accounts satisfactorily for the observa¬ 
tion of Gerlach and Gromann (1923) that the ‘'continuum** 3426 is very 
prominent in a discharge tube spectrum at high temperatures. At high 
temperatures, an appreciable number of molecules in the normal state will 
have vibrational energies of twenty or more quanta. Excitation of 
molecules to the ^E:^ level will result in an appreciable conoentration of 
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molecules in the lower vibrational states of this level, for, according to the 
Franok-Condon principle, transitions will occur chiefly without change of 
intemuclear distance. The return of the molecules to the normal state will 
be accompanied by emission of the 3425 “continuum"'. The spectrum so 
emitted will contain bands originating from many vibrational levels of the 
state and will therefore appear as a continuum. 


The band ayaUm 4321-4041 A (the ''continuum'' 4300 A) 

The appearance of this system (plate 12, spectrum (a)) is strikingly similar 
to that of the system dealt with in the preceding section, but the intensity 
of the whole system is very much lower. Wave-lengths and wave numbers 
of the band heads are given in table 6. It has not been possible to make a 
satisfactory analysis here, but it seems certain that in these bands, as in 
those of the last section, of is very nearly twice as great as (j)'\ the difficulty 
of analysis is probably due to this feature. The vibrational frequencies 
0 )* and io'' lie between 90 and 100, and 190 and 200 cm.”^ respectively. No 
doubt the peculiar intensity distribution (a very sharp fall on the long wave 
side, giving the appearance of an “ edge ") is due to the same cause as in the 
bands in the region 3450-3040 A. It should be pointed out that, although 
there appears to be a fairly long progression of strong bands in the system, 
the intervals between consecutive bands are sufficiently irregular to show 
that it is not really a single progression. 


TaBLK 5, WaVK-LBNGTHS and wave NXTMBBR8 OF THE 
BAND HEADS IN THE SYSTEM 4321-4041 A 


A in A 

V in cm.-^ 

4321-4 

23134 

4316-9 

28168 

4312*8 

23180 

4308-4 

23204 

4306*0 

23217 

4303*2 

23232 

4298-4 

23268 

4293-4 

23286 

4290-1 

23303 

4286-9 

23320 

4282*0 

23347 

4277*1 

23374 

4274-7 

23387 

4272-3 

23400 

4268*8 

23419 


A in A r in cm."^ 

4264-6 23443 

4260-8 23463 

4266-3 23488 

4263-4 23604 

4247-6 23636 

4244-1 23666 

424M 23572 

4237*9 23590 

4227-6 23648 

4209-9 23747 

4206-6 23771 

4202*6 23788 

4197-0 23820 

4193*1 23842 

4188-6 23868 


A in A 

p in 

4180-8 

239X2 

4176*9 

23940 

4171-9 

23963 

4168*6 

24040 

4147-0 

24107 

4141*3 

24140 

4132*1 

24194 

4124-4 

24239 

4107-0 

24342 

4090-2 

24442 

4086*7 

24463 

4078*8 

24510 

4073*8 

24643 

4057*1 

24641 

4041*2 

24738 
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The band ayatem 4630-4440 A 

These bands differ from all the others with which the present work is 
concerned in that they degrade to the violet, indicating that ia' > ui". As 
may be seen from plate 12 , spectrum (a), the system contains only a small 
number of heads, of which the most intense by far is situated at 4696 A. 
Table 6 gives the wave-lengths and wave numbers of the band heads. There 
are indications of a progression with successive intervals of 126 and 132 
with the intervals increasing towards the high-frequency end of the spec¬ 
trum; hence these intervals are presumably those between successive 
vibrational levels of the lower electronic state concerned. The anal 3 rsis is 
by no means clear, however, chiefly oA^ing to the small number of bands 
developed under the conditions of observation. It has yet to be established 
whether the emitter of those bands is an iodine molecule, since they have 
been observed only in the presence of iodine and nitrogen. 


Table 6. Wave-lengths and wave numbebs of the 
BAND HEADS IN THE SYSTEM 4630-4440 A 


A in A 

p in cm."^ 

A in A 

V in omr^ 

A in A 

V In oin.“^ 

4630-2 

21591 

4576-4 

21845 

4623-4 

22101 

4622-1 

21629 

4569-6 

21878 

4616-4 

22140 

4613-6 

21669 

4556-6 

21940 

4603*0 

22201 

4609-3 

21689 

4549-8 

21973 

4496-7 

22237 

4601-5 

21726 

4642-1 

22010 

4446-6 

22483 

4596-0 

4589-2 

21752 

21784 

4530-2 

1 

22068 

4440-8 

22612 


The influence of excitation conditiona upon the apectra produced 

In an attempt to correlate the various band systems here described with 
the electronic levels of I*, fluorescence spectra of iodine have been photo¬ 
graphed using various pressures of nitrogen up to 1 atm. As far as possible, 
the same exposure was given for each of these spectra, which may be seen 
on reference to plate 13. In addition to the fluorescence spectre, the spectrum 
of iodine excited by active nitrogen (which was observed by Fowler and 
Strutt 1923 ) is reproduced on this plate. All these spectra were photographed 
on Ilford Rapid Process Panchromatic plates. A detailed photometric com¬ 
parison of the intensities of the bands under various conditions of excitation 
would be very difficult to carry out satisfactorily, and has not been attempted. 
The main features revealed by visual inspection (some of which have been 
noted by Oldenberg 1924 ) are as follows: 

The fluorescence band system which forms the 3426 “con¬ 

tinuum ”, is very weak at low-nitrogen pressures, and increases in intensity 
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'With inoreaBmg nitrogen preesure up to about 2 om. pressuie (of mercury). 
At higher pressures still, the intensity of the higher frequency part of this 
system is reduced, but the intensity of the maximum increases slowly up 
to a pressure of at least 1 atm. of nitrogen. The individual bands in the 
system are easily seen in the original plate at 10 cm. nitrogen pressure, but 
are much clearer with a pressure of nitrogen of 1 atm. When excited by 
active nitrogen at a pressure of 2 cm. of mercury, the system shows the 
individual bands much more distinctly than does the fluorescence spectrum 
with the same pressure of nitrogen, though the reproduction does not show 
this very well, owing to the limited range of density which the bromide 
print can reproduce. Little trace, if any, of McLennan’s diffuse bands (which 
appear on the fluorescence spectrum taken in pure iodine vapour) can be 
seen in the spectrum excited by active nitrogen at a pressure of 2 cm. of 
mercury, though they show quite distinctly in the fluorescence spectrum 
with nitrogen pressures up to 10 cm. 

In fluorescence, the band system 2727-2624 A first appears distinctly at 
about 10 om. pressure of nitrogen, and does not alter greatly in inte,nBity 
when the pressure of nitrogen is increa sed to 1 atm. This system is very feeble 
in active nitrogen, and the individual bands of which it is composed do not 
show up at all clearly. 

The band system 4321-4041 A (the “continuum” 4300) is situated in a 
region where the McLennan bands are strong, and estimates of intensity at 
low pressures may be falsified thereby. It is clear, however, that this system 
suffers a considerable reduction in intensity when the pressure of nitrogen 
is increased from 10 cm. of mercury to 1 atm. The system is relatively 
sticong in the spectrum excited by active nitrogen. 

The intensity of the band system 4630-4440 A increases with increasing 
pressure of nitrogen up to about 2 cm. pressure, after which further increase 
of pressure causes a diminution of intensity. What appears to be a con¬ 
tinuation of the same system shows in the spectrum, excited by active 
nitrogen, as a row of nearly equally spaced diffuse bands, which can be 
followed nearly to 4300 A. 

Besides these band systems, which have been considered in some detail, 
there are several apparently diffuse or continuous bands in the spectra 
shown on plate 13, quite apart from the McLennan bands. There are two 
such bands with maxima of intensity at 4740 and 4650 A respectively, which 
appear strongly on the spectrum excited by active nitrogen, and rather 
weakly in fluorescence with high pressures of nitrogen. They show no struc¬ 
ture on the photograph from which spectrum (a), plate 12, was made, and 
may be regarded for the time being as continuous. It is not certain what 
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relation these bands bear to the band system 4321-4041 A, which itself 
appears as a very diffuse band on the low dispersion photograph reproduced 
on plate 13, There are also three diffuse, broad bands in the spectrum excited 
by active nitrogen, with fairly sharp long wave limits, whose maxima of 
intensity lie at 2878, 2829 and 2769 A respectively. It is not unlikely that 
each of these apparently diffuse bands is itself really a system of bands with 
intensity distribution similar to that of the band system 2727-2524 A. No 
trace of these three bands, or systems of bands, appears in the spectra 
excited by fluorescence in the presence of nitrogen. Finally, there is a broad, 
apparently continuous band at 5100 A, which is much stronger at high 
pressures of nitrogen than at low pressures; this has been shown by Olden- 
berg to be present only when nitrogen is present, and is attributed by him to 
a photochemical reaction between iodine and nitrogen. 

Emisnion ''coMinua"^ of Cl^, 

It now appears certain from a comparison of the emission spectra of 
Clg, Br 2 and I^ excited by active nitrogen (Cameron and Elliott 1939, and 
this paj^er) and by an electrical discharge through the vapour (see for 
example Ludlam and West 1924) that the “oontinua” whose maxima of 
intensity lie at wave-lengths 2580, 2880 and 3425 A respectively are analo¬ 
gous, and since the present work shows that the Ig continuum ” is a band 
system, very probably due to a transition, all these so-called 

oontinua may be assigned to the same transition; they are not really 
oontinua at all, but are band systems with an unusual distribution of 
intensity. The interpretation of the 2580 A “continuum"’ in Clj suggested 
by Cameron and Elliott (1939) must therefore be rejected in favour of that 
given above. 


Summary 

The fluorescence si)eotrum of iodine vapour in the presence of nitrogen 
at 1 atm. pressure has been photographed. The spectrum contains four 
separate band systems. 

A vibrational analysis has been carried out for two of these systems, one 
of which is often referred to as the “ continuum ” 3425, and which is due to a 
transition. 

The effect of varying nitrogen pressures on the intensities of the bands 
has been examined. 

The spectrum of iodine vapour excited by active nitrogen has been 
photographed and compared with the fluorescence spectra of iodine vapour 
in the presence of nitrogen. 
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Description of plates 12 and 13 
Plata 12 

The plate shows the fluoresoence spectrum of iodine vapour excited by the light 
from a condenscHl aluminium spark, in the jiresonoo of one atmosphere of foreign 
gas (nitrogen). The io<iine vapour was at a temperature of about 40° C. 

Owing to the sharp falling off in intensity from the maximum with inoroosing 
frequency, sp(?ctnini ( 6 ) could only be reproduced aatisfocUirily by making a com- 
{>osite print from several plates which hewl received different exposure times. Spectra 
(a) and (c) are each from a singles plate, but the exposure given to the print (c) was 
graded to allow the weak bands at the high frequency end of the spectrujn to show. 
Within the region covered by the spectra, all the bands liste<l in the tables are 
marked. 


Plato 13 

The spectra (a) to (e) inclusive are produced by fluoresoence in iodine vapour at 
room temperature, using the light of a condensed aluminium spark for excitation. 
Tlie pressure of foreign gas (nitrogen) present is indicated in cm. of mercury. As far 
as possible, the exposures given to these spectra were the same. Spectrum (/) was 
excited by active nitrogen (at a pressure of 2 cm. of mercury) to which was added 
iodine vapour at about 30° C. 




Elliott 

(a) 


Proc. Roy. Soc., A, vol. 174 , plate 12 

(C) 



fluorcriconco Hp(^cf ra in tho jDrosonco of nitrogon bandw at 1 atmosphere pressure. 

(FaHngp, 286 ) 
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Proc. Jioy. Soc., A, vol. 174 , plate 13 
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DkSCBIPTION of PIM.TES 12 AKB 13 
Plate 12 

The plate shows the fluorescence spectrum of iodine vapour excited by the light 
from a condensed aluminium spark, in the presence of one atmosphere of foreign 
gas (nitrogen). The iodine vapour was at a temperature of about 40® 0. 

Owing to the sliarp failing off in intensity from the maximum with inoreasing 
frequency, spectrum ( 6 ) could only be reproduced satisfactorily by making a com¬ 
posite print from several plates which hod received different exposure times. Spectra 
(a) and (o) are each from a single plate, but the exposure given to the print (c) was 
graded to allow the weak bands at the high frequency end of the spectrum to show. 
Within the region covered by the spectra, all the bands listed in the tables are 
marked. 


Plate 13 

Th^ilbeotra (a) to (e) inclusive are produced by fluorescence in iodine vapour at 
room lIKiperaturo, using the light of a condensed aluminium spark for excitation. 
The pressure of foreign gas (nitrogen) present is indicated in cm. of mercury. As far 
as poaaible, the exposures given to these spectra were the same. Spectrum (/) was 
excited hy active nitrogen (at a pressure of 2 cm. of merciuy) to which was added 
iodine vapour at about 80® C. 
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Adsorption of lauryl sulphonic acid in the surface of 
its aqueous solution, and the Gibbs theorem 

By James W. McBain, P.R.S. and Lloyd A. Wood* 

Stanford University, California 

(Received 26 July 1939) 

The absolute amount of adsort)tion i)er square centimetre of exposed 
surface of a solution may be measured with certainty and with moderate 
accuracy. In the microtome method (McBain and Humphreys 1932 ; McBain 
and Swain 1936; McBain, Ford and Mills 1940) the quiescent surface is out 
from a solution in complete equilibrium with its vapour, collected, and 
analysed. In the interferometer method (Ford and McBain 1936; McBain, 
Mills and Ford 1940) a similar surface in equilibrium is compressed into 
the bulk of the liquid in the path of an interferometer beam which measures 
excess coming from the known surface destroyed. 

Both methods applied to solutions of lauryl sulphonic acid, CuH^SOsH, 
agree in showing strong positive adsor{)tion over the whole range of con¬ 
centrations. 

On the other hand, the curve of surface tension with concentration is of 
Tyi)o III, showing very great lowering in extreme dilution, leading im¬ 
mediately to a minimum, followed by a definite rise to a shallow maximum, 
with a slight decrease of this already low value with further concentration. 
The Gibbs theorem demands an initial positive adsorption of the acid, 
followed by no adsorption at aU where the surface tension is most lowered, 
followed by strong negative adsorption, then zero adsorption, still in dilute 
solution with very low surface tension, followed by slight positive ad¬ 
sorption. 

It is evident that there is a complete contradiction between experimental 
observation and generally accepted theory. Throughout all these dilute 
solutions, which are all less than 0'012 n, the surface tensions are less than 
are those of the comparable pure organic liquids. 

It is difficult to question the experimental evidence because all suggested 
sources of error have been forestalled or evaluated. About a hundred 
instances of Type III surface tension curves are contained in the references 
in McBain and Mills ( 1939 ), obtained by all the different methods of measur¬ 
ing surface tension. Lauryl sulphonic acid was chosen for this study on 

* Shell Research Fellow. 
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account of its stability, its indifference to carbon dioxide in the air, and for 
the fact that it cannot hydrolyse, being already a froe acid. 

It is unlikely that there is any mistake in the derivation of the Gibbs 
theorem subsequent to the assumptions made in his first equation (497), 
since the following steps have been carefully scrutinized by a aeries of 
authors in recent years. The primary a^umptions made are that the system 
is actually of two components only, water and acid, and that no forms of 
energy other than internal, heat, surface, together with the ordinary 
chemical energy (/im) such as obtain within a solution, are involved. 

The Gibbs theorem is commonly misunderstood as corresponding to the 
following statement of J. J. Thomson ( 1888 ) which conflicts with the Gibbs 
theorem for Type III curves. Thomson states: “Thus if the surface tension 
is increased by the addition of the salt there will be less salt per unit volume 
in the film than in the liquid in bulk, while if the surface tension is dimin¬ 
ished by the addition of salt there will be more salt in unit volume of the 
film than in unit volume of the rest of the liquid.” The Gibbs theorem, on 
the other hand, states that for a given value of activity and of slope of 
surface tension at that particular activity, the adsorption is independent 
of the nature of the chemical substances concerned and of the surface 
tension of the solvent, whether that be lower, higher or the same as that of 
the solution. Thomson’s statement has the merit of intuitive appeal for 
all oases, including Type III curves. 

The importance of the submerged double layer as a factor in determining 
and modifying surface tension of all aqueous surfaces was emphasized 
by MoBain, Ford and Wilson ( 1937 ), and has been adduced by a number 
of authors, such as Langmuir ( 1938 ) and Evans ( 1937 ) in discussing the 
surface tension of dilute solutions of electrolytes (Jones and Ray 1937 ). 
The Gibbs theorem itself when applied to solutions of the fatty acids would 
show that, since the exterior layer of molecules is constant, the further 
decrease of surface tension with increasing concentration must be due to 
deeper layers. 

X-rayexamination8byTrillat(i926,1927,1928), Clark etol. (i935),Tausz 
et al. (1930, 1933) has shown that in lubricating oils orientation extends 
for thousands of Angstrom units beneath the surface. 

The curious and extended time effects recently observed with surface 
tension, surface potential and eleotrokinetic mobility show that surfaces 
of ordinary solutions exhibit complicated and but little understood com¬ 
plexities. (For example: Adam and Shute 1938 ; Doss 1935 - 8 ; MoBain 
wid Perry 1939 ; Alty 1924 ; Currie and Alty 1929 ; Florence, Myers and 
Harkins X 936 .) 
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There still would be serious difficulty in accounting for the very great 
lowering of surface tension where the Gibbs theorem requires *»ro ad¬ 
sorption in those numerous Type III curves where surface tension is lowered 
in extremely dilute solution and thereafter remains at a nearly constant 
value without noticeable maxima or minima. It is difficult to believe that 
a surface layer in which 99'99% of the molecules are water (or 99'86% 
by weight) can have a surface tension 43 dynes below that of 100% water, 
and 11 dynes below that of a complete monomolecular la 3 rer of a higher 
fatty acid on water. The actual measurements indeed show strong positive 
adsorjjtion of the solute, of the order of a monomolecular layer. 

Experimental 
(1) The microtome method 

Many detailed improvements were made in the microtome and in the 
procedure adopted for this work. 

The troiigh. 

The solution lies in a shallow trough of pure silver, C, figure 1, 83-6 cm. 
long, 61 cm. wide, containing a depth of about 6 mm. of solution. Each 
passage of the microtome removes 80% of the eximsed surface. Thus, any 
insoluble contamination is soon removed by repeated cuts. The trough is 
set between two rails of pure solid silver (JS, B) that form the track upon 
which the microtome carriage slides. These are kept scraped true and level 
to a few ten-thousandths of an inch. The space below is closed with a sub- 
trough of silver {A) containing a large reservoir of the same solution. Over¬ 
hanging silver trays (Z), £>) also contain solution. All these help to maintain 
saturated aqueous vapour above the solution, and prevent evaporation. 
The inner enclosure containing the trough is 110 cm. in length and is closed 
with a sloping ceiling (B) to avoid any drip into the trough, and the lower 
surface of the overhanging troughs are similarly inclined. The trough is in 
contact only with three silver strips to minimize approach of any con¬ 
tamination, Creeping of the solution over the low ends of the trough was 
noticeable in measurements nos. 1-110, but was prevented in nos. 111-164 
by a very thin appUoation of dicetane to the cut edges. The solution was 
thoroughly stirred initially, and after each replenishment before each run, 
by a rod of fused silica extending the length of the trough and manipulated 
as required from side to side by another silica rod. No efiect of such stirring 
on the adsorption was discernible in comparative measurements. Each 
end of the mner enclosure has a vertically sliding door consisting of a stain- 
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leBB steel frame closed with thin silver foil, through which the microtome 
may pass without damage when by accident the door is not opened. 

The outer enclosure is of sDver plated brass, 8 ft. long, 18 in. wide and 
6 in. deep, with a glass ceiling and sliding automatic doors which open 
electrically os the door passes. This enclosure is likewise kept saturated 
by covering the floor with dishes containing water and by four cloth curtains 
suspended from the ceiling within the entrance and dipping into water, 
with two similar wet curtains near the exit. All crevices and joints in both 
enclosures were carefully sealed with clean paraffin, leaving only the crevices 
around the closely fitting doors. 



Fioukk 1. Cross-section of microtome apparatus. 

Th^ microtome. 

The microtome blade was of 20% iridium, 80% platinum, A softer 
blade containing only 5% iridium was used for runs, nos. 1-110. The edge 
was ground to about 30^^ and was very carefully trued and levelled. The 
blade was j)ennanently mounted in a cylinder of pure silver by means of 
Bakelite lacquer baked on at 135*^. The end joints of the cylinder were also 
sealed with the lacquer. 

The solution sliced off is thrown into the cylinder and kept there by a 
baffle plate of pure silver. The cylinder is mounted on bearings so that the 
microtome hangs in the correct position underneath for cutting, and when 
a pin is tripped by a flexible rubber projection, the blade and opening come 
on top and no solution is lost. The baffle plate when lifted out exposed the 
contents of the cylinder for withdrawal by a pipette. The bearings had 
eight adjustable screws for levelling and arranging the depth of cut. Stain¬ 
less steel plates were used for runners and the brass framework was all 
coated with Bakelite lacquer baked on. 

Materiala, 

The conductivity water used wae redistilled in fused silica and it had a 
specific conductivity of about 3 x 10“*’ mhos. It was stored in a silica 
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vesael except during a run. The lauryl sulphonic acid prepared by M. E. 
S 3 merholm by the method of Noller and Gordon ( 1933 ) was used for the 
interferometer experiments and for the microtome experiments with 2*10 
and 2*93 g./litre. A different specimen, prepared by Dr M. L. Koenig, was 
used for the other microtome experiments, with closely agreeing results. 
The equivalent weight of each by titration was within 0-05 % of theory, 
the balance being probably mainly water. Concentration of the stock 
solution was thereafter determined by titration. Solution was transferred 
by means of a large pipette, suction being applied through a long rubber 
tube. 

Procedure, 

It is essential to avoid loss or evaporation or contamination. 

The car and rails were cleaned with pure benzene and the microtome 
rinsed many times with solution until the residue was of exactly the same 
concentration as that in the trough. The doors of the inner enclosure were 
then opened manually through a small hole otherwise kept covered. The 
car was then rinsed twice more and shot through at about 26 railes/hr., 
the first and last doors operating automatically. The sample was qtiickly 
transferred to the special solid silver interferometer cell, or, if it had foamed 
badly, stored in a tightly stoppered weighing-bottle. All this, from the 
opening of the inner doors, required less than a minute. 

Samples of the solution in the trough were taken from both ends and the 
centre, and similarly stored for direct comj)arison with the surface sample 
and for evidence that the solution throughout the trough was homo¬ 
geneous. The weighing bottles were kept in a saturated atmosphere where 
it had been established that no change in concentration took place over a 
period of days. Temperature was always checked at seven points with 
thermocouples and no measurements were made when a difference of more 
than 0-05'’ was found between opposite ends of the inner enclosure. Homo¬ 
geneity of the solution in the trough was restored when necessary by re¬ 
peatedly drawing it out at one end, mixing it with stock solution in a silica 
flask and putting it back at the opposite end. This was repeated four times, 
care being taken not to disturb the surface more than necessary. 

Solution lost from the trough in the microtome, or by running over the 
end after the car, was replaced from stock. 

Blanks of two kinds were run to measure concentration changes due to 
the experimental procedure. In the first seven, solution was shaken in the 
weighing bottle until well covered ^ith froth and poured into the mioio- 
tome which had just been operated as in an experiment, except that the 
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trough solution was lowered to prevent cutting. Upon analysis the con¬ 
centration of a 5 c.c. sample was increased 0*8 division on the interfero¬ 
meter scale. This was offset within 0*1 division by four blanks in which a 
solution 9*0 divisions more concentrated than the rinse solution, thus 
similating a surface sample, was run into the rinsed barrel as ready to 
operate, and on analysis showed a decrease due to total handling of 0*9 
division. 

Calculation. 

The adsorption, and F^, is the number of grams or mols of solute 
per square centimetre. F^ - 250/^„ ==: A Vk/A, where A is the interferometer 
reading between surface layer and bulk liquid, V is the volume of the surface 
sample, k the interferometer constant, l'6xl0“® g. solute/c.c. solution/ 
interferometer division, readings being made to 0*1 division, and A the 
area sliced, 334 sq. cm. 

Experimental results. 

After the preliminary twenty-five, only those experiments are omitted 
which were total failures, usually due to solution not having been collected. 
The age of the surface is the time elapsed since the previous cut. An 
asterisk (*) denotes that the solution was thoroughly homogenized im¬ 
mediately preceding measurement, the surface presumably being fully 
aged. In contrast to the ex]:)erience with hydrocinnamic acid and other 
solutions, there was no demonstrable effect of age, although no measure¬ 
ments were carried out before the laj>se of 15 min. 

In some of the experiments the surface was swept in a manner similar 
to that customary with the film balance, but no effect was discernible. 

Table 1 gives in detail the results for 0*0113 N lauryl sulphonic acid, 
containing 2-82 g./L, and table 2 summarizes in minimum space the 
remainder of the seventy-six complete measurements. The experiments 
are arranged in order of age. 

It is clear that every measurement showed adsorption of lauryl sulphonic 
acid to be positive. The same result follows from two sets of measurements 
with dynamic surfaces. In the first set of three, O-Ol 2 n solution was shaken 
in a closed weighing bottle, and the concentration of the liquid was found 
to be 9*0, 10*1 and 11*2 mg./l. less concentrated than an equal volume of 
collapsed foam. In the second, a litre of 0*0113 n solution was placed in a 
vertical tube two metres high and three centimetres wide, and fine bubbles 
of air free from carbon dioxide were forced in through a sintered glass 
filter. The bubbles, drained in their slow upward passage, were collapsed 
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in a separate receptacle by a jet of clean air. When two-thirds of the liquid 
h^,d foamed over, the residue would not form stable bubbles. A repetition 
of the process with the liquid first collected yielded 635 c.c, of 0*023 k 
solution, leaving a residue of 346 c.c. of 0*0007 n. Hence, over the range 
&om 0*0007 N to twice the original 0*012 n, the sorption on a moving bubble 
is positive. 


• TaBLK 1. AbSORCTION in the surface of 0*0113 N LAURYL 
SULPHONIO ACin, BY THE MICROTOME METHOD 


No. 

Temp. 

Age 

V 

c.c. 

A 

r, X w 

r„ X 10« 

43 

21-7 

16 min. 

41 

7-4 

15*1 

60 

CO 

21*2 

16 min. 

41 

6*3 

10*8 

4*3 

69 

21*2 

20 min. 

4*6 

6*3 

14*1 

6*6 

68 

21-2 

22 min. 

4*2 

6*6 

13*8 

5*6 

44 

21*7 

23 min. 

4*9 

6-2 

12-8 

5*1 

46 

21*7 

27 min. 

2*1 

12*6 

13*2 

6*3 

48 

21*2 

30 min. 

3*8 

8*2 

16*6 

6*2 

66 

21*2 

30 min. 

4*0 

6*6 

11*0 

4*4 

67 

21*2 

30 min. 

4*3 

5*6 

12*0 

4*8 

60 

21*3 

30 min. 

2*3 

11*3 

12*9 

6*2 

42 

21*7 

40 min. 

1*9 

16*2 

14*4 

6*8 

41 

21*7 

1 hr. 

4*6 

4*7 

IM 

4*4 

64 

21*3 

1 hr. 

4*2 

5*1 

11*0 

4*4 

61 

21*3 

1*76 hr. 

4*1 

6*3 

11*6 

4*6 

61 

21*3 

4 hr. 

2-2 

9*9 

10*8 

4*3 

49 

21*3 

23 hr. 

3*3 

11*6 

19*3 

7*6 

66 

21*2 

* 

2-8 

8*6 

12*0 

4*8 

62 

21*3 

* 

3*6 

8*3 

15*1 

6*0 





Average 

131 

6*2 


Table 2. Adsorption in the surface of all lauryl sulphonic 


Cone. 

ACID SOLUTIONS, BY THE MICROTOME METHOD 

Mean 

Mean 

g*/l. 

Range of Ages 

ValuHg of /*. X 10* 

r, X108 

r„ X low 

3*10 

16-30 min,* 

in, 13, 19, 17, 10, 12 

14*2 

6*7 

2*93 

20 min.-26 lir.* 

13. 21, 10-8, 12-3. 14-4. 9-6, 9-8 

13*0 

6*2 

2*82 

16mm.-23 hr.* 

Table I 

13*1 

6*2 

2*16 

16 min.-40 hr. 

7-8, 10'5, 13-9, 0-2, 8-9. 10-4, 

93, 120 

9-8 

3*9 

2*10 

12 miri.-44 hr.* 

10, 11-6, 7-4, 6-8, 19, 10-3, 4-6. 

9 0, 16, 7-6, 9 0, 10-1, 10-6. 15 

9*2 

3*7 

1*60 

16 min.“3 hr.* 

103. 14-5, 11-4. 120, 12 1, 160, 
12-6, 11-4, 170, 17-9, 16-8. 

160, 16-3, 160, 10-9 

13*8 

6*4 

0*5 

16 min.-6*3 hr.* 

91, 0-4, 6-7, 71, 6-9, 2-6, 6-8, 6-9 

6*7 

2*7 



Adsorption of lauryl sulphonic acid 


293 


( 2 ) The interferometer method 

The interferometer method is based on the assumption that the surface 
layer can be collected by compression by moving a barrier extending 
nearly a millimeter below the surface (total depth of solution usually 
about 3 mm.). The operation is carried out in a cell 76*6 cm. long, placed 
in the path of a Hilger Rayleigh interferometer. Details of the equipment 
have been described elsewhere (McBain, Mills and Ford 1940 ). Here the 
]>artition between the standard solution and that whose surface was being 
compressed extended to the glass ceiling to prevent intercommunication 
of the vapour. The liquid was not in contact with rubber and the barrier 
slid on a platinum wire against a platinum surface. 

The solution was thoroughly stirred by tilting the cell bodily both side¬ 
ways and endways until a constant reading was obtained in the inter¬ 
ferometer. Then the barrier was drawn back, exposing fresh surface. After 
ageing, the barrier was run forward again until it dropped off the ends of 
the skids, imprisoning the liquid collected. The ends of the barrier were 
connected to the trough by long strips of vertical gold foil lying in the surface. 

The first effect of stirring, like the first effect of pushing the barrier 
forward, was a distinct lowering in the interferometer reading, returning to 
zero in a few minutes. It was necessary to wait 2-5 hr. before the collapsed 
surface had diffused evenly, giving a strong positive reading. The inter¬ 
ferometer was read to 0*2 division, the constant k being 3*9 x 10~’^ g./c.c. 
The adsorption is again equal to dVkjA, 

The interferometer method will give a change smaller than the reality 
if any of the surface layer is lost under the moving barrier, and it is clear 
that the total effect per square centimetre would asymptotically approach 
zero if the barrier wore moved an indefinitely great distance. In practice, 
with lauryl sulphonic acid solution, it was found that a movement of 6 cm. 
gave almost as great an interferometer change as 16 cm. Thus with 16 cm. 
over two-thirds of the collection has escaped under the barrier. Hence 6 cm. 
was used but must still represent a low result. An example is given in 
Table 3 in which the average deviation from the mean is 16%. 

In Table 4 are given the initial values for the solution of minimum surface 
tension, showing that after 3 min. the adsorption attained its final value, 
the subsequent twenty “two measurements giving, with an average deviation 
of 13%, 7*7 X 10“® and 3*1 x 10 “^^® grams and mol./cm.* respectively. 

All ninety experiments carried out with the interferometer ore summarized 
in table 5. Again there is no detectable influence of age of surface, after 
the first few minutes. 
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Table 3. Adsorption in the surface op 0-0084 n laubyl 

SULPHONIC ACID (2-10g./l )> BY INTERFEROMETEB METHOD 


No. 

Ago 

Temp. 

'‘C 

A 

r„ X 10« 

r„ X lOW 

38 

45 min. 

21*0 

8*8 

16*4 

6*6 

36 

2 6 hr. 

21*5 

5-0 

9*3 

3*7 

40 

14-5 hr. 

20*8 

6*9 

12*9 

6*2 

37 

15-3 hr. 

20-9 

8*2 

16*3 

6*1 

39 

16-6 hr. 

20-9 

6*6 

12 2 

4*9 




Average 

13*2 

6*3 


Table 4. Initial adsorption in the surface of 0-00062 n lauryl 

SULPHONIC ACID (I-S6 g./I ), BY THE INTERFEROMETER METHOD 


No. 

Ago 

Temp. 

A 

r„ X io» 

r„ X10*® 

60 

3 seo. 

21*3 

2*1 

3*1 

1*2 

59 

6 

21*2 

2*7 

4*0 

1*6 

68 

15 sec. 

21*2 

4*0 

6*0 

2*4 

69 

15 sec. 

23*3 

2*2 

3*3 

1*3 

62 

1 min. 

21*7 

3*8 

5*7 

2*3 

66 

3 min. 

22*9 

3*9 

6*8 

2*3 

68 

10 ruin. 

23*1 

5*3 

7*9 

3*2 


Table 5. Adsorption in the surface of all lauryl sulphonic 

ACID SOLtrTIONS, BY THE INTERFEROMETER METHOD 


g./l. 

Range of ages 

Mean 
r, X 10» 

Mean 
Fn X U)!® 

2*93 

30-160 min. 

(4*4)* 

(1-8)* 

2*10 

46 inin.-15*6 hr. 

13*2 

5*3 

1*66 

3 800.-41 hr. 

7*7 

3*1 

0*6 

3 sec.-21 hr. 

7*6 

3*0 


• This result is too low bocmise the barrier was moved 15-6 cm. 


(3) The aurface tension 

Such methods as drop weight and maximum bubble pressure are of 
little value in studying solutions whose surface tension changes slowly 
with time. Even the method of capillary rise used by Reed and Tartar 
( 1936 ) failed to yield definite values over an extended period in their study 
of solutions of sodium lauryl sulphonate. We chose the du Nptiy zing 
method, using a large platinum basin in a saturated atmosphere and a 
chainometric chemical balance with a magnetic damper in place of a torsion 



Adsorption of lauryl sulphonic acid 295 

wire. To begin with, all the platinum was heated to redness. The surface 
of the solution was carefully swept. The ring was kept submerged except 
when actually in use. Measurements made in rapid succession on a surface 
several days or weeks old showed only a rise of 0*04 dyne after each dis¬ 
turbance. 



coaoontration (mol./I.) 

FiQtTHB 2. Surface tension meaeuremonte of lauryl sulphonio acid at various ages. 


The surface tension of solutions of less than 0-01 n lauryl sulphonic 
acid decreases with time for many days as shown in figure 2 for 22 °. This 
is confirmed by unpublished measurements by L. H. Perry using the pendant 
drop method of Andreas, Hauser and Tucker ( 1938 ), even after the intro¬ 
duction of a number of improvements such as keeping the drop in a 
saturated atmosphere in contact only with platinum. Similar time effects 
have been recorded by Adam and Shute ( 1938 ). 

The shape of the Typo III curve is likewise confirmed with the PLAWM 
trough (McBain and Vinograd 1940 ) and by measurements of capillary rise. 
A large amount of carbon dioxide had no appreciable effect upon the surface 
tension. Solutions were always frothed vigorously and the foam removed 
before begi nning their study. Very similar results are reported for the 
corresponding sulphate by Tartar and Cadle ( 1939 ) using the sessile bubble 
method, and again long time effects were observed. 
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Discussion 


The adsorption was calculated for the final surface tension curve of 
lauryl sulphonic acid (figure 2 ) at 22 ° by the classical theorem of Gibbs in 
mols per square centimetre: 

= - d(rl{di + id log<,mg), 

where i> = 2 and + (McBain and Mills 1939 ). 

flTOj dm^ wig 

The values of g are from freezing-point data (McBain, Dye and Johnston 

1939)- 

The calculated results are compared with the experimental results in 
table 5. 

It is interesting that at 0*0087 N, where the surface tension slope is 
upwards, the Gibbs theorem would predict a deficiency of lauryl sulphonic 
acid in the surface amounting to 11*2 moh/sq. cm. This is the 

equivalent of a surface in which there is no lauryl sulphonic acid in a top 
layer 12,700 A thick, or a correspondingly thicker layer if this is not pure 
water. 

Table 6. Calculated and actually obsekved adsorption in 
mol./cm.^ X lO^^ in the air-water surface of solutions of 

LAURYL sulphonic ACID 


Concentration 

Tn adsorption 
from 8 ,T, by the 

microtome 

1\ Rayleigh 
interferometer 

g-/l. 

Gibbs theorem 

results 

results 

0-0020 

4-2-4 

4-2-7 

4-3-0 

00060 

0-0 

+ 6-4 

— 

0-0062 

0-0 

— 

+ 3-1 

0*0084 

-8-7 

4-3-7 

4-5-3 

0-0087 

- 11-2 

4-3-9 

— 

0-0113 

-0*3 

4-6-2 


0-0117 

- 0*2 

4-5-2 

+ 1-8* 

0-0122 

- 0-2 

+ 6-7 

— 


* See footnote to table 6 . 



Preliminary experiments on solutions of sodium butyl benzene sulphonate 
were carried out previous to the adoption of the modifioations in ap¬ 
paratus and technique already described. Twelve experiments with a 
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concentration of 35 g./l. all gave positive values averaging 4- 31 x 10“® 
and /*„ =“ -f 13 X This, however, is a concentration at which the slope 
of the surface tension curve is zero and for which, as for so many other 
detergents, the Gibbs prediction is zero adsorption. 

Finally, experiments with the free butyl benzene sulphonic acid were 
carried out with the interferometer method, using a solution beyond the 
minimum of surface tension 38*4 g./L Once again, the observed adsorption 
was positive, amounting to about 5 divisions or about 4 x 10"^® mol./cm.®; 
instead of the negative value deduced from surface tension by the Gibbs 
equation. 


Summary 

One hundred and sixty-six measurements made with the microtome and 
with the interferometer agree in showitig that positive adsorption occurs 
in the surface of all dilute solutions of aqueous lauryl sulphonic acid. A 
similar result follows from dynamic measurements and from measurements 
with sodium butyl benzene sulphonato and butyl benzene sulphonic acid. 
No time effect is observable after the first few minutes. 

The surface tension of solutions of lauryl sulphonic acid changes over 
long periods of time extending to hours or days. 

Since the surface tension is at a minimum in 0*0062 n lauryl sulphonic 
acid, the Gibbs theorem would predict zero adsorption followed by negative 
adsorption, in contrast to the positive values actually fonnd. Similar pre¬ 
dictions would follow for all the numerous known instances of Type III 
curves where in extreme dilution the surface tension is lowered to a fraction 
of that of water, thereafter passing through a minimum or remaining 
constant. 
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The association of meteorological changes with 
variations of ionization in the region of the 

ionosphere 

By j. Bannon, B.Sc., A. J. Hicjqs, B.Sc., 

D. F. Maktyn,.D.Sc. and G. H. Munro, M.Sc. 

{Communicated by T. H. Laby, F.R.S.—Received 4 April 1939) 

[Plate I4J 

1 . Intboduotion 

Of the known regions in the ionosphere, the F, region shows the most 
erratic variations. Whereas the E and F^ regions show ionization maxima 
diumally at noon, and seasonally in midsummer, in aooordanoe with theory 
(Chapman 1931). the F, region on the other hand frequently shows diurnal 
ionization maxima both in the morning and afternoon, with a minimum 
near noon, while the seasonal variation shows maxima near the equinoxes 
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and minima at both midsummer and midwinter. In addition to these un¬ 
usual diurnal and seasonal variations, the region is particularly subject to 
disturbances, most of which tend to lower its maximum ionization density. 
Thus Appleton and Ingram ( 1935 ) have shown that magnetic storms are 
frequently accompanied by a decrease in the F^ ionization, while Martyn, 
Munro, Higgs and Williams ( 1937 ) have found that all bright hydrogen solar 
eruptions are accompanied by a reduction of the maximum ionization 
density. 

In addition to these types of variation, Martyn and Pulley ( 1936 ) found 
some evidence that the noon F 2 ionization density correlated positively with 
the barometric pressure at the ground. 

We have now available 19 months’(X)ntinuou 8 observations, at half-hourly 
intervals or less, of the maximum ionization densities of the F^ region. It is 
the object of this paper to examine this material, to reject the days of 
magnetic and solar disturbances, and to see if the large variations found to 
remain in the residual observational material are associated with meteoro¬ 
logical conditions. 

In a subsequent paper the variations due to solar eruptions will be studied. 


2. Expkeimbntal methods 

The observations were made at the Liverpool field station of the Radio 
Research Board, lat. 33'^55'S, long. ISO'’59'E, and at the Commonwealth 
Solar Observatory, Canberra, lat. 36° 16'S, long. 149° 10 'E. At the former 
site the observations were made by a method previously referred to (Martyn 
et aL 1937 ). These observations were made near noon, and were particularly 
valuable in providing a sensitive indication of solar eruptive activity at times 
when the sky was overcast and spectroheliosoope observations impossible. 
At the latter site observations were made at half-hourly intervals by the 
automatic variable frequency radio pulse transmitting and rec^eiving equip¬ 
ment originally designed by Wood ( 1936 ). This equipment records on 36 mm. 
cine-film the equivalent heights and penetration frequencies of the various 
regions of the ionosphere. The records obtained from this apparatus (here¬ 
after coUedP'-/, or equivalent path-frequency records) |>ermit the evaluation 
of the maximum ionization densities in the various regions penetrated. 
Similar P'-/records were obtained by manual methods at Liverpool each day 
at noon. 

The observations cover the period from 19 March 1937 to 31 October 1938. 
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Two typical P'~f records, obtained at noon respectively on 24 and 25 
October 1938 , are reproduced in dgure 1 (plate 14 ). In these records tlieabsoiB- 
sae give the frequency in megacycles per second, and the ordinates the equi¬ 
valent heights of the reflecting regions. A height scale is superposed cm the 
record at unit intervals on the frequency scale. The separation between each 
dot on these height scales corresjwnds to an equivalent path of 100 km. It is 



seen that the penetration frequency/j?® of the upper (ordinal^) component of 
the J'a region echoes, which was about 8'3 Mo./sec. on the 24 th, has increased 
to ll'OMc./sec. on the 25 th. In other respects the two P'-/records appear 
similar in type to each other, as well as to the great majority of the thocuands 
of such records which have been obtained. In particular they do not exhibit 
any of the {teouliar characteristics associated with magnetic storms or solar 
eruptions, types which will be discussed elsewhere. The distribution of 
weather over Australia on these two days is shown in figures 2 and S< 
which are tracings of the relevant features of the weather charts issued Iqr the 
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Kuu;hk ]. Noon P'-f rocordn. 24 niul 26 Oftobor 193H. 


{Fiu'imj p. liOO) 







0(«iimcHEiw«Mlt]i Heieozt^gioal Bmeati. It i« aMa that while ofi ihte 24th an 
extensive ojrclonio depressien acoompanied by widespread and heavy rainfall 
o&vwed the whole of New Sonth Wales, on the 25th (at 9aju.) the centre 
of this depression had passed esistwards into the Tasman Sea. The frequent 
ooourrenoe of such daily variations in ionization in association with this 
type of meteorological condition suggested the desirability of making the 
detailed analysis which is given in the next section. 



4 . Analysis of rbsults 

The frequent ooourrenoe of examples of F^ ionization variation similar to 
that described in the previous section have indicated a possible connexion 
between the ionization density in the JPJi region and the meteorological 
conditions at the ground. In the present section, 10 months’ observations 
are analysed to see if this relationship can be substantiated. For this puipose 
the observational material was treated in the following way. The noon value 
of /;^''*-the maximum electron density in the F, region is proportional to this 

,." 'Vqi. 1.74. A 40 
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quantity—was selected as the daily index of the maximum ionkation 
density. 

Days on which a magnetic storm occurred, or on which the P'-/ records 
showed magnetic storm characteristics, were rejected. The total number of 
days rejected for this reason was 13. 

The records obtained on days in which a solar eruption was occurring at 
noon were specially examined. As a rule the depression of critical frequency 
from this cause was small, being less than 0*5 Me./sec., and it was possible to 
obtain an interpolated noon value from the examination of the morning and 
afternoon values. 

We may regard Australian weather as being controlled by a succession of 
anticyclones which pass from west to east in fairly regular succession. The 
track of the centres of these anticyclones passes, on the average, approxi¬ 
mately at the latitude of our observing stations. In the transition zone 
between two such successive anticyclones, there is a region of relatively 
sudden discontinuity in the characteristics of the air. To the east of this 
frontal zone the air flow is from lower latitudes where it will have been warmed 
and possibly charged with water vapour. To the west of this zone the winds 
blow from higher latitudes and the air is generally colder and drier. In this 
main frontal zone the phenomena elucidated by Bjerknes and others occur; 
tongues of warm air intrude into the cold mass and warm and cold fronts and 
eventually cyclonic depressions may appear. The preliminary analysis 
suggested that the Pg ionization would be found to be below the average 
amount on occasions when this main frontal zone passed through New 
South Wales. 

For the purpose of this analysis the various days were divided into two 
classes. The first class contained those days on which a main front was 
present in the area included between lat. 29° S and iat. 36° S, and long. 
140° E and long. 156° E. The second class contained those days when no 
front existed in this region. 

Days in the first class are referred to below as frontal ” days; those in the 
second class are called ‘ * non-frontal ’' days. The dates on which they occurred 
are shown in figure 4 as explained in the following section. 

The days having been thus classified, the average monthly noon values of 
were worked out for each class. The results are shown in tables 1 and 2, 
wWch give the values for Mount Stromlo and Liverpool (N.S.W.) respect¬ 
ively. In the last column in each table is shown the difference between the 
monthly average noon/^^ in each class. It is seen that with the exception of 
August 1937 and July and August 1938, the '‘non-frontal” days show a 
higher average value of than the ‘‘frontal days. The difference tends to 
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be greatest about the months of March and Ootobeii when it amounts to 
about 20 % at Stromlo and 11 % at Liverpool. The average difFerenoe over 
the whole period of observation is 11 % at Stromlo and 6 % at Liverpool. 
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Figuhb 4. Distribution of “frontal” and “non-frontal” days from March 1937 to 
October 1938, together with days of signidcant differences between the maximum 
electron densities in the region above Liverpool (Sydney) and Mount Stromlo 
(Canberra). 


It is seen that the analysis of these 630 days confirms the view that a great, 
and probably the major part, of the day-to-day fluctuation of ionization 
density is associated with meteorological changes at the ground. 


ao-4 
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5 . Comparison of Liverpool and Stromlo msdlts 

A comparison of tables 1 and 2 shows that the trend of the variations at 
Liverpool and Stromlo is similar but not identical. The principal difference is 
that the magnitude of the difference between “non-frontal” and “frontal” 
days is greater at Stromlo. This fact is at first sight so surprising, in view of 


Table 1 . Monthly averages opfor “frontal” and 
“non-frontal” days, Mount Stromlo (Canberra) 



“Non-frontal’* 

“Frontar* 

“Non- 

frontal*’ 

“Frontal” 



No. of 

Sum of 
squares 

No. of 

Sum of 
squaroH 

Average Average 
of squares of squares 

Differ¬ 
ence of 

Month 

days 

of/;. 

days 

of/;. 

of/;. 

of/;. 

averages 

1937 

April 

20 

2610 

8 

1033 

130 

129 

1 

May 

13 

1489 

12 

1267 

116 

106 

0 

June 

17 

1773 

10 

969 

104 

97 

7 

July 

17 

1834 

9 

897 

108 

100 

8 

August 

14 

1682 

11 

1302 

113 

118 


September 

16 

2166 

9 

1164 

135 

129 

6 

October 

8 

940 

16 

1636 

118 

96 

22 

November 

16 

1426 

11 

894 

96 

81 

14 

December 

6 

676 

14 

1169 

96 

84 

12 

1938 

January 

9 

662 

11 

744 

72 

68 

4 

February 

8 

698 

17 

1466 

87 

86 

1 

March 

9 

1163 

20 

2172 

129 

109 

20 

April 

14 

2087 

11 

1416 

149 

129 

20 

May 

17 

2167 

10 

1107 

127 

111 

16 

June 

17 

1495 

11 

948 

88 

86 

2 

July 

17 

1621 

13 

1216 

89 

93 

-4 

August 

19 

2095 

12 

1366 

110 

114 

-4 

September 

13 

1489 

16 

1698 

116 

106 

9 

October 

10 

1161 

20 

1964 

116 

98 

17 

Total 

269 

28904 

241 

24325 

— 

— 

— 

Average 


112 

— 

101 

— 

— 

— 


the small difference in location of these two places, that we have subjected it 
to special examination. The results are set out in figure 4. In the figure the 
“frontal” days are indicated by blocked-in squares. The unblocked squares 
on the same row are ‘ ‘ non-frontal ” days. Each row represents two months of 
days. Above each such row appears a second row of hatched or unhatched 
squares. Each hatched square represents a day on which there was a s^;nifi- 
cant difference (> 0-4 Mo./sec.) in the values of at Stromlo and Liverpool. 
The unhatched squares in this row represent days on which no such signi- 
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fioant difference existed- On some occasions, for instrumental reasons, ob¬ 
servations were lacking at one or other site* These days are represented by 
leaving gaps in the upper row. The magnitude of the difference between the 
values of at Stromlo and Liverpool is represented by the length of the 
vertical line above each hatched square. The unit length is the side of the 
square, and corresponds to a frequency difference of O'SSMc./sec. On the 


Table 2 . Monthly averages of for “frontal’' and 
“non-frontal” days, Liverpool (Sydney) 

‘‘Non-frontal” “Frontal” “Non- “Frontal” 

^_._ ^ —_^ - frontal ” 

Sum of Sum of Average Average Differ- 



No. of 

squares 

No. of 

squares 

of squares of squares enoe of 

Month 

days 

otn. 

days 

of/;. 

of/J. 

of/;. 

averages 

1937 

April 

18 

2669 

8 

1135 

142 

142 

0 

May 

14 

1673 

16 

1697 

119 

113 

6 

June 

18 

1941 

12 

1248 

108 

104 

4 

July 

19 

2061 

11 

1138 

108 

103 

5 

August 

16 

1862 

13 

1633 

116 

118 

-2 

September 

10 

1398 

8 

1106 

140 

138 

2 

October 

9 

1106 

20 

2189 

123 

109 

14 

November 

16 

1442 

12 

1123 

96 

94 

2 

December 

6 

589 

20 

1639 

98 

82 

16 

1938 

January 

12 

812 

14 

921 

68 

66 

2 

February 

8 

710 

17 

1495 

89 

88 

1 

March 

9 

1186 

20 

2398 

132 

120 

12 

April 

17 

2165 

12 

1744 

164 

146 

9 

May 

17 

2204 

12 

1460 

130 

121 

0 

June 

19 

1730 

11 

998 

91 

91 

0 

July 

17 

1612 

14 

1380 

96 

99 

-4 

August 

19 

2192 

12 

1419 

116 

118 

-3 

September 

13 

1591 

17 

1899 

122 

112 

10 

October 

10 

1198 

20 

2180 

120 

109 

11 

Total 

266 

30019 

268 

28692 

— 

— 

— 

Average 


113 

— 

107 

— 

— 

— 


great majority of occasions the Liverpool value of /p, is the greater of the 
two, but on a few occasions the reverse effect occurs. Such occasions, when 
fy, (Stromlo) >/y, (Liverpool), are indicated by downward pointing 
arrowheads on the vertical strokes, which indicate the magnitude of the 
difference. 

A study of the positions of the blocked and hatched squares shows that 
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th«re is a strong tendency for a significant difference to oooor on a “frontal “ 
day. 

In table 3 such an occurrence is called a “Hit”, and the failure of such 
an occurrence a “Miss”. Over the whole period the percentage of “Hits” 
recorded is 72. On a random distribution the anticipated percentage of 
“Hits” would be 49. 


Table 3. Statistical 

ANALYSIS OF 

“Hits” and 

“Misses” 

IN COIN- 

OIDENOE OF DAYS OF SIGKIFICANT DIFFERENCES (BETWEEN VALUES OF 

AT Liverpool and Stromlo) with “frontal” days 

No. of 

Total No. of days with Observed 

no. of “fronfcar* 

Month 

days 

days 

difference 

“Hits” 

Misses” 

1937 

March (part) 

7 

3 

3 

2 

1 

April 

18 

7 

8 

5 

3 

May 

23 

11 

8 

7 

1 

June 

27 

13 

10 

6 

4 

July 

24 

9 

6 

3 

3 

August 

24 

11 

6 

3 

2 

September 

15 

6 

3 

2 

1 

OctoV)er 

26 

17 

11 

10 

1 

November 

26 

11 

10 

7 

3 

December 

20 

16 

6 

6 

0 

Totals 

210 

103 

69 

60 

19 

1938 

Jaxiuary 

17 

7 

6 

4 

1 

February 

22 

15 

9 

8 

1 

March 

27 

19 

11 

11 

0 

April 

23 

9 

10 

7 

8 

May 

27 

10 

9 

6 

3 

June 

19 

6 

6 

3 

3 

July 

22 

11 

12 

7 

6 

August 

23 

9 

6 

2 

4 

September 

24 

12 

6 

4 

2 

October 

27 

17 

12 

10 

2 

Totals 

231 

116 

86 

62 

24 

Grand totals 

441 

218 

165 

112 

43 


Anticipated no. of “Hite" = 49 %. 
Observed no. of “Hits” = 72 %. 


6. CoNCI/tlSIONS 

It would appear that the observations here described fully confirm the 
conclusion (Martyn and Pulley 1936 ) that ionization changes in the r^on 



Meteorological changes and variations of ionization 307 

of the ionosphere are associated with meteorological changes at the ground. 
This surprising result is obviously difficult to explain theoretically. It seems 
clear that the constitution of the atmosphere must change from day to day 
in the region if these results are to be explained. At the same time the 
changes must occur rapidly, in a time measured in hours, in order that the 
association with meteorological conditions should be maintained. There are 
obvious, and probably insuperable, difficulties in the way of an explanation 
in terms of convection, while the time necessary for any process of diffusion 
(even from the level of the ozone region upwards) is quite prohibitive. 
Another possibility to be considered is an explanation based on variations in 
radiation from the ground and from clouds. It is known that cloud amount 
varies greatly among types of meteorological classifications we have em¬ 
ployed, and it is known that any radiation process would take effect in the 
region in a time measured in minutes. It seems impossible, however, to 
conceive of any radiation which could appreciably affect the F^ region after 
traversing the upper troposphere and stratosphere. Ultra-violet radiation 
would be completely absorbed in these regions, visible radiation would be 
unabsorbed in the F^ region, and infra-red radiation could not appreciably 
affect the temperature. 

A more probable source of explanation might be found in the variations of 
ozone amount, which are known to occur in the ozone region. While it seems 
unlikely that appreciable amounts of ozone could exist in the F^ region itself 
on account of the high temperatures found there, yet changes in ozone 
amount at lower levels might permit changes in other constituents, notably 
water vapour, the products of which might find their way upwards by diffu¬ 
sion. Her© again the difficulty would apj)©ar to be the prohibitive time 
required for any diffusion process below 100 km. to b© effective. 

It appears that the most likely explanation may be that there exist large- 
scale movements of air in the lugh atmosphere in parallel with the main air 
mass movements at low levels—that, for example, a large influx of tropical 
air at low levels is accompanied by an influx of air of special characteristics 
(probably high humidity and/or low ozone content) at the very high levels 
up to 250 km. The presence of water vapour, or its dissociation products, 
would be expected to have a pronounced effect on the electron density in the 
F^ region. 

At present, however, any such theory would necessarily be highly specu¬ 
lative. It appears highly desirable to study the effects described in this paper 
at a large number of locations. It is to be anticipated, for example, that the 
precise nature of the association may be different in different regions of the 
earth, and would depend on the peculiar meteorological features of each 
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region. For example, it is already known (Lejay 1936 ) that the assooiation of 
ozone with meteorological conditions is of a different nature in Shanghai 
from that obtaining in Europe. The difference is attributed by Lejay, prob¬ 
ably rightly we believe, to the fact that the Siberian antioyolone to the North 
affects the Shanghai ozone, wliile the Azores anticyclone to the Soidh 
affects Western European ozone. 

An important consequence of the results here described would appear to be 
that the seasonal variation of ionization in the r^ion over any region of 
the earth should be profoundly affected by dimatic considerations. It has 
been generally assumed until now that the ionization would depend almost 
entirely on the strength of solar radiation, and so would depend only on 
latitude. On the other hand, the results of observations now being accumu¬ 
lated from many parts of the world do not appear to support this view. It is 
found (Berkner and Wells 1938 ) that the seasonal variation of F, ionization 
at places of equal latitude in opposite hemispheres is entirely different. 

It apjiears that the results described in this paper provide an explanation 
of these anomalies. It is almost a necessary consequence of the results that 
the seasonal variations at any one location, and the differences in the seasonal 
variations at several locations of equal latitude, must be largely governed by 
climatic considerations. 
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Summary 

A study has been made of the day-to-day variations in the noon values of 
the maximum electron density in the Fg region of the ionosphere, at two 
observing stations near Sydney and Canberra. The small number of days on 
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which these values are affected by association with magnetic storms are 
excluded from the analysis. Large day-to-day fluctuations, amounting 
sometimes to 50 %> remain at each station. It is found that these fluctuations 
are associated with meteorological changes observed at the ground. Over 
19 months of daily observations it is found that on days when the region 
between lat. 29° S and lat. 36° S, and long. 140° E and long. 166° E is free 
from **frontal” conditions, the values of ionization are higher on the 
average by 6 % near Sydney and 11 % near Canberra than on other days. 
A similar difference is found in the averages for each month, except in 
August 1937 and July and August 1938, when a small negative difference 
occurs at each station. The difference is greatest in the equinoctial months 
when it amounts to about 20 % for Stromlo. It is found that wiiile the values 
of ionization density measured at Sydney and Canberra are usually equal, 
there is a strong tendency for the Canberra values to be lower than the 
Sydney values on “frontal” days. This result is considered surprising, since 
the observing stations are only 260 km. apart. 

The theoretical difficulties in the way of an explanation of the association 
here found between ionization and meteorological conditions are dis¬ 
cussed. 

It is pointed out that the results suggest that current views concerning the 
seasonal variation of F^ ionization in various regions of the earth may require 
revision. The current view regards the F^ region ionization as normally in¬ 
fluenced solely by the intensity of solar radiation, thus depending in magni¬ 
tude solely on latitude. The results here pi'esented suggest that local 
climatological factors may exert a profound influence on the magnitude, and 
on the seasonal and diurnal variations of F^ ionization. 
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[Platoa 16, 16] 

During X-ray tests on an annealed brass (Cu 69-43 %, Zn 30-54 %) sub¬ 
jected to cyclic stressing it was noted that the behaviour of the crystalline 
structure of the grains depended on the speed of application of the stress. 
The structural changes occurring under a slow cycle could be different in 
kind from those produced by stress cycles applied at 2200 cyc./min., the 
frequency associated with the fatigue-testing machine employed. The dif¬ 
ference was not due to changes in the final external deformation of the 
specimens because such changes in each case were reduced to the same 
negligible proportions by the use of cycles of reversed direct stress, that is, 
by cycles symmetrical in tension and compression. The effect was especially 
noticed in the brass because, in contrast with a mild steel previously the 
subject of X-ray tests under cyclic stressing (Gktugh and Wood 1936 ), it 
belongs to the class of materials in which the primitive yield point under 
static tensile loading is less than the fatigue limit under cycles of reversed 
direct stress (as given by the amplitude 8 of the limiting safe stress range 
±<S); in the brass, therefore, the stress cycles of great physical interest, 
which are those where the stress range just exceeds the limiting safe range, 
are cycles in which the stress during each repetition paisses through the 
values corresponding to the primitive yield points in tension and also in 
compression. The extent of the difference between the slow and rapid cycle 
appeared to be such that in the latter the main structural modifications 
shown by previous X-ray work to be associated with transition through a 
yield point were entirely suppressed. It was evident that an investigation 
of the conditions accompanying this suppression would give useful infor¬ 
mation on tlie response of the internal crystalline structure of the metal to 
an externally applied stress; also it would afford an opportunity for distin¬ 
guishing the individual parts played by the various structural changes 

[ 810 ] 
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which have been brought out by recent X-ray work on the progressive 
deformation of metals and on metals in different states of hardness. In the 
present paper therefore the X-ray observations are compared with the 
static and cyclic stress/extension relationships as given by mechanical 
measurements. 





to rttomi 



A (a) 


Fiamu: 1, Fatigue spooimon with extensometer attached. 


Normal structural rrsponsb under static tensile te.st 

First we give the extension measurements and the behaviour of the 
crystalline structure under a sensitive static tensile test, because these 
provide what may be termed the normal response of the structure to an 
applied stress. The stress-strain data given by a Dalby Autographic Re¬ 
corder showed the yield to occur at 4'6-5 tons/sq. in. and fracture at 
20 tons/sq. in. This test was not sufficiently accurate for the early stages of 
deformation, and, for this range, a sensitive mirror extensometer was 
attached to the s^iecimens in the manner shown in figure 1, which also gives 
the shape and dimensions of the si>ecimens employed. The extensions thus 
measured were reduced to fractions of an inch by calibrating the extenso¬ 
meter with the help of a steel of known elastic modulus. It will be noted 
that the extension was measured between two points A and B which were 
not on the central test portion of the specimens; this was done in order to 
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avoid damage to this surface and interference with the X-ray reflexions. 
As, however, the points were similarly placed on all specimens and the 
specimens themselves were similar, these extension measurements were 
entirely sufficient for the purpose of the investigation. The stress-extension 
curve obtained in this way from 0 to 10 tons/sq. in. is given in figure 2 , 
curve (c); it will be seen that the material shows a quite definite yield at 
4*8 tons/sq. in. The load was removed from this specimen at 6 , 7, 8 , 9 and 
10 tons/sq. in. whilst X-ray photographs were obtained. 



Sx tension - 

Figure 2. Stress-extension curves up to 10 tons/sq. in. on specimens (a) after cyolto 
stressing at ± 9 tons/sq. in., (6) after cyclic stressing at ± 8 tons/sq. in., (c) in initial 
condition. 

The photograplis were taken by a back reflexion technique described 
elsewhere in more detail (Gough and Wood 1936 ). An incident beam of 
approximately 1 mm. cross-section falls perpendicularly on the surface of 
the specimen and the beams reflected backwards by the grains through a 
large angle are recorded on a flat photographic film which is pierced with a 
hole at the centre to permit passage of the incident beam in a direction 
perpendicular to the film. The beam used in the present experiments 
consisted of the Kix^y oc^ and /f wave-lengths from a nickel target; the re¬ 
flexion ring recorded was the (331) doublet. The advantage of this 
technique is that the experimental conditions are most sensitive to both 
lattice variations and to the breakdown of the grains. The points to which 
it is desired to draw attention for later discussion are those described below. 

The initial condition of the brass was the annealed state in which the 
individual grains were highly perfect, as shown by preliminary X-ray tests. 
After machining to shape, the surface layers cold-worked by this operation 
were removed by etching in a solution of ammonium persulphate. The X^ray 
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photograph of this mitial condition is given in figure 6 (plate 15) which 
consists of a ring of sharp isolated (331) reflexion spots, each of which is a 
reflexion from the atomic planes of one grain as defined by a metallographio 
grain boundary. 

Up to the yield point the change in this type of photograph is negligible. 
This was confirmed by subjecting a specimen to loads of 2 , 3 and 4 tons/sq. 
in. for 6 min. and then removing the load for the X-ray examination of the 
specimen. At the yield point, however, an extensive change sets in and 
becomes progressively more marked as plastic deformation proceeds, 
accelerating when the specimen necks prior to fracture. The photographs 
reproduced in figures 7a, 8 a, 9a and 10a (plates 15, 16) are those taken after 
loads of 7, 8 , 9 and 10 tons/sq. in,, since these will be required later for 
comparison purposes. They suffice to show that the photographs after 
yield are different in type from before; after yield they are characterized by 
the elongation of the reflexion spots into arcs which coalesce and replace the 
initially separated spots by the continuous (331) ring. This change 
means that the original grains are dispersed into independently reflecting 
units with crystallographic orientations varying over an angular range of 
many degrees; it is difficult in a polycrystalline material like the present 
exactly to specify these ranges because of the mutual inference of the 
various reflexion arcs, but other work in progress on single aluminium 
crystals shows that changes of 20-30^^ are quickly reached within one grain. 
The units have been termed crystallites to distinguish them from the initial 
metallographio grain; they are also characterized by a lower limiting size of 
the order of 10 ~® cm. (Wood 1935 a, Wood 1939 ). It will be noticed that the 
process of crystallographic re-orientation does not necessarily involve bodily 
re-orientation of the units of the grain; the same effect would be produced if 
the apparently parallel sections between the members of a pseudo-parallel 
system of slip lines elongated by very different amounts in the same direc¬ 
tion, for it is well known that a crystal constrained to deform in a definite 
direction will do so by a change in its crystallographic orientation to an 
extent depending on the degree of extension. Physically, however, the 
units will differ as much as neighbouring grains with different crystallo¬ 
graphic orientations. This then is the chief visible change in the X-ray 
photographs on transition through a yield point and gives the physical 
interpretation, as well as a non-destructive test, of the occurrence of a 
primitive yield from that point of view. In passing, it was found that these 
effects are as marked in the soft brass as in the previously tested mild steel 
(Gough and Wood 1936 ) with a much more pronounced yield point; the 
present explanation is an extension of the one given in that work. 
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Extbinsions and X-kay changes ttndbe keversed 

DIRECT STRESS CYCLES 

The transition in structure occurring at the yield point under static stress 
is irreversible; if therefore a specimen is taken slowly through a cycle of 
stress symmetrical in tension and compression it is evident that this 
internal breakdown will set in as soon as the stress in the first half of the 
cycle exceeds the yield point and will be thereafter retained although the 
cycle may be built up in such a way as to leave no appreciable final external 
deformation, the external change in one half being cancelled out by that in 
the opposing half of the cycle. Actually it was found that the breakdown 
was much the same for a slow cycle of + ^8 as for a single static load of 
S tons/sq. in. The photographs already reproduced in figures 7a, 8 a, 9a 
and 10a (plates 15,16) therefore serve also to represent the condition after a 
slow cycle at ±7, ± 8 , ±9 and ± 10 tons/sq. in. respectively. 

The following specimens were subjected to the same ranges of reversed 
direct stress as the above, applied, however, by a standard form of electro¬ 
magnetic fatigue-testing machine operating at 2200 eye./min.; they were 
X-rayed in the initial condition and after the number of stress cycles shown 
in table 1 . This number was chosen with reference to previous knowledge 
(Gough and Wood 1940 ) of the fatigue properties of the material and in the 
first three was such as could safely be applied without producing a fatigue 
crack. The fourth specimen 4B3 did finally exhibit a fatigue crack but is 
included as a matter of interest. The limiting safe range of the material was 
+ 5 to ± 5-5 tons/sq. in. 

Table 1. Specimens stTBjECTBD to cycles of reversed 

DIRECT STRESS 



Stress range 

No. of cycles 

Change in 
diameter 
after test 

X-ray photograph 

S|>ocimen 

tons/sq. in. 

applied 

% 

after test 

3B7 

± 7 

10« 

0*0 

Figure 76 

4A8 

± 8 

10* 

0*2 

Figure 86 

4B2 

± » 

3x10* 

0*3 

Figure 96 

4B3 

±10 

5x 10» 

* 

Figure 10 6t 


* Specimen finally exhibited fine fatigue crack, 
t Photograplied well away from fatigue crack. 


The X-ray photographs obtained after the high frequency tests at ± 7 , ± 8 , 
± 9 and ± 10 tons/sq. in, are shown respectively in figures 76, 86 , 96 and 106 
and they are thus to be compared with figures 7a, 8 a, 9a and 10a (plates 15, 
16) which represent the condition of the structure after slow cyclic stresses or 
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static loads of oorresponding ranges. It will be at once evident that the two 
sets of photographs are radically different. The essential difference is that 
in the first set taken after the high frequency cycles the photographs retain 
the main characteristic of the initial state in that the reflexion spots, though 
exhibiting a slight diffusion, are still isolated spots and have not undergone 
the marked elongation which leads to the continuous ring formation charac¬ 
teristic of the slow cyclic or static stress. The large angular dispersal of the 
crystallites which physically marks the primitive yield point has therefore 
been suppressed or removed, although the maximum stress of the cycle in 
one case is practically double the initial yield stress under static tension. 
The changes shown by the special fractured specimen 4B3 are probably 
due mostly to slight plastic deformation produced w^hen the fatigue crack 
occurred; even then the spectrum is very different from that under 
10 tons/8(|. in. static load. The difference l>etween the slow and rapid cyclic 
tests is therefore that, at the end of the latter, the crystallites if formed at 
all retain to within a degree or so the crystallographic orientation of the 
parent grains and, so far as the X-rays are concerned, do not behave inde¬ 
pendently of the initial grains. It might have been possible, however, for a 
dispersed crystallite formation to have occurred in the initial stages and to 
have been removed before making the final X-ray test. This point was tested 
by taking a specimen in which the grains were first broken down by pro¬ 
ducing an initial permanent set under static load and then applying 
reversed cyclic stresses in the usual way. No recovery in respect of the 
crystallite formation was found. Under the rapid cyclic stressing of the 
labove specimens this dispersal appears, therefore, to l)e suppressed entirely 
during the whole course of the tests. 

It was next necessary to confirm, by mechanical measurements of the 
external deformation, the evident inference from the X-ray results that tlie 
"specimens had not undergone a primitive yield change imder the high 
frequency cyclic tests. This was done by simultaneous measurements of the 
amplitude of the strain exhibited by a given specimen as the stress cycle 
was built up os follows: a given cycle was reached in steps of ± 2, ± 3, 
±4, ... tons/sq. in. at the standard frequency of 2200 eye./min., each step 
being held long enough to permit measurement of the amplitude of the 
strain as given by the mirror extensometer attached to the specimen; the 
final stress range was maintained for the number of cycles stated in table 1 
and the cyclic stress then removed, also in measured steps. The final stress- 
strain relationships are given to the left of figures 3, 4 and 6, respectively, 
for the specimens 3B7 subjected to the range at ± 7 tons/sq. in,, 4B8 to 
± 8 tons/sq. in., and 4B2 to ±9 tons/sq. in. The extensions obtained under 
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tbe static loading of specimens 3B6 are also indicated for pur|M3se 
parison in the same figures and plotted on the same scale. Ihese mxim 
show that under the rapid cyclic stressing the original yield point of the 
material has been postponed beyond the initial value of 4*8 tons/sq. in. up 
to the order of maximum stress of 7, 8, or 9 tons/sq, in., respectively, o<WP* 
responding to the various stress cycles employed. They therefore completely 
confirm the conclusion from the X-ray results that, with the suppression of 
the dispersed crystallite formation, the primitive yield also is suppressed* 
Further, they prove that there is no critical external strain at which the 
dispersal into the crystallite sets in; in fact, there is no theoretical reason 
why the suppression should not be carried on and the yield postponed in 
this manner to stresses corresjwnding to the breaking point of the metal. 



A/rtfiiiiudt 

(er earner..flan )-ii>eh 


(i) 



(«) 


Fiottbb 3. Difference between extension produced by: (i) Rapid alternating stress 
(±7 tons/sq. in.)> Specimen SB7. Extension under alternating stress (after 
1,000,000 cycles at ± 7 tons/sq. in.), (ii) Slow static tensile stress. Speoimen 8B7'. 
Subsequent static tensile test (showing permanent rise of yield point). 


The obvious interpretation of the inhibition of the dispersal of tbe grains 
into crystallites is that under the cycles at high frequency the value of the 
applied stress, and the corresponding external strain, exceed the valuM 
associated with the primitive yield point for so short a time during each 
cycle that tbe structure is not allowed sufficient time to break down. This 
raises interesting issues with regard to the finite nature of the time required 
for the effective propagation of a slip movement, and it is hoped when 
opportimity occurs to experiment with different froquencies. This time lag 
is not, however, a fundamental factor because, as shown in the next 
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FitJUUE 9a, 8tati<! + 9^/i!i.2 or hIow Fkiuke 96. Rapid oyclo f 9//in.". 
cycJo ± 9/7in,“. 



Fkujkk U)a. 4- lO^/in.- or FiuuitE 106. Rajiid cyclo ± lOi/iii.® 

slow cyolo + lOi/in.2. (fraoturLid), 



Fkujrk 11. iStatic load -f 8f/in.* after prior cyclos at ± 8//in.® (yield just 
b<^gimiiug). This shows inhibition of breakdown of grains under rapid ciyolic 
stressing to persist (up to niaxiinum stress of prior cyide) when speoiinen 
is subsequently stn^ssed statically. 
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section, the inhihition of the dispersed crystallite formation over the cyolio 
stress range employed becomes a permanent property of the material in 
that it also ohaxaoterizes the material under subsequent application of 
static stress, a point which is regarded as one of the main results of the 
present research. 



AmpUta<ie esei^ntion £!xt9ffSipn - tnefy 

( ar cem/cirtMa/7) 

(i) (ii) 


PiatJBE 4, Difference between extension produced by; (i) Rapid alternating stress 
(± 8 tons/sq. in.). Specimen 4 A 8. Extension under alternating stress (after lOOtOOO 
cycles at ± 8 tons/gq. in.), (ii) Slow static tensile stress. Specimen 4A8. Subsequent 
static tensile test (showing permanent rise of yield point). 



^mpUiudf of axtoMion £xfen*ion ^ 

(oA cof^preuto/t) - incA 

(i) («> 


FionwK 5. Differenoa between extension produced by: (i) Rapid alternating stress 
(±9 tone/sq. in.). Specimen 4£2. .Extension under alternating stress (after 30^000 
oyoles at ±9 tons/sq. in.), (ii) Slow static tensile stress. Specimen 4B2. Subsequent 
static tensile test (showing p^manent rise of yield point). 
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PERMAKEKT inhibition of dispersed ORYSTAIiLITE FORMATION 

After the cyclic history indicated in table 1, the specimens 3B7, 4A8 
and 4B2, which were still far from being fractured by fatigue, were sub¬ 
jected to subsequent static tensile tests in which the normal stress-extension 
curves were obtained; also X-ray photographs were taken after appro¬ 
priate loads had been applied. These photographs showed no obvious change 
in the nature of the reflexions until for a given specimen the load was 
increased beyond the original primitive yield point up to a value of the 
same order of magnitude as the maximum of the stress cycle employed in 
the prior cyclic treatment. At this latter value the grains began to exhibit 
the marked dispersal into crystallites already shown to define a primitive 
yield point, and then, on further increased loading, proceeded to break 
down in the manner also shown to be characteristic of plastic deformation. 
It will be sufficient to illustrate the point by figure 11 (plate 16) of specimen 
3B7, previously subjected to the cycle ± 8 tons/sq. in. and now after the 
subsequent static load of 8 tons/sq. in. It will be seen that the breakdown 
has only just commenced, and that the condition of the structure is still 
very different from that shown by figure 8a (plate 15) which was taken after 
application of the same load statically to the initial annealed material, 
Physically, this observation shows that the previous cyclic stressing has 
permanently modified the crystalline structure of the grains in a precise 
manner dej)ending on the amplitude of the stress cycle employed. This modi¬ 
fication is of the nature of a work-hardening process, and the experiments 
clear the ground considerably, as far as X-ray work is concerned, by proving 
di^e(^tly that the dispersal of the grains into the differently oriented crystal¬ 
lites has no immediate relation with this mechanism of hardening. 

As was to be expected, the accompanying stress-extension curves given 
by the specimens in the static tensile tests confirmed the permanent rise in 
the primitive yield point, These curves are given for the specimens 3B7, 
4A8 and 4B 2 in the right-hand sections of figunjs 3, 4 and 5, respectively, 
and show directly that the initial yield point has been raised practically to 
the maximum of the prior stress cycle employed (the stress-extension curve 
of the initial material is again indicated for purposes of comparison on the 
same diagrams). The same stress-extension curves for 4A8 and 4B2 are 
also repeated for convenience in curves (a) and (6) of figure 2 which contains 
the stress-extension curve (c) of the initial material on a closer scale of 
abscissae and permits the extensions of those specimens occurring at the 
higher loads to be plotted up to iO tons/sq. in.; this diagram thus brings 
out further the lag of the plastic deformation of these two specimens behind 
that of the initial material over the range considered. 
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Internal lattice strains 

It will be evident from the above work that the dispersal of the grains 
into the differently oriented crystallites is involved, primarily, only in the 
mechanism by which the grains change shape during plastic deformation. 
The reason for the inhibition of this formation as a result of prior cyclic 
stressing, and for the associated rise in yield point, has still to be demon¬ 
strated experimentally. However, in view of other X-ray investigations on 
metals in different states of hardness which have indicated the relevance of 
lattice distortion as a factor in strain-hardening (Wood 1933 , 1935 fc, 1939 )) 
the following further tests were made. A specimen (4B 1 ) was subjected to 
similar reversed direct stresses at ± 8 tons/sq. in. in the fatigue-testing 
machine and removed from the machine at intervals for precise examination 
of the lattice dimensions. For these measurements the shape of the 
specimen was modified from the standard, two parallel fiats being machined 
on the specimen for the length of the test portion as indicated in the cross- 
section drawn in figure 1 . These could be brought into contact with a fixed 
stop on the X-ray spectrometer, and personal errors in repeating the posi¬ 
tion of the reflecting surface at successive stages of the test thus eliminated. 
Also the specimen was not stationary, as in the previous test, but oscillated 
± 5° about an axis in the surface of the specimen perpendicular to the 
incident beam. By increasing the number of reflecting grains, this move¬ 
ment gave a ring sufficiently continuous for accurate measurement of the 
diameter, from which the lattice dimensions were deduced in the usual way. 
The rings utilized for this j)urpose were the (331) a and (422) /? obtained 
wdth nickel A-radiation and the (420)/S with cobalt radiation; these 
occurred at largo enough diffraction angles to be sensitive to small changes 
in lattice openings. 

The results showed first that the lattice changed to an easily measurable 
extent and, within the limits of measurement, that the changes appeared 
to be of the nature of a pure volume expansion. The results expressed in 
terms of a percentage change in the side of the original unit cell at the 
different stages of test, are as follows: 

No. of cycles (X 10 ®) 0 60 90 160 300 636* 

Lattice change (%) — 0 - 02 o 0-024 0-024 0 - 02 ^ O-OS* 

♦ Fracture stage. 

The total change on the (420) /? ring for example corresponded to a change 
in diameter of about 1 mm. which, since the measurements could be 


2i-a 
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repeated to 0-1 mm. without difficulty, was well beyond experimental 
error. It will be noted that there is a distinct change in the first 60,000cycle8; 
this is followed by a practically stationary condition up to 150,000 cycles and 
then a final rise before fracture. These lattice changes were confirmed on a 
second specimen 4B4. 

A further change noted was a slight but distinct radial broadening of the 
ring. A similar diffusion will be seen in the isolated spots in the earlier 
photographs from the stationary specimens (for instance, on comparison 
of the initial state shown by figure 6 with figures 76, 86 or 96 after cyclic 
stressing). The same effect was obtained in the previous research, already 
referred to, on a mild steel and was there described as due to a' ‘ dislocation ’ * 
of the grains. The present work makes it possible to extend this explana¬ 
tion. The preceding sections have shown that the crystallites, if formed 
within a grain under cyclic stressing, must possess essentially the same 
orientation and therefore co-operate in the reflexion from the parent grain; 
this rules out the possibility of the radial line broadening being due to the 
incomplete resolution which is known to be associated with an independently 
reflecting particle size less than about 10-* cm. The diffusion is therefore to 
be attributed to irregularity in the above measured lattice expansion from 
grain to grain, or from point to point within a single grain, changes which 
would give rise to corresponding variations in the diffraction angle. Such 
slight lack of homogeneity in the lattice change is reasonably to be expected. 
The expansion together with the slight diffusion of the rings are therefore 
considered to form direct indication of the incidence of an internal strain in 
the atomic lattice during application of the cyclic stresses, and in view of 
existing evidence on the association of lattice distortion with hardening, 
this factor appears to be the one responsible for the changes in yield point 
arising from prior cyclic stressing and the observed suppression of the 
breakdown into the dispersed crystallite formation characteristic of normal 
plastic deformation. 

CoNOLtrSIOK 

The present paper has been limited to experimental observations and the 
immediate inferences. In view of the present incomplete understanding of 
strain-hardening and plastic deformation of metals it has not been thought 
worth while attempting to relate the results to current theories. It will be 
necessary first to extend the work to other metals, including brittle materials, 
especially in connexion with the part played by lattice distortion, and also 
to make X-ray tests whilst the metal is actually under load. Further work 
on these lines is in progress, but the results olr^y obtained above oonsti- 
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tute points of interest which definitely supplement existing data on the 
behaviour of the crystalline structure of the metallic grain under mechanical 
deformation, and which will require consideration in any complete theo¬ 
retical treatment of the subject. 

In conclusion, the authors acknowledge their indebtedness to Dr H. J. 
Gough, F.R.S., who collaborated in previous researches from which the 
above developed, to Dr G. W. C. Kaye, F.R.S., in whose department the 
X-ray work has been undertaken by one of us (W. A. W.), and also to 
Dr S. L. Smith and Dr G. A. Hankins with whom a number of points were 
discussed. 


Summary 

The stress-extension relationships for an annealed a-brass have been 
measured for static tensile stress and for a symmetrical alternating tension- 
compression applied at a frequency of 2200 eye./min., and the mechanical 
properties indicated by the curves have been studied in relation to the 
changes in crystalline structure of the grains as shown by the X-ray dif¬ 
fraction method. It is shown that the dispersal of the grains into widely 
oriented crystallites, which constitutes the physical characteristic of the 
change at the yield point under ordinary static or slow cyclic stress, is 
entirely suppressed under the same ranges of cyclic stress when applied at 
the high frequency, and that, after the cyclic stressing has ceased, tliis 
suppression persists up to a static load equal to the maximum of the prior 
stress cycle employed; the mechanical measurements indicate a corre¬ 
sponding inhibition of the primitive 3 deld point. A further result is obtained 
by a precise comparison of the dimensions of the atomic lattice of specimens 
subjected to cycles of an unsafe range of stress; these show that an appre¬ 
ciable internal strain of the nature of a volume expansion is built up in the 
lattice during the rapid cyclic stressing, and it is considered that it is this 
distortion which is associated with the inhibition of the dispersed crystallite 
formation and rise in primitive static yield point. 
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The equilibrium of grains on the bed of a stream 

By C. M. WraTK 

Imperial College of Science and Technology ^ London 
{Communicated by 0. /. Taylor^ F,R.8.—Received 1 August 1939) 

Symbols 

b = breadth of channel or nozzle, 
c, Cj, Cg, etc. = numerical coefficients. 
d ^ depth of liquid in channel. 
g = gravitational acceleration. 
i = energy head gradient. 
k = diameter of sand grains. 

I = length of nozzle. 
p = pressure 

Q = volume flowing per unit time. 

U = velocity in main stream outside boundary layer. 

U = mean velocity in main stream. 
u “ velocity at any point within the boundary layer, 
w' - superimposed pulsation velocity. 

s ^J(r/p) (with dimensions of velocity). 

X = distance down nozzle in direction of flow. 
y = perpendicular distance from wall. 

= shift of origin to allow for turbulent mixing among grains. 

* *y/yi- 

a = numerical coefficient in equation (2). 
i = thickness of boundary layer. 

1 } = packing coefficient = times number of grains per unit area. 

6 » angle of tilt of bed in nozzle no. 2 in experiments nos. 7 n-n d 9. 
ji = viscosity 

V = kinematic viscosity [L*T~^]. 
p ** density of fluid 

p' effective density of sand grains in the fluid. 

T and f aa mean stress on bed [ML-'^T~*], e.g. dynes per sq. cm. 

^ ® angle of repose of top layer of grains in the particular fluid. 

X a 17/2-5l^. a substitution used in Appendix n. 

A fluid flowing over a loose flat granular bed tends to move tiie grains 
forward, and the conditions under which movement begins depend, not only 

[ 322 ] 
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upon the speed, but also upon the nature of the motion in the stream itself: 
viscous steady motion, steady inviscid motion, and turbulent motion act 
somewhat differently, and the speed necessary to dislodge grains differs 
appreciably. 

Like any solid boundary, the loose granular bed exerts a drag upon the 
fluid, and the accompanying shear stress is transmitted from bed to fluid 
almost wholly by the more prominent grains in the uppermost layer. Eaeh 
such grain transmits a small force, and the manner in which it does so, 
again depends upon the type of motion, though it is now the local motion 
which is concerned, rather than that of the main stream. Two extreme cases 
may be distinguislied. At slow speeds and with small grains the pressure at 
the front of the grain does not appreciably exceed that at its rear, and the 
force applied is the resultant of viscous stresses acting tangentially as in 
figure 2. At high speeds and with large grains such tangential drag becomes 
relatively unimportant compared with the drag due to pressure differences; 
the pressure distribution is not symmetrical but is less over the down¬ 
stream half of the grain, so that when integrated it gives rise to a 
resultant force or form drag whose component resists the motion. Both at 
low speeds and at high speeds, if the main stream be turbulent, the force 
applied to the grain fluctuates irregularly. In the low-speed case, if the 
main stream be steady, the force on the grain is also steady. In the high¬ 
speed case, whatever the state of the main stream, eddies are shed from the 
back of the grains, and grains farther downstream are at least subjected to 
the cumulative effect of the pulsations from upstream. 

With regard to their equiUbrium as they lie on the bed, grains of diameter 
k usually occupy more area than fc*. A packing ooeflScient t}, defined as 
times the number of grains per unit area, conveniently expresses their 
closeness. When a mean stress r is applied to the bed each exposed grain 
transmits a horizontal force Tk^/ij from fluid to bed. In the high-speed cose, 
when tangential components are negligible, the resultant force, if the grain 
be regarded as spherical, passes through its centre, and the forces are in 
equilibrium and the grain about to move when, as in figure 1,* 

r == ( 1 ) 

where p* is the effective density of the grain in the fluid, and <6 is the angle 
of respose of the surface layer of grains. For the slow-speed case the corre¬ 
sponding force system is shown in figure 2, where it is seen that the line of 

* That the force on the grain is nearly horizontal seems to be proved by an experi¬ 
ment described later (p, 833). 
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kinematic viscosity of the fluid. This condition in an ordinary channel 
necessitates the use of a fluid more viscous than water: accordingly, an 
experiment was made with lubricating oil, v = 1-6 cm.® sec. 

An open channel, 5-08 cm. wide, 100 cm. long, with a smooth bed of sand 
sloping at approximately 1 in 28, was arranged in the Civil Engineering 
Department of Imperial College, London. The oil supply to the upper end 
of the channel was gradually increased until the grains began to move. 
The drag was measured in two ways: from the product of the slope, density, 
and depth; and also from the mean velocity as determined by volumetric 
measurement of the rate of oil flow, using the relation TdjjnU “ 3,* from 
which f/, and the equally uncertain dimension d, may be eliminated by sub¬ 
stitution from _ 

r “ pgdi and Q ^bdU. 

The results, summarized in table 1, show that the Aylesford sand begins 
to move when the drag r is between 8 and 11 dynes/sq. cm.; the corre¬ 
sponding drag for Leighton Buzzard sand is 26dyne8/8q. cm. Unexf>ectedly 
this value appears to be independent of the initial closeness of packing of the 
grains: in experiment 2a the bed was rough as left by the edge of a metal 
strip use<l to level the dry sand surface, and the packing coefficient rj was 
between 0*3 and 0*4. In experiment 26, oily sand was smoothed as much as 
possible, and left for 2 days while surface tension completed the levelling: 
Tj was then estimated to be 0-8-L0. Yet, despite this large variation, there 
was no significant difference in t. The probable explanation is that when the 
top grains are for apart the resultant force is lower down, so, although in 
accordance with figure 2 the drag per top grain is greater, its moment about 
the point of support remains sensibly unchanged. It is sufficient therefore 
to determine the product arj in ecjuation (2); and the values are: 

Parallel flow—steady viscous motion throughout the stream 


Exp. 

no. 

Sand 

k 

mm. 

tan <l> 
in oil 

r 

dynes/sq. cm. aiy 

1 

No. 2 Aylesford 

0*21 

1-4 

9-5 0*37 

2 

No. 3 Leighton Buzzard 

0*90 

L05 

26 0-3L 


Of the two values, the second, 0*31, is the more reliable, as the individual 
grains of the finer sand were almost invisible in oil. With very close packing, 
fj approximates to unity, so a is then of the order 0*3-0*4, which is consistent 
with the location of the forces in figure 2. Equation (2) is thus verified. 

♦ The 3 is valid only for infinitely wide channels, for smaller width-depth ratios 
the value increases a little. 
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The next experiment made with a less visomis fluid presented a difficulty. 
In a parallel channel with sufficient drag to move grains, the flow would be 
turbulent; the drag on individual grains would vary from moment to 
moment, and its instantaneous value would be difficult to assess. A new 
technique was required to meet this difficulty. Fortunately, even at quite 
high speeds, steady motion is possible if the fluid is made to accelerate as in 
a nozzle. When the form of the nozzle is known, and its wall smooth, the 
surface drag can be calculated by methods such as that used by Polhausen 
(see Howarth 1394 ). In general, r varies with x along the length of the 
nozzle; but if the boundary layer equations are examined, it will be found 
that T is constant in nozzles shaped to make U^/x constant.* The drag is 
then given by 



where the constant c according to Polhausen’s solution sliould be 0-75; but 
some of the comparisons made by Howarth suggest that the drag is actually 
25 % more, which would be more consistent with the value c = 1 *05 obtained 
by an ex|>eriment described later. Such a converging nozzle arranged 
horizontally is just what is needed for the sand-bed experiment: the accelera¬ 
tion gives a steady main stream, and the cubic form keeps the drag 
constant. 



Figuke 3, Constant-dra^ nozzle used in experiment 3. Suspended 
strip M was removed during sand experiments. 


One series of experiments was made with the nozzle shown in figure 3, 
The brass cheeks C, of length I =» 20 cm., were so shaped that 



♦ See Appendix i. 
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These were covered with a glass sheet through which the sand-bed S 
could be observed. The speed was determined by using the pressure tapping 
holes P) and regarding the nozzle as a Venturi meter. As a direct cheek on 
the estimation of the drag, a thin metal stip M was suspended by two fine 
cotton threads 60 cm. long, mounted on a micrometer bar. Usually this 
strip was removed when testing for sand-bed movement. The water supply 
was increased gradually until the sand grains moved. Usually grains were 
scoured from all parts of the bed, so confirming that the drag was uniform. 
The continuous removal of sand steadily increased the cross-sectional area 
of the nozzle until, after an hour or so, the speed in the main stream was 
insufficient to remove further grains. The drag under these conditions is the 
maximum that the bed can resist without trace of movement. With regard 
to the sand, that of experiment 1 was somewhat irregular in size, and in 
water gave values ofVink/v approximately equal to, instead of less than 3'6, 
so another finer and more closely sieved sand was used. 

After scouring to a standstill the result was: 

CONVKBOIKG FLOW. MaIN STBBAM: STEADY AKD INVISOID. 

Boundary layer : steady 

Exp. Tan ^ r 

no. Band k mm. in water dynes/sq. cm. ai; 

3 No. 1 0122 DO 0-39 

Here t was computed from the drag observed with the smooth brass strip 
which, after correcting for form drag, gave values 10 % greater than those 
predicted. Allowing for this, and for the uncertainty in k and tan^, the 
value of aiy is consistent with the earlier oil experiments. 

Together, the oil and the water experiments extending in kjv from 0*04 
to 2 * 1 , a 60-fold range, prove that there is no significant change in a?/. 
Shields ( 1936 ) concludes otherwise, viz. that instead of being constant, 
varies inversely as V^^kjv'y but the present result is based on a much wider 
exi)erimental range. 

Experiments and results—at high speeds 

Equation ( 1 ), valid for is more difficult to test. Eddies, shed 

from the grains, vary t; at the moment of dislodgement r exceeds the mean 
value, and it is the mean which is measured. From the work of Fage ( 1933 ) 
the magnitude of the pulsations can be estimated. The mean speed u at any 
particular distance y from the wall has superimposed upon it pulsations 
±u\ By ultra-microscope Fage found that near the top of pyramids on the 
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wall of a very rough square pipe u' ^ so the maximum speed was 1 

and the maximum stress presumably 2*25f. In the present experiments, 
the boundary layer is relatively a little smaller than half Fage’s pipe, and 
the opposite side of the pipe is of course absent, so the maximum stress 
should be somewhat less, possibly only about twice the mean, and in 
comparing the results with (1) this allowance must be made. 

The nozzle (figure 3) used in the previous experiments was too small for 
larger grains, and as the proximity of the cheeks to the bed often caused 
secondary circulations and local scour, a larger nozzle was built with 
parallel sides and converging top. This arrangement, seen in figure 4, had 
proved very satisfactory in some earlier qualitative experiments. To give 
constant drag, with a turbulent boundary layer, the nozzle must converge 
approximately exponentially,* and the parameter depends upon the ratio 
of a; to fc, so that, strictly 8f>eaking, each size of sand requires a different nozzle: 



Fiourb 4. Constant-drag nozzle used for Figckk 5. Converging flow over a 
experiments 4-10, naturally formed weir crest. 


however, the differences are small, and are compensated, when a nozzle is 
used with an inappropriate size of sand, by the bed adjusting itself into a 
slightly curved form. Again, a suspended strip was used to check the mean 
value of the drag, but this time it was coated with sand grains similar in 
size and spacing to those of the bed. The nozzle was sealed to operate under 
pressure, so the threads supporting the strip were made very short, and the 
displacement measured by travelling microscope. Equation (1) includes 
the variables p\ k, and tan^, all of which were varied. Two sands, both 
closely sieved, and one sample of steel shot were tested, and their apparent 
angle of repose varied by tilting the whole apparatus. 

During the experiments the behaviour of some of the sand, which had 
become piled up downstream against the overflow weir, suggested that an 
experiment could be made with the arrangement shown in figure 5. Water 
was allowed to flow over a weir-like pile of sand in on ordinary glass-sided 
flume until the crest BC was lowered to the position of stability. In this 


* See Appendix n. 
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way a converging “nozzle’’ was formed between the downward-sloping 
free siirfaoe of the water and the sand-bed BC, The velocity U was found 
from the head h, which was measured directly by pointergatige. At the point 
C diverging flow begins, and the bed farther downstream becomes irregular^ 
With a suitably chosen flow, the length BG was almost long enough to mask 
the unsatisfactory conditions in the region AjB. The drag here may have 
diftered considerably from that over the test length BC, but the only effect 
there would be like that due to change in the origin for x, which should 
accordingly be regarded as unknown. The difficulty was overcome by 
measuring h at two or more distances within the length BC^ so that the drag 
could be found by trial from equation (15) of Api)endix ii, the unknowns 
being t and the origin for x. The whole experimental arrangement was very 
simple, and less difficult to handle than either of the nozzles. The results 
obtained with it agreed with those with the nozzles. The combined results 
are given in table 2. 

As seen from the last column, the observed drag, over the wide ranges 
explored, main-stream speed from 38 to 2700 cm./sec., Vi^kjv, from 33 to 128 
and p'Ip from 1*6 to 2100, was consistently one-half of that calculated from 
equation (1). Indeed, the very constancy of the one-half is a little per¬ 
plexing. If the one-half is the result of stress fluctuations, then the slower 
ones of water should have far more effect than the much more rapid ones of 
air, yet the experiments fail to distinguish between the two. Each value is 
the mean of several experiments, from which admittedly some of the 
individual readings varied by ± 25 %, so it is just conceivable that a differ¬ 
ence of that order might have passed undetected. A more likely explanation 
is that the fluctuations are slow, more in the nature of variation with place 
rather than with time, just as a flame may cling to the side of one lump of 
coal for some time, and then, suddenly swinging over, may remain against 
another for a further indefinite period. However, whether this is so or not, 
if lift is negligible, the last column of table 2 ap|)ear8 to prove that in tur¬ 
bulent boundary layers a few grain diameters thick the stress is so irregular, 
either in time or place, that local maxima twice the mean are maintained 
for periods during which the fluid travels distances much greater than the 
grain diameter. Under these circumstances bed movement begins when the 
mean drag is one-half of that from (1). Experiments 7, 8 and 9 also support 
the inclusion of tan ^ in equation (1). 



Table 2. ComrERGiNo flow. Maik stream: steady akd inviscib. Boundary layer; tdrbdlent 


Equilibrium of grains on the bed of a stream 


8 




§ 





6 © 6©666 6 



© © © 


lO © 

■St i5 

© o © 
1 


© 


© 00 t'* 

*-< © © «5 © 
»-<©©© ^ 

© © 6 © © © 


© 


CO »a © © © © o 
CO eo 00 © ® © oo 

CO ^ 


© © © 


<N 


I 


© © © © © O © 


© © <M ' 
CO 


© CO © 
© CO -O' 


© (M (N 
CO © 'ij* 


© © © 
© r- © © 




^ U U u* u 

$ $ s s s 

c6 c8 I®® N 

# is :s ^ is ■.? 


S ^ S «e « « «o 

o © o IQ i6 lo © 


* 43 * ^ ^ ^ ^ 

iiiiiii 



331 


....... 




332 


C. M. White 


Results with oonvbbging, diverging, and 

PARALLEL PLOWS COMPARED 

In open parallel flumes the drag to start movement is much less. For 
example, the Leighton Buzzard sand no. 3 would, according to the experi¬ 
ments of Casey ( 1935 ) or of the U.S. Waterways Experiment Station, start 
moving at 6 dynes/sq. cm. instead of the present 16*9 dynes/sq. cm.; 
again, sand no. 4 would start at 44 dynes/sq. cm. in a flume, instead of at 
89 dynes/sq. cm. Apart from the effect of possible surface waves, the only 
significant diiflference between the two kinds of experiment is that, in con¬ 
verging flow, turbulence is restricted to the boundary layer, whereas in 
parallel flumes it extends throughout the stream. Large-scale turbulence, 
well away from the bed, may not materially contribute to the moan stress* 
near the bed, but it does very materially add to the maximum stress fluctua¬ 
tions there, and particularly to those slow ones which more easily dislodge 
grains. Fage^s measurement of the total turbulence already referred to, 
which gave u* = at the pyramid top, was made with a pipe so rough that 
probably the whole disturbance was generated by a local grain or two. At 
the other extreme, near the wall of a smooth pipe, Fage ( 1936 ) found 
u* = 71^. The mean speed at the toi> of the grains, when these are just 
large enough to begin to influence the motion, can be estimated from the 
logarithmic distribution 

M = 6-76F*log^?^. (4) 

At the top of the grain, taking the origin for y to be A/33 below the centre 
line of the top layer of grains, the value of y is (- i + A, and inserting 
this in equation (4), the mean speed at the top of the grain is also w = 

So the fluctuations here are just equal to the mean, and the speed varies 
from zero to 2m. If a laminar sublayer exists, as it may if k/v < 3'6, then 
stress is proportional to speed, and the maximum value of the drag is twice 
the mean. Thus, since the wall contributes nothing, one may say that 
large-scale turbulence by itself doubles the maximum stress at the wall. 
On the other hand, if the turbulence extends up to and into the wall, as it 
does if I* A/ ^ 3-5, then the speed variation of 2 to 1 implies a stress variation 
of 4 to 1 , and the maximum drag is four times the mean. As we have already 

* In the Prandtl-Nikursdse theory of pipe resistance it is assumed that dis¬ 
turbances originating elsewhere do not appreciably influence the value of a local 
time-average shear-stress; but when, as in the present problem, particular instan¬ 
taneous maximum values are under discussion the more distant sources of diaturbanoe 
cannot be ignored. 
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seen that either large-scale turbulence or wall turbulence can individually 
double the stress, it is not inconsistent to find that the two together multiply 
it by 4. This factor must be inserted in equation ( 1 ) before it is applicable 
to large grains in parallel flumes. The comparison is then: 

Deaq to start movement 


Type of flow 

h mm. 

By 

experiment 

dyne«/cm.* 

Predicted from 
equation (1) 

In coim^rging nozzle 

od 

16-9 

Turbulence factor = 2 
14*9 dynes/cm.* 


50 

89 

92 dynes/cm.* 

In parallel flume 

0 9 

5 

Turbulence factor = 4 
7*6 dynea/cm.“ 


5*6 

44 

46 dynes/cm.® 


and the agreement is good; it confirms that just one-half of the maximum 
stress fluctuation at the bed in a parallel flume originates in large-scale 
disturbances far from the bed. 

In some cases such large-scale turbulence can even be the controlling 
factor. A nozxle twice the length of that in figure 4 was made with the up¬ 
stream part converging and the downstream part diverging. The flow was 
increased until gentle movement occurred in the upstream part of the bed. 
Here, due to convergence, the drag was relatively great, whereas, due to the 
divergence of the downstream part, the mean drag there W 6 i 8 zero or even 
slightly negative. In the converging part the main stream was steady, 
while in the diverging part it was strongly turbulent. The bed in the down¬ 
stream part was extremely active, in spite of negligible mean drag and 
progressively slower speed. 


Lift 

Earlier workers have attempted in other ways to explain the very large 
difference between flume values and the static force required to dislodge an 
individual grain. Jeffreys ( 1929 ) suggested that fixed particles are subject 
to a lift component due to the particular pressure distribution on their 
surface. It is self-evident that such a lifting force must exist. Page’s experi¬ 
ments with closely packed pyramids gave lift* as large as the drag, but 
the existence of open spaces in a loosely packed bed of sand grains seems to 
allow some equalization of pressure, since, if the present estimate of the 
effect of packing and of pulsations is correct, the lift component must here 

* Calculated from original data personally communicated to the author. 

Vol. 174. A. 22 
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be negligibly small. To verify this an experiment was made in which the 
grains of a loosely packed bed were so cemented that they remained in place 
in a stream moving at more than twice the s|)eed necessary to sweep 
unfixed grains away. A test grain was modelled in wax, p* ^ 0-05 g./c.c., 
k 5*6 mm,, and fastened to the end of a piece of cotton. The test grain was 
placed successively in typical hollows on the fixed bed, and prevented from 
moving downstream by the tension on the cotton which carried the whole of 
the horizontal force on the grain. Despite the high speed the grain did not 
rise, and so the lift seems less than its weight, which was only 3 % of that of 
an ordinary silica grain. 


OONOLirSION 

In conclusion it can be emphasized that despite uncertainties, often as 
much as ± 25 %, the experiments establish that, at low speeds, there is a 
wide range QiV^kjv in which, for any one size of grain, the stress to start 
movement is sensibly constant. Further, they establish that, other things 
being constant, the stress varies directly as the grain diameter. There is 
some evidence also that the stress varies directly as tanji. Rounded sand 
grains subjected to a steady viscous drag begin to move when 

This would also apply if the force were steadily applied by an inviscid fluid 
in the particular case when, os they usually are, the centres of the grains in 
the top layer are 1-75A; apart. Lift seems to be negligible. If this is so, then 
at high speeds wall turbulence reduces the mean apparent starting stress 
by 40 % or more. The present experimental values are at least twice those 
from oj>en flumes, a difference explained by large-scale turbulence which 
also causes the stress at the wall to fluctuate, and to reach a maximum twice 
the mean. In irregular rivers this factor is much larger, and transport of 
grains would begin at correspondingly lower values of mean drag, were it 
not for the contrary action of form drag which probably transfers more than 
half the total drag directly to the bed without the intermediary of tangential 
drag. In one experiment with a divergent nozzle, large-scale turbulence 
was strong enough to raise clouds of grains, though at the bed itself the 
time average of the tangential drag wa<s zero. 

Before equations (1) and (2) can be applied to natural rivers, allowance 
must be made for the fact that a large fraction of their total drag is trans¬ 
ferred to the bed directly as form drag, that large-scale turbulence is pra- 
bably greatly in excess of the values here considered, and also that it is 
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aooompanied by non-uniform distribution of the time-average drag from 
place to place. The form drag enables the bed apparently to withstand a 
greater drag, while turbulence and non-uniformity have the opposite result. 
These opposing factors can be great or small, and in some instances they 
happen to neutralize each other, but this must not be interpreted as 
justifying the direct application of the present results to rivers. 


Appendix I. Constant dkao nozzle 


With non-turbtdent boundary layer 
The equation for steady motion 


du du 1 dp d^u 


0 , 


(5) 


when applied to a boundary layer of thickness outside which u = U when 
can be satisfied within certain restrictions by the solution 


u 

U 



(fi) 


where the function / is independent of x. 

After eliminating v in (5) by substitution from the equation of continuity 


du ^ 

dx^dy'“ ' 

and after eliminating p by substitution from the equation 


(7) 


( 8 ) 


which is derived on the assumptions that the flow outside is irrotational, 
and that dpjdy = 0; and after integrating between the limits y = 0, u = 0 
and y =m d,u = U, equation (6) can be expressed as 


V 


1 

dx 







= 0 ; 


(9) 


written in this way, each of the integrals is, in the light of (6), seen to have 
degenerated into a mere numerical constant. 


32-4 
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The boundary layer thickness is a function of x, but if the drag stress at 
the wall is to be constant 


or 


or 




^yiv 


1 = const. 


= 0 


fi 




const. 


S 

v 


C, V- 


( 10 ) 


each side of which is independent of x. Using (10) to eliminate <?, equation 
(9) becomes 


or 


3L 

X ^ 


( 11 ) 


where 




SO, with steady motion, the necessary conditions can be satisfied, and the 
drag is constant when U is made to vary directly as xK 

The velocity distribution arbitrarily assumed by Pohlhausen gives 
whereas Blasius's distribution applied to the somewhat 
analogous case of the upstream face of a circular cylinder would require 
smooth strip suspended in the first nozzle gave 

“ 1 * 05 » 


and this value was used in experiment no. 3. 


Appendix II. Constant drag nozzle 
With turbulent boundary layer 

Assuming that the motion is like that near the wall of a very rough pipe, 
the velocity distribution within the boundary layer is 

« = 2-6F*log*-^, (12) 

Vi 

where the constant y,, in efiFect a shift of origin, takes into account the 
turbulent mixing which persists among the grains even where u-^-O. 

This velocity distribution, when is constant, implies that when y<S 
the stream function is independent of a;, so that the stream lines are parallel 
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to the wall. There is a discontinuity at the edge of the boundary layer outside 
which the stream lines are somewhat inclined, and they therefore turn 
abruptly through a small angle as they enter the boundary layer (figure 6). 



Figube 6. Boundary layer near rough wall with constant drag. 

Vortical scale is exaggerated sixfold. 

With stream lines parallel in the boundary layer, the momentum in the 
a;-direction does not change, and the mean apparent shear stress, corre¬ 
sponding to the last term in (5), arises entirely from pressures external to 
the boundary layer: and these give 

TX = [ {p-Pi)dy. (13) 

J Vi 

Since p is determined by the irrotational motion outside, and, since once 
it has entered the boundary layer the speed of a stream line remains un¬ 
changed, (9) may be written 

(14) 

Ji/t 

T (5*25 

which with (12) gives -- == I (x* - log* z) dz, 

Vi ^ 

where x “ tJ/2*5V^ and z = y/y^. The two limits 2=1 and z = d/y^ corre¬ 
spond respectively to log 2 = 0 and logz = X (12)); so, making the 
integration and inserting these limits, 

Nikuradse’s closely packed grains cemented to the wall of a pipe give 
yi a ik/83, but Schlichting’s loosely packed spherical particles l*6ik apart 
give Pi a k/9 and this more nearly represents the present case. So 

1.6|aex(x-l)-|*+l, 


(16) 
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which, since x varies as ? 7 , gives the relation between x and U necessary to 
keep r constant. 

From (15) the drag coefficient should then be 


X 


r 

k 

X 


6 

2-07 

0*037 

10 

2-43 

0*027 

20 

2-82 

0020 

60 

3-46 

0*0134 

100 

3-96 

0*0102 

300 

4-76 

0*0071 

1000 

6*7 

0*0049 

3000 

6-62 

0*0036 

10,000 

7*67 

0*0027 

60,000 

9*1 

0*00194 


In comparison, the hanging strip, after allowing for form drag, gave 19 % 
greater drag when xjk = 46: but as the strip was only 3*6A; wide, the partly 
exposed edges, for which no allowance was made, would account for the 
excess, and the tabulated values may be accepted as substantially correct. 
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The neutrons from the disintegration of 
fluorine by deuterons 

By T. W, Bonnke,* Cavendish Laboratory, Cambridge 

(Communicated by * 7 . D. Cockcroft, F.R.S.—Becewed 16 October 1939 ) 

[Plat© 17] 


The emission of neutrons from a target of calcium fluoride when bom¬ 
barded by 3 MeV deuterons was first reported by Lawrence and Livingston 
(1934). Early unpublished experiments to determine the distribution in 
energy of the neutrons from this reaction were made by Bonner and 
Brubaker in 1935 and later by Stephens and Djanab in 1937, but due to 
the small yield of neutrons obtained from the reaction, these experiments 
were not completed. The present exjjeriment was begun because it seemed 
feasible to measure the energy of the neutrons from this reaction with the 
high voltage apparatus of the Cavendish Laboratory. A larger yield of 
neutrons was expected due to the large currents of high-speed deuterons 
which were available. 

The method used to determine the energy of the neutrons is the same as 
that previously used (Bonner and Brubaker 1935a,6, 1936a,6; Stephens 
etal, 1937; Bonner 1938). Recoil protons or recoil helium nuclei are produced 
in a Wilson cloud chamber which is filled with either methane or helium. 
When investigating neutrons of high energy, it is advantageous to use a 
pressure in a cloud chamber of several atmospheres so that the protons or 
a-particles of high energy produced in collisions with neutrons will be 
completely stopped in the chamber. The energy of the recoil particle, usually 
a proton or a-particle, is readily determined from its range. The neutron 
energy may be computed from the relation 


Egcoa^d = E~-~., 


where jS?Q is the initial energy of the neutron, E the energy given to the nucleus 
in the collision, M the mass of the nucleus, and 6 the angle between the 
initial path of the neutron and the trajectory of the nucleus which has been 
struck. In the case of collisions between neutrons and protons, JIf is 1 and 


* Fellow of the John Simon Guggenheim Memorial Foundation. 

[ 389 ] 




340 T. W. Bonner 

BO E - Eg ooB^d; in the case of the ooUmotta of neutrons with helium nuclei 
25 

Eg cob^B = --E. If recoil protons are measured which are nearly in the 
16 

forward direction, they have essentially the same energy as the incident 
neutrons since the value of cos^^ is nearly unity for small values of 6^, 
Recoils at larger angles can be used to determine neutron energies if the 
angle & is measured and the appropriate cos^ (9 correction applied. However, 
there are two objections to this second procedure. In the first place an 
accurate measurement of angle takes more time and is more difficult than 
an accurate measurement of track length. In the second place serious errors 
are introduced in such energy measurements by those neutrons which do 
not proceed directly from the source but are scattered by the material in 
or around the cloud chamber. Such scattered neutrons occasionally also 
produce recoils in the cloud chamber and lead to calculated energies of 
neutrons many of which are too large. In most experiments an accurate 
determination of the maximum energy of the neutrons is important in 
order that the disintegration Q value of the reaction may be calculated; 
hence such a method is not applicable, since a sharp end point cannot be 
obtained using this method. An ambiguity in the maximum energy of the 
neutrons will be especially marked in cases where those neutrons are not as 
numerous as neutrons of lower energy from the same reaction. 


Experimental arrangement 

The experimental arrangement for getting the high energy deuterons on 
the target is shown in figure 1. The ion beam falls on a tungsten shutter at A 
which becomes heated to a temperature of from about 800 to 1200® C, 
This shutter is opened for about sec., and so allows a burst of deuterons 
to proceed to the target at C after being deflected through 90® by the 
analysing magnet B. Deuteron currents between 80 and 100 /aA were ob¬ 
tained at the target. The timing mechanism was adjusted so that no deuterons 
struck the target before the cloud chamber was fully expanded. Preliminary 
experiments were carried out with a shutter in the beam between the target 
and the magnetic analyser. In those experiments many old recoil tracks 
were observed which obscured the good tracks. These old tracks came from 
neutrons produced in the magnet box, presumably from the disintegration 
of carbon by deuterons. This difficulty was overcome by putting the shutter 
in the position A as shown in the diagram. With this arrangement no old 
recoils were observed. 
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The targets of either CaFj or KF were held in a brass cup at the end of the 
horizontal tube. This cup was insulated by a 3 in. section of glass tubing. 
The current to the target was detected by the ballistic throw of a micro- 
ammeter. The burst of deuterons could be observed by the fluorescence 
produced on the target and this was useful in aligning the tube so that the 
ion beam hit the centre of the target. The centre of the cloud chamber was 
placed 26 cm, from the target in such a position that the neutrons were 



observed at an angle of 90 ± 18'’ to the direction of the 950 kV deuterons. In 
most of the experiments the cloud chamber was filled with helium at an 
expanded pressure of 4 atm. Water vapour was used in these exi)eriment8 to 
keep the ratio of helium atoms to hydrogen atoms as large as possible. To 
investigate the neutrons of low energy, methane at a pressure of 1*6 atm, 
was used in the chamber. 

Stereoscopic pictures of the cloud chamber were taken by the use of a 
direct and a mirror image. Both images appeared side by side on the same 
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frame of the 36 mm. film. For measurement the cloud chamber tracks were 
reprojected through the same system of mirror and lens on to a white screen. 


Results 

2300 pairs of stereoscopic pictures were taken when either targets of 
CaFg or KF were bombarded with 960 kV deuterons. 2100 of these photo¬ 
graphs were taken with a cloTid chamber filled with helium and the remaining 
200 with methane in the chamber. In the first series the track lengths of 
2000 helium recoils were measured which were projected in nearly the for¬ 
ward direction (0-12"'). Sample photographs of these recoil tracks are shown 
on plate 17. 

The stopping power of the gas in the chamber was determined by using 
the a-particles from Th C and Th C' for calibration. A weak source of 
Th B + C + C' was introduced into the chamber before it w as filled with 
helium. Then photographs were taken of the two groups of a-particles from 
this source. The mean track lengths of the two groups were found to be 
10*46 ± 0‘10 and 6*65 ± 0*10 cm. The mean range of these two a-particle 
groups is 8*53 and 4*71 cni., so the computed stopping power is respectively 
0*816 and 0*833. Within the experimental errors these measurements show 
the expected change of stopping power with range (Mano 1934 ). The 
stopping powers for particles of shorter ranges were computed from the 
theoretical variation of stopping power as given by Mano. The energies of 
the helium recoils were obtained from their ranges by the use of the range- 
energy curve of Holloway and Livingston ( 1938 ). 

Figure 2 gives the distribution in energy of the helium recoils after multi¬ 
plying the energy of the recoils by the factor 26/16 which converts the 
measurement of energy to that of the neutron. The curve of figure 2 does not 
give the true distribution in energy of the neutrons because no correction 
has been made for tlie variation with energy of the cross-section for colli¬ 
sions of neutrons with helium atoms. Also a correction needs to be applied 
for the different probability of measuring tracks of varying length in the 
cloud chamber. This correction is necessary because the longer range tracks 
have a greater probability of hitting a wall than do the short tracks. 

The curve of figure 2 indicates that several groups of neutrons with 
energies of 11 * 1 , 9*7, 7*1, 6*9, 4*1, and 2*6 MeV come from the disintegration 
of fluorine by deuterons. The group at 2*6 MeV is close to that expected from 
the reaction 


H8-hH*->He» + n^ 
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and so a test run was made under identical conditions with a target of 
deuterium in place of the target of fluorine. The lower curve of figure 2 
shows the distribution in energy of the neutrons from this reaction. Under 
these experimental conditions the neutrons from the deuteron-deuterium 
reaction would be expected to have a considerable spread of energy because 
of the high bombarding energy and because of the large angular aperture, 
90±18'', at which the neutrons were observed. The observed curve is 
consistent with the exx)ected energy distribution and clearly shows that the 
2*6 MeV group of neutrons from targets of fluorine is not due to deuterium 
contamination. 



Fiottbe 3. Distribution in energy of the neutrons as inferred from 
the energy of recoil protons. 

The measurements of the energy of neutrons were extended to lower 
values by the results which were obtained when the cloud chamber was 
filled with methane. The lengths of 450 tracks of protons were measured 
which recoiled in the forward direction. The distribution in energy of these 
reooU protons, after correction for the probability of observing tracks of 
differing lengths, is given in figure 3. This distribution confirms the groups 
of neutrons at 2*6 and 4* 1 MeV and shows that there is also a group of lower 
energy at 1-5 MeV. 
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The neutrons which are observed are attributed to the nuclear reaction 

( 1 ) + + + 

For a comparison with the experimental results shown in figures 2 and 3, 
a theoretical curve is given in figure 4 showing the distribution in energy of 
the recoils from the group of neutrons from fluorine with an energy of 6*0 MeV. 
In this calculation we have assumed an ex[)onential excitation function, 
doubling every 100 kV, and spherical symmetry in centre of mass co¬ 
ordinates for collisions between neutrons and helium nuclei. Curve A gives 
the distribution in energy for those recoils which are measured in the forward 



Fioubk 4. Calculated shajw of a group of recoils from neutrons 
with an energy of 6 MeV. 

direction (0-12'') as calculated for neutrons obsei^ed exactly at 90*^ to the 
bombarding deuterons. In curve B we have taken into account that neutrons 
were observed at an angle of 90 ± IS'" and also have corrected for the pure 
range straggling of the recoil helium nuclei of this energy. We liave further 
calculated from the amount of material in the cloud chamber that about 
16 % of the neutrons which traverse the cloud chamber have been elastically 
scattered in the walls or neighbouring material and come from a random 
direction. The small fraction of recoils from these scattered neutrons which 
are measured will produce a tail on the low-energy side of the group of 
recoils. The inclusion of these recoils is not serious as the intensity is only 
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approximately 1 % of the umcattered effect. Ourve B gives approximately 
the shape of a group of recoils under our experimental conditions. When we 
compare the expected distribution with the curves of figures 2 and 3, we 
see that the experimental curves can be explained by discrete groups of 
neutrons with energies of 11 * 1 , 9*7, 7*1, 5*9, 4*1, 2*6 and 1*5 MeV. There 
appears to be no evidence for a continuum of neutrons from this disintegra¬ 
tion. Fluorine has only one isotope and so the only other reactions energetic¬ 
ally possible for the production of neutrons are 

(2) ri»4*H2-^Oi« + He^-fni + 6*0MeV 

(3) + + 

jS[e20*^Oi«-hHe*. 

From reaction (2) we should expect a continuous distribution in energy of 
the neutrons and very few neutrons with energies above about 3 MeV. If 
this reaction takes place it must be weak in comparison to reaction ( 1 ). 
The distribution in energy of the neutrons from reaction (3) in general 
would be quite similar to that from reaction ( 1 ) except that a group of 
neutrons might be broadened if the lifetime of the excited Ne*® is sufficiently 
short. A discussion of this possibility will be deferred to a later portion of 
this paper. 


Calculation of the Q values 

The disintegration Q values of the reaction were determined from an in¬ 
tegral range-number curve. Figure 5 gives the integral range-number curve 
for recoils in helium which have a track length greater than 2*7 cm. The 
extrapolated ranges of the groups of recoils were determined from the extra¬ 
polated track lengths by multiplying by the appropriate stopping power. 
Curves similar to that of figure 5 were made for the groups of neutrons of 
lower energy and a summary of the data is given in table^ 1 . The disintegra¬ 
tion Q values were calculated from the extrapolated ranges by the method 
of Livingston and Bethe ( 1937 ). These Q values are also given in table 1 . The 
neutrons of maximum energy correspond to the case where the Ne*® is left 
in its normal state. The experimental value of » 10 * 80 ± 0*20 MeV agrees 
quite closely with the value of =:= 10*72 ± 0*20 MeV as calculated from the 
isotopic masses of F^®, H®, Ne®®, and The other Q values correspond to 
excited states of Ne®® at 1*5,4*2,5*4,7*3,9*0 and 10 * 1 MeV. The dissociation 
energy necessary to break Ne®® into + He* is only 4*73 MeV, so we see 
that the excited states of Ne*® above this energy are unstable against 
emission of a-particles. The highly excited states might be expected to 
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Fioukk 5. Integral range-number curve for holitim recoils whose 
track lengths axe greater than 2*7 cm. 


Table 1 


Extrapolated 

length 

Stopping 

Extrapolated 

range 

Energy of 
neutron at 90^^ 

Q 

New* 

cm. 

power 

cm. 

MeV 

MeV 

MeV 

7*30±016 

0-82 

5‘99±0-16 

11*08 ±0*20 

10*80 ±0*20 

0 

5*73 ±010 

0*83 

4*76 ±012 

9*67 ±0*15 

9*33 ±0*15 

1*5 

3-65 ±0* 10 

0‘84 

2*98 ±0*12 

7*09 ±0*14 

6*62 ±0*14 

4*2 

2-66 ±0 05 

0-87 

2*32 ±0*12 

6*93 ±0*14 

6*39±0*14 

6*4 

1-65 ±0*06 

0'89 

1*47 ±0*13 

4*16 ±0*13 

3*63 ±013 

7*3 

8-09 ±0-20 

1*34 

10*83 ±0*60 

2*57 ± 0*08 

1*84 ±0*10 

9*0 

3*18±0*10 

1*37 

4*36 ±0*30 

1*49 ±0*08 

0*74 ±0*10 

10*1 



break up before a y-ray is emitted, utdess we invdke seleatiiim tulM- 
prohibit the disintegration of Ne®®"' into O**+He*. 

The experimental results indicate that the level in Ne* at lO-l MeV is 
not wider than 0-2 or 0-3 MeV. We can get a rough idea of this expected 
width from the uncertainty relation 

AE.ATf^h, 

where /iE is the width of the nuclear level and AT is the time the excited 
Ne*® exists before breaking up into O'® + He*. Since an a-particle in such 
an excited Ne®® is very near the top of the coulomb barrier, the lifetime can 
be estimated from the relation 

ATfssRIv, 

where v is the velocity of the a-particle in the Ne*®* and R is the nuclem^ 
radius. If we take a value of i? = 5-4 x 10~'® cm. and assume an a-partiole 
velocity of 1/20 that of the velocity of light, we get a value of 1-6 MeV. 

Since this value may be considered only as a rough upper limit to the value 
of AE, it does not seem to make necessary the use of selection rules for¬ 
bidding the disintegration into O'® -f He*. It is reasonable that the actual 
width is smaller than the estimated since the estimate does not take into 
account the internal rearrangements necessary for the formation of the 
a-particle. The level in Ne*® at 10-1 MeV may be much narrower than the 
limit set by experiment and, if this be true, selection rules must prevent the 
disintegration into O'® + He*. 

In view of the considerations given above, it would be especially interesting 
to investigate the y-rays and a-partioles from this reaction so that one could 
tell whether a y-ray or an a-partiole is emitted by the excited Ne*®. Burcham 
and Smith (1938) have found five groups of a-partioles from the disintegra¬ 
tion of fluorine by deuterons, but from energy considerations it is apparent 
that these a-partioles were correctly attributed to the reaction 

F** -I- H® O'® -I- He* -I- 10-1 MeV. 

They also found a group of a-partioles with a range of 2-8 cm. which th^ 
attributed to carbon contamination. This is just the range of a-parti<dee 
which would be produced if the Ne*®, excited to the lO-l MeV level, broke 
up into 0 ''-i-He*. Further experiments are needed to see if this 2*8 om. 
group is partly due to fluorine. 

A highly excited level in Ne*® has been observed in a different type of 
experiment. A resonance in the scattering of fi'8 MeV a-partioles in oxygen 
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neutrons with energies of 2-3. 2-4 and 5-S MeV. Tlie out of the illuininated portion of the chambei. 

bright object in the lower right-hand part of tht‘ cloiul 
chamber is the holder for the TIi source of at-partides. 






at about 9’5 MeV is iadioated bjrtbese eoqierimm^ 
llie eipcgy^ o level is mt very aoeorate and it may reasonably be 
assumed to oorrespond to either the 9-0 or 10*1 MeV level which was found 
in our experiments. 

The true distribution in energy of the neutrons has been computed by 
using the known variation with energy of the cross-section for the colludon 
of neutrons in helium and hydrogen (Staub and Stephens 1939; Bethe and 
BaKsher 1936). Such a corrected distribution is shown in figure 6. This curve 
shows that the most probable groups of neutrons from the reaction are 



Fioube 6. Corrected curve showing the true distribution in energy of the neutrons. 
The dotted curves are theoretical distribution. 

those at 2*6 and 4*1 MeV. The <listribution curve seems to decrease in 
intensity for both larger and smaller energies, and one naturally thinks that 
this most probable energy may be related to the nuclear temperature of the 
highly excited intermediate Ne*^. For a comparison with the experimental 
distribution, a curve of the form 

NdE^e~^i^EdE 

is used. This relation was derived by Weisskopf (1937) for the distribution 
in mutgy of neutrons for closely spaced nuclear levels. This assumption is 
not sa^sfled in the present case. Nevertheless, the general idea of tem- 
ponktime advanced by Bohr may apply and the presence of an exponential 
foetpr in the energy ^tribution may be expected since energy levels which 
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are not too widely spaced shoidd approximate the picture of closely spaced 
levels. The best fit was obtained for a value of the nuclear temperature 
T » 2*5 MeV and this distribution is that of curve A in figure 6. Although 
good agreement with the experimental curve is obtained with a value of 
T ™ 2-5 MeV, we think that this nuclear temperature should not be taken too 
seriously, because it is uncertain whether this theoretical distribution should 
be applied to the experimental distribution which appears to be composed 
of discrete groups of neutrons. A reasonable fit can also be obtained by a 
distribution of the form 

NdE 

The best fit for this distribution was obtained for a value of t = 4 MeV and 
the resulting curve is shown as B of figure 6. The fact that agreement is 
obtained in both these oases shows that agreement with experiment is not 
very dependent on the power of E assumed, showing that the exact mech¬ 
anism of escape is not very important for the fit. Of course, a different 
nuclear temperature is obtained depending on the power of E which is used. 

The writer is deeply indebted to Mr P. I. Dee, Dr 0. W. Gilbert, Dr W. E. 
Buroharn and many others in the High Voltage Laboratory for their 
generous help and assistance throughout the course of these experiments. 
Thanks are also due to Professor G. Breit for discussions on the theoretical 
aspects of the problem. 


Summary 

The neutrons from the disintegration of fluorine by deuterons have been 
investigated by the method of observing helium or hydrogen recoils in a 
high pressure cloud chamber. When targets containing fluorine were bom¬ 
barded with 950 kV deuterons, several groups of neutrons were observed. 
The disintegration Q values computed from the energies of the neutron 
groups are 10*80, 9*33, 6*62, 6*39, 3*53, 1*84 and 0*74 MeV. The nuclear 
reaction appears to be (F^*, H®, Ne*^, v}). The disintegration value 
Q ™ 10*80 ±0*20 MeV corresponds to a transition to the ground state of 
Ne®** and smaller Q values indicate excited states in Ne®® at 1*5, 4*2, 5-4, 7-3, 
9-0 and 10*1 MeV. Only a small fraction of the neutrons belong to the 
group of maximum energy. The excited states in Ne®® at 6*4, 7*3, 9*0 and 
10*1 MeV are unstable against a-partiole emission and so they may break 
up into 0^® and an a*particle. The experimental width of the level in Ne*® 
at 10*1 MeV appears to be not greater than about 0*2 or 0*3 MeV. 
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The transfer of excitation energy from 
uranium ions in solution 

' By Alfred H. Carter and Joseph Weiss 
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—Revised 29 Novendxr 1939 ) 

1. Introduction 

The transfer of electronic excitation energy between molecules and atoms 
has attracted a good deal of attention during recent years. In the case of 
gases, this subject has been studied mainly by physicists, and important 
contributions have been made by J. Franck and his school in particular. 
In condensed systems, the transfer of excitation energy (absorbed primarily 
from an external light source) and the behaviour of excited molecules form 
the basis for all types of photosensitized reactions. These reactions are of 
considerable importance for the various types of biological photosynthesis 
and for many technical problems. 

From a theoretical standpoint these reactions are interpreted by the 
hypothesis of collisions of the second kind put forward by Klein and 
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Bosseland ( 1921 ). Although their theory is based on a thermodynamical 
argument without giving a detailed picture of the actual meohaniam, it has 
been assumed frequently that a direct transfer of a quantum of light energy 
can take place from the excited molecule to another molecule which under 
the influence of this acquired energy undergoes a chemical change. 

West, Muller and Jette ( 1928 ), in an attempt to study collisions of the 
second kind in solution, investigated the photosensitized decomposition of 
oxalic acid by uranium salts. They arrived at the important conclusion 
that this sensitized photodecomposition goes parallel with the quenching 
of the uranium fluorescence by the oxalic acid. The elementary process of 
the quenching of the fluorescence was thus recognized as the primary 
process in this photosensitized reaction, a result in agreement with similar 
lesults obtained by Gaffron ( 1926 ) and Noack ( 1927 ) from a study of 
various photosensitized oxidations. 

In agreement with the views then accepted about the quenching of 
fluorescence in solution, West et aL ( 1928 ) suggested a mechanism based on 
the direct transfer of energy from the light-absorbing uranium salt to the 
oxalic acid as mentioned above. They considered this mechanism to be 
proved when they were able to show that substances (such as I'-, Br“) which 
themselves strongly quenched the fluorescence of uranium salts, did actually 
mhibit the decomposition of oxalic acid. However, RoUefson ( 1935 ) and 
Pringsheim ( 1937 ) pointed out that a difficulty stiU existed. Iodide ions in 
a concentration of about 1/1000 M, which are sufficient to bring about a 
considerable quenching of the uranium fluorescence, do not decelerate the 
decomposition of oxalic acid, and a concentration about 100 times greater 
is necessary in order to inhibit the rate of decomposition perceptibly. In 
order to overcome this difficulty the latter author assumed the formation of 
a complex between the uranium salt and the oxalic acid which would be 
stable towards the influence of iodide ions. As evidence for this complex he 
adduced the comparatively s%ht changes in the absorption spectra in the 
visible, which manifest themselves when oxalic acid is added to a uranium 
salt. 

The idea that a simple transfer of the absorbed energy is responsible for 
the photosensitized decomposition can be ruled out immediately by energy 
considerations alone. The quantum of energy absorbed by the uranium salt 
in the visible (blue) region of the spectrum cannot possibly suffice, in itself, 
to bring about the photolysis of oxalic acid which requires the absorption of 
an ultra-violet light quantum for its decomposition (AUmand and Reeve 
1926 ). 

As we shall show further on in this paper, it is possible to obtain more 
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detoiled information about th© meohanism of the energy transfer by investi¬ 
gating this reaction in the presence of substances which can act as quenchers 
of the uranium fluorescence. We have undertaken, therefore, to study this 
reaction in the absence and presence of iodide and bromide ions. 

A considerable amount of work has been devoted to the study of the 
photosensitized decomposition of oxalic acid and this reaction is also used 
in photometry. Previous investigators have mostly been satisfied by a 
measure of the total oxalic acid decomposed. Although we possess some 
investigations of Bruner and Kozak ( 1911 ) and Biichi ( 1924 ) who have shown 
that formic acid and uranous s^lt are formed during the reaction, these 
facts have been more or less disregarded and the net reaction has often been 
represented, according to: « COg + CO-f HgO. 

Our own investigations have shown, in fact, that even in the most 
favourable cases, only about 50 % of the oxalic acid decomposition takes 
place in accordance with the above reaction. 

If the original conception of a simple transfer of excitation energy or of 
the formation of a stable complex between the oxalic acid and the uranium 
salt is correct, we would expect further that the addition of quenching 
substances would result in a decrease in the reaction velocity without any 
appreciable change in the reaction products. The same effect should result 
from the addition of hydrogen ions unless an exceptionally great stability 
of this complex towards hydrogen ions is assumed. 

In the course of our study, we have reinvestigated also the quenching of 
the fluorescence of uranium salts by iodide ions, as no detailed information 
is given in the literature, and we were able to demonstrate experimentally 
the nature of the elementary reaction of this quenching process. 

2. ExPJSRIMBKTAn 
(a) Experimental arrangement 

The method consisted essentially of irradiating the solutions in an oxygen- 
free atmosphere, collecting the evolved carbon monoxide, and analysing 
the solutions to determine the amount of oxalic acid decomposed, and the 
amounts of uranous salt and formic acid formed. It is essential to exclude 
completely the oxygen for two reasons: (i) to prevent the reoxidation of the 
uranous salt formed, (ii) to prevent a photosensitized oxidation of the 
iodide or bromide ions in the solution.f We have excluded all air by bubbling 

f In the experiments of West et <d. ( 1928 ) these precautions were not taken and 
according to their own account some free iodine was formed in the reaction mixture, 
a fbot which must introduce some ambiguity. 
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through the solutions a stream of air-free carbon dioxide, prepared by the 
methods used in micro-analysis (PregL). 

The reaction vessels consisted of two glass bottles (16 x 8 x 5 cm.) fitted 
with rubber stoppers carrying two capillary tubes, one reaching nearly to 
the bottom of each vessel and the other just tlirough the stopper. The 
bottles were fixed in a thermostat maintained at a temperature of 
26 ^ ± 0 - 1 ° C. The carbon dioxide was passed into the reaction vessels and the 
evolved gases were collected in two nitrometers filled with specially pre¬ 
pared caustic potash solutions. The light source consisted of a 1000 W 
projection lamp fixed in a suitable cover and placed in front of the glass 
window of the thermostat. The intensity of illumination was adjusted imtil 
both vessels appeared to be equally illuminated and checked by carrying 
out a blank ex|)eriment with the same solution in both vessels. 

(b) Methods of analysis 

(i) Original solution 

The concentration of the original oxalic acid or sodium oxalate was 
determined by direct titration with 1/10 n potassium permanganate. 

(ii) Solution after experiment. 

(i) Carbon mom>xide. This was obtained by a direct measurement of the 
collected gas. 

(ii) Uranous salt. In the solutions without iodide the uranous salt was 
determined by direct titration with 1/10 k ])otasBium permanganate after 
cooling in ice. 

For solutions containing iodide the uranous salt was determined in most 
oases by difference, the results being confirmed in some experiments by the 
use of two other methods. 

In the first method, the iodide was precipitated by silver sulphate. The 
total uranous and oxalic acid were determined by titration with 1/10 n 
potassium permanganate and the amount of uranous salt obtained by 
subtracting the oxalic acid from this total. 

The second method employed an apparatus specially designed for the 
purpose, which permitted the precipitation of the uranous salt (with NaOH) 
and the complete separation of it from the other substances present in an 
atmosphere of oxygen-free nitrogen. The precipitate was then dissolved in 
dilute sulphuric acid in the nitrogen atmosphere and titrated with 0*1 n 
permanganate. 

(iii) Formic acid, 50 c.c. portions of the solution were made just alkaline 
with caustic soda solution. After standing to allow the uranous salt to be 
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completely oxidized, an excess of mercuric chloride was added and the 
formic acid determined as calomel, the latter being determined by addition 
of excess 0-06 n iodine and the excess back-titrated by 0*05 k thiosulphate. 

(iv) Seauliial oxalate. In the solutions without iodide the oxalate was 
determined after the uranous salt by heating the solution and titrating with 
O’l N potassium permanganate. 

For the solutions with iodide the oxalate was precipitated by calcium 
chloride and the precipitate filtered and washed free from iodide and 
chloride. It was then dissolved in dilute sulphuric acid, heated and titrated 
with 0*1 potassium |>ermanganate. 

(c) Photochemical reaction between and I” 

200 o.c. portions of 1/60 M uranium sulphate were placed in two flasks 
and connected to a purified nitrogen supply. The flasks were placed in a 
trough of water and a stream of nitrogen passed through. They were then 
illuminated by a mercury arc lamp, the nitrogen stream being maintained 
throughout. The amount of iodine liberated was then determined by titra¬ 
tion with 0*06 N sodium thiosulphate. 


3. Results 

As has been mentioned already in the experimental part, experiments 
were carried out with oxalic acid, with oxalic acid acidified with sulphuric 
acid, and with sodium oxalate. The reaction mixture in the case of sodium 
oxalate had a pH 5 (measured oolorimetrically). In table 1 we have given 
the total oxalic acid decomposed in a given time (— A Ox) in the absence of 
the inhibitor and the deceleration ( —d(^Ox)) in the presence of various 
concentrations of iodide. 

In the case of oxalic acid our results are in fair agreement with the 
previous measurements of West et ah { 1928 ), although for reasons already 
stated (I 2 formation), their results are not wholly reliable. In our experi¬ 
ments carbon dioxide entirely free from air was used, and we tested 
separately after each experiment for free iodine with negative results in all 
oases except those employing m/10 and 1 m sulphuric acid. However, even 
in these cases this was not due to free oxygen but to the photochemical 
reduction of by I"* in the more strongly acid solutions. As will be seen, 
the inhibition increases rather strongly with increasing hydrogen-ion 
concentration. 

We wish to compare with the above results our measurements of the 
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quenching of the fluorescence of luranium ions by iodide ions (Kl), which 
we give in figure 1. 


Table 1. The relation between reaction velocity 
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The experiments were carried out with uranium nitrate solution (approx. 
m/10) employing a photoeleotrical apparatus similar to that used by 
Babinovitch and Weiss (1937). On account of the comparatively low 
intensity of fluorescence of the uranium salt solution, these results cannot 
be regarded as very accurate, but they will suffice for the present purpose. 
In fact, our curve showing the dependence of the fluorescence upon the 
iodide-ion concentration, can be represented fairly well by the hyperbolic 
relation, viz. 

L se_?- (1) 

(Ig m maximum intensity of fluorescence; / »intensity at a given I~ 
concentration). 
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It follows from the above results that an iodide-ion oonoentration suffi¬ 
cient to cause considerable quenching of the uranium fluorescence has 
practically no effect on the decomposition reaction. 

We have mentioned previously that it should be possible to obtain more 
direct information about the mechanism of the reaction from a study of 
the reaction products under various conditions. The results of such investi¬ 
gations are given in the following tables. The experiments were carried out 
as before with oxalic acid, oxalic acid with various concentrations of 
sulphuric acid, and with sodium oxalate. 



FiotnuB 1. Quenching of the /luoreHOenoe of uranium ions by iodide ions (Kl). 

The results of these experiments show that the total loss in oxalic acid or 
oxalate can be represented by the following three stoichiometric equations: 

(а) Decomposition to carbon monoxide: 

H,C,04 = C0-hC0,-l-Hj0. 

(б) Decomposition to formic acid: 

HjCjO, - HCOOH-hCO,. 

(c) Oxidation to carbon dioxide with the formation of a corresponding 
amount of uranous salt; 

H,CjO* 4- - H,0 -1- 2CO,-t- 
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Tables 2 a» 3a and 4a give the results of our experiments without iodide, 
and also indicate the degree of reproducibility of the results. Tables 26, 36 
and 46 contain the results of experiments obtained with varying concen¬ 
trations of iodide ions. 

Table 5 shows the variation in the amounts of the reaction products with 
the amount of free sulphuric acid. 

If any of the previously advanced theories are correct the relative 
amounts of the reaction products should not dejjend on any inhibitor 
present, but this is not in agreement with our experiments. 

In the case of oxalic acid, the carbon monoxide formed, originally 61 %, 
falls to 42 % at an iodide concentration of 10*'^ mol./l. and the formic acid 
from about 44 Uy 42 %. For sodium oxalate the carbon monoxide is only 
changed by about 4%, whereas the formic acid changes from 71 to 66 %. 
Similar results are obtained with oxalic acid acidified with sulphuric acid. 
The presence of sulphuric acid introduces very marked changes in the 
relative amounts of the reaction products, even in the absence of iodide, 
although the absolute rate of reaction (as has been found by previous 
workers) is not very strongly affected. In fact, for the strongest acid used 
(1 M), the course of the reaction is completely changed, as no formic acid 
could be detected either in the absence or presence of iodide. Some free 
iodine was liberated in the latter case. 

These results are not specific for iodide ions as similar results were 
obtained with bromide ions, as will be seen from table 6 . 


Discussion 

There ore three independent facts which render untenable the previous 
theories for the mechanism of the energy transfer in the photosensitized 
reaction. ( 1 ) The energy of the light quantum primarily absorbed is in 
itself insufficient to bring about the photochemical decomposition by trans¬ 
ference of the light quantum from the uranium salt to the oxalic acid, 
( 2 ) there is no inhibiting effect by iodide ions in a concentration sufficient 
to quench the uranium fluorescence, and (3) the change in the relative 
amounts of the reaction products with varying concentration of the 
inhibitors (I“, Br^, etc.). 

The first reason is not specific for the reaction in question, but arises 
similarly for every type of photosensitized reaction. The second has already 
been pointed out by Rollefson ( 1935 ) and Pringsheim ( 1937 ), while the 
third is the new experimental fact put forward in this paper. 

In order to explain the difficulty arising out of ( 2 ), Rollefson ( 1935 ) and 
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Pringsheim ( 1937 ) postulated the formatioa of a complex between the 
uranium ions and oxalic acid. There is no a priori reason why the manner in 
which this complex decomposes should be influenced by the mere presence 
of iodide or hydrogen ions, but not its stability. It would be expected, 
rather, that the stability of the complex would be influenced by hydrogen 
ions in particular, and thereby the rate of the decomposition should be 
decreased. On the contrary, however, in agreement vdth the work of 
previous authors, we have found that the rate of the reaction (above a 
certain limit) is not appreciably affected by hydrogen ions, but that the 
reaction products are. Furthermore, an increase in the iodide concentra¬ 
tion beyond the region of practically complete quenching of the fluorescence 
steadily inhibits the reaction. Obviously this could not be the case if a 
stable complex was the only deciding factor, as in such a case the rate must 
approach a constant value with increasing iodide concentration. 

In order to obtain a closer understanding of this reaction it is necessary 
to consider the elementary process of quenching of fluorescence which is 
the primary process in all photosensitized reactions. 

The quenching of the fluorescence of uranium ions by iodide ions follows 
the general scheme (Weiss 1939 ): 

D* -f Acc^D- + Acc ^; (2) 

/>* represents the excited molecule or ion which has absorbed primarily the 
light energy, and .4cc the quenching molecule or ion. 

The quenching process consists of an electron transfer from the quenching 
acceptor to the excited molecule or ion. The conditions for this non-adiabatic 
change have been discussed in detail in a previous paper (Weiss 1939 ). They 
can be summarized by saying that for a non-adiabatic electron transfer, the 
potential curves must be such that the energetic distance A V between the 
curves should change by an amount comparable to its own magnitude, 
during a time equal to the period associated with this energy difference. 

This period is — and during this time the nuclei move by where 

f =-57 is the nuclear velocity, and hence the condition becomes {h = Planck’s 
ot 

constant) .'t 

UV 1 AV 
^ ar AV^ h ' 

t Wo are indebted to Professor R. Feiorls (private commuuioation) for this 
expression. 
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On the basis of a quantum mechanical interpretation of reaction (2), it 
can be seen that the decreased zero-point energy of the electron in the 
transition state ([D* results in a binding force between the 

reacting molecules or ions. This explains immediately a sort of complex 
formation manifested through the absorption spectrum, which goes parallel 
to the quenching, such as has been observed by Roilefson (1935) and 
Pringsheim (1937) in the case of the uranium salt-oxalic acid mixture, and 
by Hellstrom (1936) in the quenching of the fluorescence of methylene blue 
by ferrous ions. 

The quenching of uranium fluorescence by iodide is now represented by 
the following reactions: 

Light absorption: + hv^ ( 3 ) 

Emission of fluorescence: 

(4) 

Quenching of fluorescence: 

+ (5) 

For the stationary state it follows, as shown previously (Weiss 1938): 

Intensity of fluorescence: 

and for the relative intensity of fluorescence (///„) an equation similar to 
equation (1), where absorbed light intensity per sec. (in general equi¬ 
valent to the maximum fluorescence intensity in the absence of any 
quenching substances) and r« 10~*sec. represents the mean life 
))eriod of the excited uranium ion (in the absence of quenching substances), 
and the value of which is given according to the measurements of Perrin 
and Delorme (1928) and Wawilow and Lewschin (1928). 

In the experiments reported above we have found the value of the 
product; Tk^~ 5 x 10*. From this we obtain for the reaction constant of 
equation (6) the value A:5~ 0*5 x 10* sec."^ (mol,/l.)“*. 

In reaction (5) we have postulated the formation of a UO radical which 
is derived from a pentavalent uranium salt. This appears as a consequence 
of the fact that in all these electron transfer processes only one electron ia 
transferred in each elementary process. We should expect UO^ to be 
rather unstable and to have the properties of a free radical. However, thme 
is also sufficient evidence in the literature for a pentavalent uranium salt to 
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a^siime its existence (Ruflf and Heinzelmann 1911; Oechsner de Conick and 
Came 1901; Schwarz 1920). 

The above reactions are probably followed by 

Recombination: 21 = Ig, (6) 

Dismutation: 2 U 0 ^i^U 0 ^^ + U02, ( 7 ) 

(UO2 + 2 HaO^.U^» + 40 H"). (8) 

Under normal conditions the reoxidation of the uranous salt or of UO^ 
radical by iodine moleciiles or atoms is sufficiently rapid so that no forma* 
tion of either of these can be observed when the light is switched off and the 
original state thus restored. If, however, conditions can he found when this 
reoxidation process is inhibited, molcular iodine and uranous salts should 
be formed during or even after irradiation of a solution containing a 
uranium salt and iodide ions. It is well known (McCoy and Bunzel 1909) 
that in the presence of a sufficient amount of free acid (e.g. sulphuric), 
oxidation of the uranous salt by oxygen is appreciably retarded.f This can 
also be shown to be true for oxidation with iodine. We have irradiated, 
therefore, a mixture of uranium sulphate and iodide ions in the presence ot 
sulphuric acid (in the complete absence of any oxygen). The result is that 
molecular iodine and uranous salt are formed in equivalent concentrationB. 
There was no difference in the amounts formed if the reaction was stopped 
(by addition of a measured excess of sodium thiosulphate solution) during 
or after illumination (see table 7 ). Also the photosensitized oxidation of 
iodide ions by molecular oxygen in the presence of uranium salts is now 
easily understood, and we have the following cycle: 



t McCoy and Bunzel ( 1909 ) have found that the rate of oxidation is inversely 
proportional to the square of the hydrogen-ion conoentratiou. They have suggested that 
this might be due to the fact that not U*+butU(OH)J+enters into the rate-determining 
oxidation process. There is» however, in addition, the possibility that U*+which will be 
formed from the U*+ (by every oxidizing agent) will again take up an electron unless 
it k stabilized through a reaction with OH” forming, for instance, U(OH)J+ which 
may decompose into UOf and H+ ions. 


Vot 174* A, 


*4 
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The photochemical decomposition of oxaJic acid is lepresented by the 
following sequence of reactions: 

(Elementary process of quenching = photochemical primary process) 

U 0 J+* + HCg 0 ir->-U 0 f + HC, 0 «, ( 9 ) 

and HC*0«-»-C02+C00H. (10) 

This can be followed by a further decomposition of the COOH radios], 
according to; 

COOH ^ CO + OH, (11) 

with the formation of carbon monoxide which is liberated. 


Table 7 . The photochemical reaction between uranium salts 

AND IODIDE IONS 


Solution: uranium sulphate: 1-66 x 10”* mol./l.; potassium iodide: 
1-6 X 10 -* mol./l. 

Time of experiments: one hour 



Cone, of 

Cone, of I* 

Cone, of U" salt 


No. of 

Hj 804 

formed 

formed 


exp. 

mol./l. 

mol./l. X 10®' 

mol./l. X 10* 

Kemarks 

1 

No free acid 

000 

000 

— 

2 a 

1-0 

0126 

018 ±0 06 

— 

26 

2«0 

0-260 

0-300 ±006 

— 

3 

2-0 

0-260 


No difference in 
(I 4 ) during and 
after illumina* 
tion 


The OH radical being a strong oxidizing agent will oxidize any penta- or 
tetravalent uranium salt present according to 

UO,+ + OH - UOJ+ + OH-, 
or U‘+ + OH = U*+ + OH-, 

U®+ + 2H,0 5tU0 j- + 4H+,1 
U®+ + 20H-?±U0J- + 2H+,/ 

or else the COOH radical can be reduced by UOi" (or U*^), according to 
COOH+UO,+ -».COOH- + UO^+ \ 

y, (1C 

COOH + U(OH)^ + COOH-+UO^+H+ j 


( 12 ) 

(13) 

(14) 
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the formation of formic acid; thus: 

COOH~ + H+i±HCOOH. (10) 

The above sequence of reactions describes the photosensitized decompo¬ 
sition of oxalic acid as a ‘'true ” catalytic process, without apparent change 
of the uranium salt. 

However, the fact that the uranium salt passes through a state of lower 
valency in the course of the reaction is proved by the photoxidations of 
various organic substances with uranium salts in which the corresponding 
stoichiometric amount of uranous salt has actually been observed (cf. Weiss 

1938)- 

According to the results in this paper it is formed also in the photo¬ 
chemical reaction between uranium ions and iodide ions. Even in the 
photosensitized decomposition of oxalic acid, there is always some uranous 
salt formed, the amount of which would again be expected to increase with 
increasing concentration of free acid. This is in agreement with our results 
and those of Biichi (1924). In this case the hydroxyl radicals do not 
disappear, then, through reactions (12) or ( 13 ), but may react with oxalic 
acid or COOH radical, according to 

COOH 4 - OH -►CO2 -f H^O. (17) 

The fact that the anion (HC204“) appears in the actual primary process 
(reaction ( 9 )) must be concluded from the dependence of the reaction 
velocity on the hydrogen-ion concentration (cf. also Rollefson 1935; 
McGinnis 1935). 

The fact that small quantities of iodide ions do not inhibit the reaction can 
now be explained quite easUy. The iodine atoms formed primarily in the 
quenching of the fluorescence, from excited uranium ions and iodide ions, 
according to reaction (6), attack the oxalate ion in exactly the same way as 
the excited uranium ion, viz. 

I + HC2O4- + HCgO*. ( 18 ) 

The reaction product is identical with that of reaction ( 9 ), and it makes 
here no diflFerence whether iodine atoms or the (UO^+♦) excited ions bring 
about the formation of the HC2O4 radical. For low concentrations of iodide 
ions, therefore (although sufficiently high for quenching the fluorescence), 
no inhibition of the actual reaction takes place, in agreement with experi¬ 
ment. The above reaction ( 18 ) has been studied independently by various 
authors (Berthoud and Bellenot 1924; AUmand and Young 1931; Griffith, 
McKeown and Winn 1933) in the photochemical interaction between 


24-2 
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molecular iodine and oxalate. In this case the iodine atoms are formed by a 
direct photochemical splitting of the iodine molecules. 

If, however, the ratio (I'")/(Ox) is increasing, the iodine atoms formed 
primarily will not be available to react only with the anions of oxalic acid 
(reaction ( 18 )), because they will then also reoxidize the uranous ions 
formed primarily, as would be the case if no oxalate was present. This 
means a loss of the active iodine atoms with the degradation of light energy 
into heat and consequently the inhibition of the oxalic acid decomposition. 

From the work of the above authors we must conclude further that 
increasing iodide concentration inhibits the photochemical reaction between 
iodide ions and oxalate, and this is a further reason why with increasing 
iodide concentration the net reaction is decelerated. 

Similar conditions hold in the case of bromine. The photochemical 
reaction between bromine atoms and oxalic acid and oxalate has been 
studied particularly by Griffith et aL (1933). 

The change of the relative amounts of reaction products formed with 
changing iodide or bromide concentraticns is an important new qualitative 
result which cannot be explained on the previously advanced theories. 

We have seen that free acid has an inhibiting effect on the reducing 
power of uranous salt, so that, in this case, with increasing hydrogen-ion 
concentration, reaction ( 15 ) is obviously almost completely inhibited, and 
the COOH radicals are oxidized to carbon dioxide and water (reaction ( 17 )) 
without the formation of any formic acid. At low pH values, a considerable 
amount of formic acid (up to 72 % in the case of the sodium oxalate 
mixture (pH - 5 ) is formed. There must be a simultaneous decrease in the 
amount of uranous salt formed with decreasing hydrogen-ion concentra¬ 
tion, a conclusion in agreement with experiment. 

The decrease in the amount of formic acid is also accompanied by an 
increase in the amount of carbon monoxide formed, because the mono- 
molecular decomposition of COOH radicals (reaction (11)) can compete 
successfully with the bimolecular oxidation reaction with the OH radicals 
(reaction ( 17 )). 

It has already been pointed out with regard to the speed of the reaction 
at low concentrations of iodide ions, that the latter will likewise not in¬ 
fluence the reaction products appreciably. However, with increasing 
iodide-ion concentrations, we should exj)ect a decrease in the amounts of 
carbon monoxide and formic acid formed, and an increased oxidation of 
oxalic acid or oxalate to carbon dioxide, because in this case the oxidation 
by iodine atoms, according to 

COOH-hI->CO* + HI, 


m 
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and the direct oxidation of radicals or the corresponding CaOi" 

anions by iodine molecules, thus 

C 2 O 4 ''4'l2“>‘2COg + I*"4'I, ( 20 ) 

will become more important. 

This reaction occurs in the photochemical reaction between iodine and 
oxalic acid—in our case the iodine is formed by the recombination of two 
iodine atoms. Again, of course, there will be competition for the iodine 
atoms between the uranous ions and the oxalic acid, and the relative 
amounts of reaction products formed must depend on the relative velocities 
of these processes. 

We have confined ourselves to giving a qualitative discussion in which 
the main features of the reaction are brought out very well. A quantitative 
study would necessarily involve an independent knowledge of the reaction 
constants which we do not possess and a numl>er of arbitrary assumptions 
would be necessary. However, all the kinetic data available can be derived 
from the mechanism presented above. As }K>inted out before, similar con¬ 
siderations apply to the reaction between bromine and oxalic acid. 

It will be seen that the experimental facts can be explained by a dyna¬ 
mical theory, and not by the formation of a complex between the uranium 
salt and the oxalic acid. However, the theory indicates the formation of a 
complex arising through the quantum mechanical resonance in the photo¬ 
chemical primary process, but this is only a secondary effect. 

Our thanks are due to Professor G. R. Clerno, P.R.S., for his interest in 
this work. 


Summary 

1. The transfer of electronic exc'itation energy in solution has been in¬ 
vestigated in the case of the photosensitized decomposition of oxalic acid 
by uranium ions, and more detailed information about the mechanism of 
the energy transfer has been obtained by studying the reaction in the 
presence of substances (I”, Br”") which can act os quenchers of the uranium 
fluorescence. 

2. New exi>erimental facts are presented which cannot be explained by 
any of the previously advanced theories. In particular widely different 
relative amounts of the products of decomposition (CO, CO2, HCOOH) 
have been observed with varying concentration of the quenching sub¬ 
stances and hydrogen ions present in the solution. 

3 . A theory is discussed based on the electron transfer process between 
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excited uranium ions and oxalate ions. The observed complex formation 
between the reacting ions is interpreted on the basis of a quantum mechanical 
resonance in the elementary process of quenching. 

4. In connexion with the above investigation the quenching process of 
the uranium fluorescence by has been investigated and the elementary 
processes involved have been studied experimentally and discussed on a 
similar theoretical basis. 
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Rotational analysis of the first negative 
band spectrum of oxygen. II 

By Thomas E. Nevut 
University College, Dublin 

{Communicated by A, W, Conway, F.R,S.—Received 30 October 1939) 

In a previous paper (Nevin 1938 )*, the author has given an analysis of the 
( 0 , 1 ) A 6438, ( 0 , 0 ) A 6026, and ( 1 , 0 ) A 6632 bands of the first negative band 
spectrum of oxygen and has shown that the system is due to a transition 
The present paper contains an analysis of the ( 0 , 2 ) A 6866 and 
( 2 , 0 ) A 6296 bands. 

Using the method described in (I) to excite the spectrum, a discharge 
through helium containing a small amount of oxygen, the plates of the band 
A 6866 taken in the second order of the grating could be measured only as far 
as A 6720 on account of the large number of ghosts and the blackening 
produced below this point by the enormously over-exposed helium line 
A 6678. To photogi‘aph the remainder of the band it was necessary to use a 
hollow cathode discharge through commercial oxygen as described by 
Frerichs ( 1926 ). This source is considerably less intense than the discharge 
through helium the exposures with which, in the case of the present band, 
were between 12 and 18 hr. with Ilford Astra III plates. To reduce the 
exposures to a reasonable time a cylindrical lens made by Hilger, 15 cm. 
long and 6 cm. wide with a focal length of 30 cm., was mounted at right angles 
to the axis of the spectrograph between the grating and the plate as described 
by Oldenberg ( 1932 ). The lens was mounted so that its axis could be adjusted 
exactly perpendicular to the slit and the grating rulings, a point of the 
highest importance if the definition is not to be impaired. As far as could be 
judged there was no loss of resolving power over the length of plate covered 
by the lens. Satisfactory exposures of a range of 180A were obtained in 
about 6 hr, with the hollow cathode discharge taking a current of 0*8 amp. 
The plates were measured with respect to third order iron standards. 

The A 6296 band had already been photographed in the second order at the 
same time as the bands analysed in (I). However, to complete the analysis it 
was found necessary to take a third order plate, and to save time the arrange¬ 
ment described above was used, the entire band being obtained on a single 


* Kefarred to as (X) throughout this paper. 
[ 371 ] 
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plate with an exposure of 5 hr. The resolving power attained on this plate 
with sharp lines was about 200 , 000 . The theoretical resolving power of the 
grating in this order is 260 , 000 , so the reduction caused by the lens must have 
been very small. 


Data 

The wave numbers and intensities of the lines of the (2,0) and (0,2) bands 
have been tabulated, and the eight tables containing them deposited for 
reference in the archives of the Royal Society. With the cylindrical lens the 
astigmatism varies along the length of the plate, so the intensity estimates 
for the (0,2) band can be relied on only over a narrow range. In the case of 
the (2,0) band the intensity estimates are mainly from second order plates 
taken without the lens. 

To save space the combination differences which check the assignment of 
the lines to the branches have been omitted. They can be calculated readily 
with the aid of the combination relations at the heads of the columns of 
tables 13 - 19 in (I). The a^ssignment of the bands to the vibrational transitions 
(2,0) and (0,2) is confirmed by the fact that the combination diflferenoes for 
the final state of the former band agree with the combination differences for 
the final state of the (0,0) and (1,0) bands while a similar relation holds good 
for the initial state of the latter band and the initial state of the (0,0) and 
(0,1) bands. 

Unassigned lines are most numerous in the case of the (2,0) band which is 
to be expected from the fact that this band according to Bozoky and Schmid 
(1935) is the first of the sequence — = 2, the second band of which (3,1) 

to judge from the vibrational intensity distribution to be expected should be 
at least as intense as (2,0). Up to the point at which the ( 3 ,1) band com¬ 
mences unassigned lines are relatively few. In the (0,2) band, the only band 
of the sequence v' — v"— - 2 observed by Bozoky and Schmid the number of 
unassigned lines is small, though to judge from their position the ( 1 , 3 ) band 
is present with low intensity. 

The number of times each line has been used in the analysis is indicated in 
the tables by a suffix to the wave number. The letters which appear in some 
cases after the intensity figure have the following meanings: 6, blend of two 
or more lines which apj>ears comparatively sharp; d, diffuse line; c, line 
confused with another line which may affect both the wave-length and the 
intensity; v, line shaded towards shorter wave-lengths; r, line shaded 
towards longer wave-lengths. 
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The *n STATE 

It was shown in (I) for the */7 levels v" = 0 and w* = 1 that the separations 
JjPJi(J) = Fl(J)~ FliJ) and AFl^(J) =* F\(J)~Fl(J) did not agree with 
the separations calculated from the theoretical formulae of Brandt and Bud6 
((I), equations (4)). A similar disagreement occurs in the level 2. In all 
three bands, however, the separations are in good agreement with the values 
given by the following formulae: 

F,{J) = B,[J(J+1)-|{y, + 4J(J + l)}»]+i),(J-|)*(J-i)*, 

F^{J) = + 1) + \{y^ + 4 J( J + 1 )}*] + 2>,( J + i)* (J +1)*, 

~ +1) + f{yi + + i))^] + a+^</ + + f)*(*^+§■)*> 

where y^ = Y{Y — i) with y — AjB^ and a and fi are constants. The fonnulae 
differ from those of Brapdt and Bud6 in the omission of a term 


_oD Vi ~ 2d ( J + 1) 

, '’yi + 4 y(/+l) 

from the expressions for f\(d) and F^{J) and a term 


+ 2/i/? 


>,+4:/(jtt) 


from the expresftions for F^f^J) and /'y J). In addition, the terms a + have 
l)een added to the expression for From these equations it follows that 


= W- W - +W+l)]* + 4Z),(J + i)3, I (2) 

^F,,(J) ^ F,{J) ^ F,iJ) - + 4J{J -f 1 )]* + a + + 41),{J + If.} 

Samples of the agreement between the values of the term differences calcu¬ 
lated from these expressions and the values calculated from the branches as 
described in (I) are shown in table 1. That the agreement is not exact, 
however, is shown by the fact that the value of A from AF^^iiJ) is not exactly 
the same as the value derived from AF^ 2 i*^)' formulae have no 

theoretical basis it is hardly worth while attempting to modify them to make 
the agreement exact. They do, however, give a first approximation to the 
form which theoretical formulae, to explain the structure of the levels, must 
take. 
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TaBLB 1. ObSBEVED and OALCTTIJlTBD valvbs of 

v* = 0 



AF„ 

(J) 


AF„ 

(J) 

J 

Ohs. 

Calc. 

Obs. 

Calc. 

Obs. 

Calc. 

6-5 

61-78 

61*81 

51*82 

61-81 

5M2 

61-12 

10-5 

66*63 

66-69 

66*63 

66*68 

55-08 

66*09 

16-6 

61-09 

61-11 

6Ml 

61*09 

60*81 

60*78 

20-6 

67*89 

67*91 

67*88 

67*88 

67*78 

67*76 

25*6 

76*61 

76-61 

76*69 

76*57 

75*60 

76-61 

30*6 

83*92 

83-95 

83-96 

83*90 

— 

— 

36-5 

92-77 

a 

92-72 92*63 

- - 0*99 cm. ^ 

J /From 4Ffi{J) = 
^ IFrom == 

92*64 

+ 0*038 
-^47*96 om."^ 
-47*99 cm.“^ 




AF,, 

{J) 

AF„{J) 

. . A 


{J) 

J 

Obs. 

Calc. 

Obs. 

Calc. 

Obs. 

Cala 

6*6 

61-68 

61-72 

61*66 

61-72 

61-09 

61-20 

10*6 

66-38 

66*41 

66*40 

66*41 

56-10 

66*02 

15*6 

60-77 

60-80 

60-76 

60-78 

60*61 

60-63 

20-6 

67-39 

67*44 

67*43 

67*41 

67*32 

67-28 

26*6 

74-92 

74*98 

74*68 

74*96 

74*99 

74*92 

30-6 

— 

. — 

83-16 

83*10 

— 

— 

36'5 

a 

=-0-66on).-»; fi = 
. /From = 

\From = 

v* = 2 

+ 0*027 om.~^. 
-47*93 cm.~^ 
-47*99 cm. ^ 





iJ) 



iJ) 

J 

Obs. 

Calc. 

Obs. 

Calo. 

Obs. 

Calc. 

6*6 

51-47 

61*05 

61*68 

61‘66 

61*04 

61*06 

10-6 

66*16 

56*24 

66*18 

66-23 

54*81 

64*82 

16-6 

60*42 

60*47 

60*62 

60*46 

60-20 

60*20 

20*6 

66-90 

66*96 

66*97 

66-93 

66*86 

66*84 

26-6 

74*32 

74*34 

74-40 

74*80 

74*38 

74*37 

30*6 

82*37 

82*33 

82-40 

82*27 

82*48 

82*49 

36-6 

a 

= -0*76 om.“ 
J /FromJF 
^ \Frani AF 

*; /? = 

+ 0*084 cm.“^ 
-47*92 cm.“i. 
— 48*01 
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It is easy to show from equations (1) that the relation * 

used in (I) to calculate BJJ and holds to a high degree of approximation so 
justifying the method used to calculate these constants. The values of 
d^F^{J) calculated from (1) are in exact agreement with the observed values 
derived from the branches. 

The AAype doubling for the level = 2 calculated as explained in (I) is 
shown in figure 1, In agreement with the results for the levels t/ = 0 and 
t?"" = I the doubling is very small in the ^/7| and */J| states while in the *77^ 
state it again increases more or less linearly with J. In the state — O 
and v" ^ 1 the doubling increased at first and finally decreased for the highest 
values of J. In the level v'' = 2 a maximum is not observed up to the highest 
observed value of J. Apart from this point there is a close similarity in the 
results for the three levels, the doubling in */7| and increasing sys¬ 
tematically with ?/. 






376 


T. E. Nevin 


MoiiEC0LAB CONSTAIJT8 

The analysis of the two bands in the present paper makes possible a calcu¬ 
lation of the vibrational constants of the system. Writing the JR branches in 
the form 

R^{J) = -f 1) — 

and the corresponding expressions for the P and Q branches it is easy to 
show with the aid of equations (1) and (2) of (I) for the initial state and 
equations (1) of the present paper for the final state that when the yl-doubling 
is neglected 

and EQ,(J) - + + 1), 

apart from small terms in higher powers of J( J + 1). A nearly linear relation 
exists, therefore, between the sum of the wave numbers of corresponding 
lines of the R and P branches and J( J + 1) and the sum of the wave numbers 
of corresponding lines in the Q branches and J( J + 1). A short extrapolation 
in the first case gives + 85' and in the second case 4^0 + 65' so the origin 
of each band is obtained. 

In calculating the sums on the left-hand side of these equations it was 
necessary to caicxilate by interpolation the alternate missing lines of each of 
the branches. In the R^ and Pg branches which are not observed for low 
values of J the positions of the lines were calculated from the and 

branches respectively. The agreement between the two values for each 
band was satisfactory and the average of the two values for the five bands 
analysed is given in table 2. 


Table 2. Band origins 


^ V 


0 16666-74 

1 17829-34 

2 18957*77 


1 

15661-82 


2 

14657-67 


The origins are represented by the formula 

V « 16687-88+ U96-77w'~ 17-09U/2-. 1036-691^"+ 10-39w''3, 
where « = 

The constants of the 0^' molecule in the initial and final *II states for the 
levels = 0, 1 and 2 are given in table 3. The values of 5 and I) have been 
calculated by the method of least squares which should give a better result 
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than the graphical method used in (I). The probable error of B differs some¬ 
what for the different levels but it is approximately ± O'OOOOS cm.~*. The 
probable error of D is about + 0-09 x 10"* cm."^. 

Table 3. Molboulab constants 


state *77 stat^ 



B’o 

= 1-27626 cm.-’ 

Bl 

= 1-09681 cm.-* 

y - 

-43-74 cm.-* 


Do 

= -6-91 X 10 •cm.-’ 


= — 4-83 X 10-" cm.-* 

A - 

-47-97 cm.-* 


Bl 

= 1-25420 cm.-’ 

b: 

= 1-08099 cm.-* 

F 

— 44-36 cm."* 


D\ 

= - 6-07 X 10-« cm.-’ 

d: 

= - 4-73 X 10 " cm.-’ 

A - 

— 47-96 cm.-* 

v^2 

B!, 

= 1-23213 cm.-’ 

b; 

= 1-06631 cm.-’ 

Y ^ 

-46-02 cm."* 


Do 

= -6-28X 10-"cm.-’ 

/i; 

= —4-64x lO"" cm.-* 

A - 

-47-96 cm.-* 


Bi 

= 1-28729 cm.-’ 

B." 

= 1-10466 cm.* 




D' 

= -5-81 X 10 " cm.-’ 

d: 

= -4-88X 10-"cm.-* 




K 

= 0-02206 cm.-’ 

< 

= 0-01676 cm.-* 




A; 

= -0-185X 10-"cm.-’ 

fi: 

= + 0-096 X 10-*om.-* 




i'. 

= 21-69.3 X 10-"'g. cm.* 

i: 

= 25-279 X 10-«»g.cm.» 




< 

= 1-2731 A 

r: 

= 1-3743 A 




UJ' 

= 1196-77 cm.-’ 


= 1035-69 cm.-* 





= 17-09 cm.-’ 


= 10-39 cm.-* 




The values of e and y, the fine-structure constants of the *2’state, are given 
in table 4 for the levels ?/ = 0,1 and 2. They have been calculated separately 
from equations (7) of (I): 

= 3e-3y-2y/:,* 

Af'uiK) = ie-y + 2yK, 
by the method of least squares. 

Table 4. Spin einb-structuiib constants fob the *2 state 

_ 

V 3e 

0 0-4268 ±0-00i 8 cm.“> 

1 0-4333 ±0-0019 ora.-* 

2 0-4247 ± 0-0037 ora."* 

_ d/M(g) _ 

V . 36 y 

0 0-4448 ± 0-0023 om.-> - 0-0003 ± 0-0001 cm.-* 

1 0-4470 ± 0-0082 ora.-* - 0-0001 ± 0-0002 cm.-* 

2 0-4266 ± 0-0047 ora."* + 0-0002 ± 0-0003 om.-» 


r 

- 0-0006 ± 0-0001 cm.-* 
-0-0007 ± 0-0001 cm.-* 

- 0-0003 ± 0-0002 cm.-* 


• There is a misprint in (I) where the third term is given as iyK. 
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For the levels t?' — 0 and 1 though4/2i(iC)and J/ 34 (JK^) depend linearly on iT 
the differenoe between the two values of 3e considerably exceeds the probable 
error and Bud6*8 formulae appear to hold only to a first approximation* For 
v"' ~ 2 the formulae appear to represent the observed structure in a satis¬ 
factory manner. 


Summary 

In continuation of previous work the (0,2) and (2,0) bands of the first 
negative system of oxygen due to the transition *£g have been photo¬ 

graphed in the second order of a 21 ft. grating and an analysis of the bands is 
given. 

The */7 level exhibits the same structure as the previously analysed 
levels — O and 1 failing to agree with the theoretical structure predicted by 
Brandt and Bud6. An empirical formula is given which represents the 
observed structure reasonably well. 

A complete table of the molecular constants of five bands of the system is 
given. 
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The combustion of aromatic and alicyclic hydrocarbons 
III. Ignition and cool-flame characteristics 

By J. H. Bubooynk, T. L. Tang and D. M. Newitt 
Department of Chemical Technology, Imperial College, London 

(Communicated by A. C\ Egerton, 8ecM,S.—Received 22 November 1939) 

Introduction 

In a previous communication (Burgoyne 1937 ), attention was drawn to 
certain apparently anomalous features of the slow combustion of r^-butyl 
benzene, and it wets shown, inter alia, that the observed irregularities in the 
temperature coefficient of the reaction could be accounted for by the 
occurrence of coobflame ignitions of the same type as those exhibited by 
the higher aliphatic hydrocarbons (Townend and Chamberlain 1936 ). 

These circumstances suggested that a general survey of the ignition 
characteristics of the aromatic hydrocarbons would be desirable as an aid 
to elucidating the mechanism of their combustion; and the present paper 
embodies the results for the series previously studied, together with two 
members of the alicyclic series which have been included to serve os a 
connecting link with the paraffins and olefines. 

Owing to the wide variations in reactivity towards oxygen of the cem- 
pounds in question, it was found impracticable to employ the same experi 
mental technique throughout the series; for whilst the ignitions of the more 
reactive members could safely be studied in silioa and glass vessels, the 
remainder involved liigh pressures and required the use of steel apparatus. 
Comparative experiments, however, showed that no essential alteration in 
the ignition characteristics resulted from the substitution of one material 
for the other. 


Apparatus and experimental method 

The low-pressure apparatus has been described in Part I (Bu^oyne 
1937 ). The method of determining ignition temperatures was to prepare a 
stock of the hydrocarbon-oxygen or hydrocarbon-air mixture in a 2 1 . glass 
bulb maintained at a temperature sufficiently high to ensure that the 
hydrocarbon would remain in the vapour phase. Measured quantities of 
the mixture were then admitted to an evacuated silioa vessel, of capacity 

[ 379 ] 
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CO. 600 C.C., contained in an electric furnace heated to the desired reaction 
temperature* 

The high-pressure apparatus was similar in arrangement to the above 
and requires no special description. 

The occurrence of oool-flame and true ignitions were indicated in both 
apparatus by the readings of a suitable pressure gauge attached to the 
reaction vessel, and the progress of the reactions preceding and following 
ignition could be followed by measuring the rate of pressure change, by 
analysis of ‘‘snap^’ samples of the reacting medium and of the products, 
and, in some instances, by direct visual observation through a window let 
into the side of the furnace. The actual ignition t/emperatures recorded are 
limiting values defined as the lowest temperature to which the reaction 
vessel had to be heated for ignition ultimately to occur at the given 
pressure. 


Rksclts 

The data summarized below include (1) the determination of the in¬ 
fluence of initial pressure upon the ignition ranges of selected mixtures of 
the various combustibles with oxygen or air, and (2) the analysis of the 
products from reactions in the several combustion zones. The results of 
(1) are shown by means of a series of diagrams (figures 1-4), in which the 
limiting ignition temperatures are plotted against pressure for constant 
mixture composition, and of (2) by means of carbon or oxygen ‘‘balances*’ 
in which an attempt is made to account for all the carbon or oxygen 
originally present in the reacting medium. The low- and high-pressure 
experiments are dealt with separately. 

I, Expkbimbnts at low pressurbs in the vSilica apparatus 
(a) Cyclohexane {hemhydrobenzene). 

Curve Ai figure 1, relates to an equimolecular cyclohexane-oxygen 
mixture ignited in a silica vessel. 

The curve will at once be recognized as resembling in all essential features 
the corresponding curve for any of the higher paraffin hydrocarbons and, in 
particular, that of n-hexane which is shown inset in the figure. There are, 
for example, two well-defined ignition ranges, the one characterized by a 
progressive fall of ignition temperature with increasing pressure, from 630*^ 
at 45 mm. to 395‘’ at 210 mm. pressure, and the other by the occurrence of 
two pressure minima at 325° (160 mm.) and 275° (176 mm.), respectively. 
At pressures above 200 mm, the slope of the ignition curve diminishes and 
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the ignition temperature tende to become independent of the pressure. It 
is to be noted that ignition is preceded, in all cases, by an induction period 
or time “lag” which varies with pressure. 

Attention may also be drawn to a region on the low-pressure side of the 
ignition curve, below 395® (the shaded area adjacent to the curve), within 
which cool-flame ignition followed by slow combustion takes place, and 
phenomena are observed similar to those which have been described for 
some of the higher paraffin hydrocarbons (Newitt and Thornes 1937 ). Thus, 
on traversing the region from low to high pressures, there is a zone near the 
lower limit, in which as many as four or five successive feeble ignitions may 



Figcbe 1 

be observed. As the pressure is raised these coalesce into a single ignition, 
the intensity of which increases with pressure. The cool-flame combustion 
uses up only a small proportion of the available oxygen, the remainder 
contributing to a subsequent slow oxidation. As the true ignition curve is 
approached the rate of this secondary oxidation increases until eventually 
a second cool-flame ignition occurs, which ultimately gives place to a true 
ignition. The time lags during these successive stages show a progressive 
diminution. 

In the upper ignition region, above 400°, there is an area to the left of 
the limiting ignition curve, in which slow combustion takes place accom¬ 
panied by luminescence but no cool-flame formation. On traversing this 
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region in the direction of increasing pressure, the rate of combustion in- 
creases until eventually inflammation occurs. Combustion is not, however, 
complete in the first instance, ignitions near the limit being succeeded by a 
period of slow combustion. The approximate pressures at which this after- 
combustion is no longer detectable are indicated in the diagram by the 
broken line to the right of the ignition curve. The time lags in the upper 
ignition region diminish progressively with fall of temperature from about 
6 sec. at 550° to less than 1 sec. at 390°, In the lower region, on the other 
hand, they increase with fall of temperature, at first slowly from 390° down 
to 275°, and then rapidly, until at 262'5° the lag is as much as 70 min. In 
this neighbourhood the values are very sensitive to small changes of tem¬ 
perature, as may be seen from the following data which relate to points on 
the lower branch of the ignition curve: 

Ignition temperature C) 271 268 265-5 262'6 

Time lags (inin.) 2-6 7*8 17-6 70 

The determination of the ignition temperature in this region is, therefore, 
a tedious operation, and the probable errors are greater than in other parts 
of the curve, 

( 6 ) Cyclohexene (tetrahydrobenzene). 

Curve jB, figure 1, is for an equimolecular cyolohexene-oxygen mixture, 
also in the silica vessel. In this instance we have a ring compound con¬ 
taining one unsaturated linkage which might be expected to confer on it a 
greater immunity to oxygen attack than was found for the corresponding 
fully saturated cyclohexane (Beatty and Edgar 1934 ). Reference to the 
curve will show that this expectation is only partially fulfilled. 

There are, as before, two distinct ignition regions meeting at 390° and 
200 mm., and a third pressure minimum at 278° (250 mm.). There is also 
a region, of lesser extent, in which cool flames are observed. The cool flames 
are less intense than with cyclohexane, and the pressure pulse accompan 3 njig 
them is so feeble as to render difficult the exact delimitation of the upper 
boundary. 

The time lags vary in much the same way as those of cyclohexane, but 
they are of shorter duration, particularly at the lower temperatures where 
they are measured in minutes rather than in hours. 

(c) Ararmtic hydrocarbons. 

Although w-propylbenzene proved to be considerably more reactive 
towards oxygen than the lower members of the aromatic series, it was 
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found impracticable to determine the complete ignition curve of an equi- 
molecular mixture in the silica apparatus owing to the comparatively high 
pressures involved. Data were obtained, however, for the upper part of 
the curve (curve F, figure 2), together with a portion of the coohflame 
zone (-F'), indicating the existence of a lower ignition system. 

The upper parts of the ignition curves of equimolecular mixtures with 
oxygen of benzene, toluene and ethylbenzene in the silica apparatus are 
given for comparison (curves C, D and E). 

With w-butylbenzene the complete curve (curve 0) was found to lie 
within the pressure limits of the apparatus, and, although carbon was 



FiGUItE 2 

deposited during the ignition reaction, no difficulty was experienced in 
obtaining data for the lower ignition system. 

It will be seen that the curve G resembles in many respects the cor¬ 
responding curve for the two alicyclic hydrocarbons and for the higher 
paraffins, although there are some minor differences. In the upper region, 
for example, the curve is almost identical with that of cyclohexene, both 
lying on the low-pressure side of the cyclohexane curve; but below 420° the 
curves “fan out” and their location with respect to pressure indicates a 
considerable variation in reactivity, cyclohexane being by far the most 
reactive and »-butylbenzene the least so. The latter, however, has only one 
clearly defined pressure minimum, at 323° (250 mm.). Such variations 

* 5-2 
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might be expected from the etruotural differences between the aromatic and 
the alioyclic compounds. 

The actual mechanism by which oxidation takes place in the three oases 
has not been fully elucidated, but there is reason to believe that ignition in 
the lower region is conditioned by the relative stability of one or more of 
the intermediate products of combustion which, by their thermal decom¬ 
position or further oxidation, give rise to acjtive centres in the reacting 
medium (Neumann and Aivazov 1935 ; cf. Egerton and Ubbelohde 1935)* 
If this be so, it may be concluded from a comparison of the three curves 
that, whilst similar processes are probably concerned in the earlier stages of 
the oxidation, their rates would by no means be identical. 


11 . Expbetmhnts at high pressures in the steel apparatus 

In the case of the aromatic hydrocarbons equimolecular combustible- 
oxygen mixtures are not very suitable for experimenting in the ignition 
region, since copious carbon deposition invariably accompanies inflamma¬ 
tion and the reaction vessel has, in consequence, to be burnt out” after 
each experiment. In seeking to compare the behaviour of a series of such 
compounds, therefore, air has been substituted for oxygen, and standard 
mixtures containing 1*85 times the theoretical amount of hydrocarbon for 
comi)lete combustion to carbon dioxide and water have been employed. 
The actual percentages of combustible substance are as follows: benzene 5, 
toluene 4*3, ethylbenzene and the xylenes 3*5 and w-propylbenzene and 
mesitylene 3*2 %. The substitution of air for oxygen necessitates the use of 
much higher pressures and silica and glass apparatus can no longer safely 
be employed. 

(a) Benzene and its mono-alkyl derivatives. 

In figure 3 the ignition data for the standard mixtures with air of benzene, 
toluene, ethylbenzene and w-propyll>enzene are shown graphically together 
with the corresponding data for a 15% methane-air mixture for reference 
purposes. It wUl be noted that the curves fall into the accepted order of 
reactivity of the four hydrocarbons (Burgoyne 1937 ), and that, with the 
exception of /t-propylbenzene, the ignition temperatures fall progressively 
with increase in pressure, the points lying on smooth curves. 

Benzene, as might be expected from its structure, ignites with more 
difficulty than any of its derivatives or methane, its ignition temperature at 
any given pressure within the range of the present experiments being 
upwards of 100 ° higher than that of toluene. 
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n-Fropylbenzene shows characteristics which we now associate with the 
higher paraffin hydrocarbons. It has an upper and lower ignition range, and 
the latter includes a pressure minimum at 340° (5 atm.). There is also evidence 
of feeble oool-flame inflammation in the neighbourhood of the pressure 
minimum, although the recording apparatus was not sufficiently sensitive to 
enable the boimdaries of the oool-flame zone to be defined. 



proBSure (atm.) 
FrauRE 3 


In the case of benzene the time lags before ignition do not exceed 1 or 2 sec, 
at any pressure, and are comparable with the time taken to introduce the 
combustible mixture into the reaction vessel. For the remaining compounds 
the lags are of longer duration and at first increase with pressure, reaching 
a maximum, in the case of toluene, at about 5 atm. In general they 
diminish as the series is ascended, as shown by the following figures 
which relate to ignitions at 6 atm. pressure: 



Ignition temperatxire 

Time dag 

Hydrocarbon 


sec. 

Toluene 

490 

23 

Ethylbenzene 

480 

4 

n-Propylbenzene 

418 

2 


(6) The titree xylenes and mesitylene. 

From the point of view of the relation between structure and reactivity 
it is of interest to compare, as in figure 4, the ignition characteristics of 
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0 -, m- and j)-xylene one with anothw and with their isomer ethylbenzene. 
The order of increasing reactivity is para-, meta-, ortho-, which is also the 
order adduced from the slow-combustion experiments previously described 
(Burgoyne 1937 ). The lower ignition regions of the ortho- and meta-xylenes 
have each two pressure minima and well-defined cool-flame zones, whilst 
that of para-xylene has only one pressure minimum at an unusually high 
temperature and there are no detectable cool-flame ignitions. 



Fiouke 4 

On comparing the ignition curves of p-xylene, ethylbenzene and toluene, 
it appears as though the effect of two symmetrically placed side-chains 
upon the reactivity of the benzene nucleus is little if at all greater than that 
of one side-chain of the same lexrgth. Mesitylene, which is also sym¬ 
metrical, has, likewise, a comparatively high resistance to oxidation. There 
are three pressure minima in the lower ignition region at 862'^ ( 11*6 atm.), 
388° (12'9 atm.) and 322° (13'6 atm.), and a well-defined but restricted 
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cool'flame zone* As might be expected, it is somewhat more reactive than 
p-xylene but less so than the o- or w-derivatives. Attention may also be 
drawn to the unusually long time lags in the lower ignition range. 

The peoduots of oxidation in the sLow-ooMBiraTioN 

AND OOOL-FLAME REGIONS 

In the high-pressure experiments, owing to the increased quantity of 
reactants concerned, it was possible not only to analyse the gaseous 
products, but also to carry out an analysis of the condensable substances 
formed. In the latter connexion, estimations were made of the total acid, 
aldehyde, phenol and alcohol radicles resulting from slow and cool-flame 
combustions of typical hydrocarbons. 

Under the prevailing conditions of experiment, it was not possible to 
take “snap samples of the reacting medium, and in all cases the combus¬ 
tion was allowed to proceed to completion before analysis. In subsequent 
experiments in the low-pressure apparatus, which are to bo reported in a 
later communication, it was possible to follow the various combustion 
processes analytically throughout their whole course; and it was shown that 
certain factors which are not evident in the ultimate reaction products play 
an important part intermediately, and, in particular, the formation and 
decomposition of peroxides are closely associated with the propagation of 
oooi flames. 

In the case of the higher derivatives, it was possible only to assess the 
distribution of oxygen in the products, but with lower members (e.g. 
toluene) a more complete knowledge of the combustion chemistry (Newitt 
and Burgoyne 1936 ) permitted an estimate also to be made of the distri¬ 
bution of the carbon involved in reaction. 

( 1 ) Toluene-air medium 

In table 1 , the results relative to a 4*3% toluene-air mixture at 8 atm. 
and three different temperatures are shown. Such a mixture ignites at 
about 445^^ C, so that the high-temperature experiment approaches limit 
conditions closely. To this fact may be attributed the elevation of the 
ratio CO/COg and the falling off of the “acid” and “phenol” figures. 

As demonstrating the influence of mixture composition, it is interesting 
to compare the results of the above experiments with those of some earlier 
ones in the same reaction vessel, using considerably richer mixtures 
(Newitt and Burgoyne 1936 ). This comparison is made in table 2 , where the 
distribution of reacted carbon is the basis. The relationship between a high 
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proportion of oxygen and ring rupture is very marked, as is also the ten¬ 
dency of the side-chain to appropriate oxygen at the expense of the nucleus 
in rich mixtures. 

Table 1. Bisteibtttion of oxygen in pbodgots of 4-3% toluene- 

air MIXTURE AT 8 ATMOSPHERES (SLOW COMBUSTION) 


Temp. * 0 

340 

400 

440 

Percentage oxygen as: 




Phenols 

26-3 

44*8 

24*7 

Alcohols 

39*0 

10*4 

27*3 

Aldehydes 

296 

31-0 

40*6 

Acids 

66 

13*8 

7-5 

Ratio CO/CO jj 

0-23 

0*15 

0*28 

Percentage oxygen appearing as products of: 



(1) King rupture 

81*8 

94 2 

95*6 

(2) Side-chain oxidation 

13*6 

3*2 

3*3 

(3) Nuclear oxidation 

4*6 

2*6 

M 


Table 2. Influence on products of toluene concentration, 
IN SLOW combustion AT 400° C 

Mixture; 


Toluene 

0*35 atm. 

20*0 atm. 

42*8* atm. 

Oxygen 

1-6 „ 

1‘0 „ 

1*6 

Nitrogen 

6*06 „ 

4*0 .. 

5*7 „ 

Percentage carbon burnt in 

products as: 



CO, 

64*0 

14*7 

4*2 

CO 

16*3 

4*2 

3*9 

CeHjCOOH 

4*2 

8*1 

9*7 

CaHjCHO 

8*7 

30*1 

31*0 

C,H,CH,OH 

8*0 

3M 

10*6 

C.H,(OH), 

13*1 

10*2 

9*3 

HCHO 

0*7 

— 

— 

Ratio CO/CO, 

0*16 

0*28 

0*93 

Percentage oxygen appearing as products of: 



(1) Rir^ rupture 

94*2 

68*0 

60*9 

(2) Side-chain oxidation 

3*2 

27*6 

33*8 

(3) Nuclear oxidation 

2*6 

4*6 

6*3 


♦ At Z9r C. 



(2) XyUne-air media 



In all oases, 6% xylene-air mixtures were employed, the temperature 
being so adjusted as to give diffraent types of slow combustion and (where 

possible) cool flames, at the same pressure. 
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In table 3 are the results for o-xylene, relating to a oool-flame reaction at 
340® C and to a slow combustion at 400® C, the initial pressure being 
4*6 atm. in each case. The 5 % mixture ignites at 5 atm. and 400® 0, so that 
the conditions for the latter reaction approached the ignition limit closely, 
and the ratio CO/CO^ is therefore unusually high. The **phenor’ figure is 
not lowered, however, as was the case with toluene. 


Table 3. Distribtttion of oxyokk in products of reaction of 
5% O-XYLKNK-AIR MEDItTM AT 4*6 ATM. 


Temp. 

340 


400 

Nature of combustion 

Cool flame 

Slow combustion 

Percentage oxygon as: 




Phenol 

9-3 


20-7 

Alcohol 

18-6 


36*2 

Aldehyde 

18*6 


22-6 

Acid 

53 5 


20-5 

Ratio CO/COj 

0-08 


6*03 

Percentage oxygen appearing 

as products of: 



(1) Ring rupture 

96*7 


98-1 

(2) Sido-chain oxidation 

3*9 


1-6 

(3) Nuclear oxidation 

1*4 


0-4 

If the behaviour of toluene at 340 and 400® C is compared, it is seen that 
the substitution of the methyl group in the ortho position brings about an 
increased appropriation of oxygen to the side-chain carbon atoms. With 

m-xylene (table 4), however, more 

oxygen goes to the nucleus, presumably 

Table 4. Distribittion of oxyoen in products op oxidation of 

6 % WI-XYLBNE-AIR mixture at 8'5 ATM. 


Temp. 

300 

342 

402 

Nature of combustion 

Cool 

Cool 

Slow 


fl€une 

flame 

combustion 

Percentage oxygen as: 




Phenol 

28*9 

30*0 

62-0 

Alcohol 

12-9 

18-4 

23-0 

Aldehyde 

18-2 

28-4 

19-5 

Acid 

40-0 

28-4 

6-5 

Ratio CO/COg 

0-29 

0-17 

0-07 

Percentage oxygen appearing as products oft 



(1) Ring rupture 

7»1 

94-0 

98-3 

(2) Side-ohoin oxidation 

14-9 

4-2 

0-8 

(3) Nuclear oxidation 

eo 

1-8 

0-9 
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because this molecule is more 83 nnmetrioal and does not possess a point of 
such great vulnerability as is caused by the juxtaposition of methyl groups 
in the ortho derivative. In this connexion, p-xylene (table 5) is more akin 
to m-xylene than might have been expected, and it is evident that, as 
regards the attraction of oxygen to the side-chains, it is of little significance 
whether one or two nuclear hydrogen atoms separate them so long as they 
are not, in fact, adjacent. 


Tabus 6. Distribution of oxygen in products of slow 

COMBUSTION of 5 % p-XYLENE-AIR MIXTURE 


Temp. C 

340* 

340 

401 

Pressure, atm. 

14*4 

9 

9 

Percentage oxygen as: 

Phenol 

31-0 

29*2 

45*4 

Alcohol 

21*2 

1*0 

9*1 

Aldehyde 

18*2 

33*8 

41*0 

Acid 

29*6 

36*0 

4*5 

Ratio CO/CO, 

0*21 

0*14 

0*02 

Percentage oxygen appearing 
( 1 ) Ring rupture 

as prodiiots of: 

94*0 

97*1 

97*8 

(2) Side-oliain oxidation 

4‘1 

20 

1*2 

(3) Nuclear oxidation 

1*9 

0*9 

1*0 


* 3‘6% mixture. 


When the results for the three xylenes are compared it is perhaps sur¬ 
prising, at first sight, to observe that the distinction between the cool-flame 
reactions of the ortho and meta derivatives and the slow combustion at the 
same temperature of the para derivative is not very marked. Thus, in each 
case, lowering the reaction temperature causes increases in the figures for 
*‘acid” and ‘'oxygen in side-chain*’ and decreases in “phenol”, “aloohor*, 
“aldehyde”, “oxygen in nucleus” and “oxygen in breakdown products”. 
Turning to the results for a 4 % mesitylene-air mixture (table 6), it will be 
seen that the ultimate products of the slow-combustion and cool-flame 
reactions at 304^^ C are strikingly similar, and the only substantial difference 
is in the aldehyde-acid distribution. There is strong evidence, then, that the 
final reaction products are much the same at a given temperature whether 
a cool flame has been propagated or not. This, in turn, suggests that the 
mechanism is the same in the two cases and that a cool flame is merely an 
intensification by pressure of a stage of the slow combustion at the same 
temperature. 
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It will be observed in table 6 that there is a marked falling off in the 
'*aoid” and “phenol’^ figures near the ignition limit (experiment at 385"^ C) 
as in the case of toluene. 


Table 6. Distribution of oxygen in products of 

REACTION OF 4 % MESITYLENE-AIR MIXTURE 


Temp. 

304 

304 

340 

385 

Pressure, atm. 

11*5 

14 

11*5 

9*2 

Nature of reaction ... 

Slow 

Cool 

Cool 

Slow 

combustion 

Oamo 

dame 

combustion 

Percentage of oxygon as: 





Phenol 

33'2 

320 

32-4 

19'4 

Alcohol 

13‘2 

13-4 

2*3 

24*6 

Aldeliyde 

11*8 

17*4 

21-0 

420 

Acid 

42'5 

37*2 

44*3 

140 

Ratio CO/GO* 

0-21 

0-26 

015 

0*21 

Percentage of oxygen appearing 

as products of; 



(1) Ring rupture 

84*7 

86-0 

96-7 

93*5 

(2) Side-chain oxidation 

10-2 

10-2 

2*9 

5*2 

(3) Nuclear oxidation 

51 

4*8 

14 

1*3 


Discussion 

In view of the fact that experiments bearing upon other aspects of the 
low-temperature combustion of the aromatic hydrocarbons have yet to be 
reported, it is hardly profitable at the present juncture to discuss in detail 
the chemical processes underlying the phenomena already described. There 
is a clear analogy, however, between the ignition curves of the aromatic and 
aliphatic hydrocarbons, modified by significant differences which may be 
briefly summarized. Since the benzene derivatives under consideration 
have, in all oases, saturated side-chains, it is to the paraffins that attention 
must be directed for purposes of comparison (cf. Townend and co-workers 
*933» ^934» 1936 )^ Indeed, an examination of the respective ignition curves 
will quickly reveal that the relationship between the olefines and the aro¬ 
matic hydrocarbons is but slight. With benzene, toluene and ethylbenzene 
we are not at present concerned, since, as in the case of methane, no evidence 
has so far been adduced to show that they have a low-temperature ignition 
system at all. 

The main differences between the higher paraffins and those aromatic 
hydrocarbons which propagate cool fiames seem to be associated with the 
transition between the high- and low-temperature systems of ignition, 
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which occurs at a lower temperature in the latter class. Thus, whereas with 
the paraffins the main pressure maximum in the true ignition curve is 
invariably located at 390-^00"^, with the aromatic hydrocarbons it ooours 
between 350 and 370*^. Moreover, the point of inflexion in the ignition curve, 
where the influence of the low-temperature mechanism upon the high- 
temperature kinetics is first manifest, is situated upwards of 450* for all 
aliphatic hydrocarbons, but is not encountered until about 390* with the 
higher homologues of benzene. The upper temperature limit of the cool- 
flame zone, too, is some 30* lower in the latter case than the former. As for 
the other prominent features of the curves, namely, pressure minima of 
ignition and the lower cool-flame boundary it is not possible to generalize, 
since these vary considerably, even within the same series, according to the 
nature of the fuel. 

With regard to the alicyclic hydrocarbons examined, the transitional 
character is not very marked, and it may be said that the cyclic structure 
has little effect upon aliphatic characteristics. Cyclohexane indeed is in all 
respects a typical paraffin, and although little is known directly of the 
ignition characteristics of the 6-carbon olefines, tetrahydrobenzene appears 
to conform closely excepting that the location of the cool-flame zone is 
abnormally low. Neither of the olefines examined by Kane and Townend 
( 1937 ) (up and including amylene) showed a definite pressure minimum 
of ignition, although a second point of inflexion in the true ignition curve 
was located, as in the present case of tetrahydrobenzene (cu. 376°). 

The occurrence of cool-flame ignitions in hydrocarbon combustions is 
generally considered to be associated with the accumulation and subsequent 
reaction, by oxidation or decomposition, of some intermediate of high 
intrinsic energy. If this explanation be accepted, it follows that, while this 
intermediate in the case of aromatic combustions may be analogous in its 
structure and mode of production to the aliphatic counterpart, it, or a 
predecessor in its formation, is certainly comparatively unstable thermally. 
As a ex)nsequenoe, the low-temperature systems of the aromatic hydro¬ 
carbons fail to x)©r8ist to such high temperatures as in the case of the higher 
paraffins and the pressure extent of the cool-flame zone is generally less in 
the former instance: thus, for example, the cool flame of n-propylbenzene is 
ill-defined as compared with that of propane. 

It is of interest to note, in this connexion, that the higher aromatic 
aldehydes are known to be comparatively unstable thermally, decomposing 
at quite low temperatures to the next lower hydrocarbon; 


C,H5.CHa...CH,CHO « C«H5.CHa...CHs-hOO. 
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In the light of the known participation of higher aldehydes in the low- 
temperature combustion system (Newitt and Thornes 1937 ), this type of 
reaction is probably significant in determining differences of behaviour 
between the aromatic and aliphatic hydrocarbons. 
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SUMMABY 

The general ignition characteristics of eleven aromatic and alicyclic 
hydrocarbons have been investigated, and previous conclusions regarding 
their relative reactivity to oxygen are confirmed. 

While benzene, toluene, and ethylbenzene show smooth ignition curves 
within the limits of pressure available, the other hydrocarbons examined 
exhibit low-temperature ignition systems and, except in the case of 
p-xylene, cool flames are propagated. 

Cyclohexane behaves as a typical paraffin, but tetrahydrobenzene, while 
resembling the olefines in most respects, has cool-flame limits characteristic 
of the aromatic series. 

Chemical analyses of the ultimate products of slow combustion and cool- 
flame reactions show that the two types of combustion yield similar results 
at the same temperature. The low-temperature systems of the aromatic 
hydrocarbons are similar to those of the paraffins, and what differences 
occur appear to be conditioned merely by the relative stability of analogous 
intermediate products. 
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Inteodttction 

In previous papers of this series the ignition and slow-combustion 
reactions of a number of aromatic hydrocarbons have been examined, 
mainly from the kinetic standpoint. In the present and following commu¬ 
nications it is proj)Osed further to consider benzene and its single side-chain 
derivatives, in relation particularly to the oxidation reactions occurring 
below 400® C, and to correlate this mode of combustion by kinetic and 
analytical observations with the types previously examined. 

The hydrocarbons to which attention is chiefly directed are benzene, 
toluene, ethylbenzene, n-propylbenzene and n-butylbenzene. 

Apparatus and experimental methods 

The apparatus employed has been described in Part I, and the methods 
of procedure in observing reaction rates and determining ignition and cool- 
flame limits have been indicated. The reaction vessel used throughout the 
present work was, except where otherwise stated, the same as that used for 
the low-pressure determination of ignition limits in Part III, and the 
kinetic and analytical exjieriments may be referred to the curves in figure 2 
of that paper. 


n-PROPYLBENZKNK 
Experiments in the unpacked bulb 

In carrying out experiments upon the rate of oxidation below 400® of 
benzene and its alkyl derivatives, the field is limited by two considerations. 
With the lower members, especially with benzene itself, the rate of 
reaction is very slow at the maximum pressure available (rather less 
than 1 atm.), and there is little scope to examine the effect of varying oon- 

[ 394 ] 
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oentrations. With butylbenzene on the other hand, the intervention of cool 
flames at quite low pressures (ca. 100 mm.) again limits the opportunity 
for kinetic measurements. Intermediately, w-propylbenzene proves to be a 
good subject for investigation, and since it has been possible to study this 
hydrocarbon in some detail, it will be convenient to consider it first in 
describing the experimental results. 

p-Jp relationships. The combustion of an equimolecular propylbenzene- 
oxygen mixture between 250 and 400^ has been examined. The method of 
experiment was to observe the rate of reaction at specified temperature 
intervals and various pressures by means of the pressure increase. It was 
observed that at given temperatures above 290"^ the final pressure incre¬ 
ment (Ap) bore a linear relationship to the initial total pressure (p) of the 
medium, and that the graphs passed approximately through the origin of 
co-ordinates. Below 290®, the extrapolated line cut the axis of p at a 
positive value, indicating a tendency for Ap to increase abnormally with 
increasing initial pressure. With this reservation, the results suggested that 
the course of the reaction was unaffected by variations of pressure at a 
given temperature, and that the manometric method of measuring the 
reaction rate was therefore justified. In the series of experiments in which 
the partial pressure of oxygen alone was varied, the Ap-p graph was again 
linear and passed through the origin provided that the concentration of 
hydrocarbon was sufficient to react with all the oxygen. It was thereby 
concluded that the course of the reaction was not changed by varying the 
oxygen concentration, and that the variations observed in Ap were entirely 
due to differences in the amount of hydrocarbon oxidized. 

The ''order of reaction''. It has been shown in Part I that the rate of 
oxidation of propylbenzene above 400® is governed by the relationship 

-i_ * iirp« (1) 

where p is the initial pressure of the combustible mixture and n has a 
constant value of 2-1. The present investigation has shown that, while the 
“order of reaction” varies considerably at temperatures below 400®, the 
equation (1) still holds good at any given temperature. Some values of n 
are given in table 1. 

The early stages of the reactions are governed by a relationship similar 
to equation (1), namely, 

( 2 ) 

(q-IO 

and oorresponding values of n' are included in table 1. It will be seen that 
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wbUe the general trend of the indices is the same, is greater than n at the 
lower temperatures but becomes relatively less above 360® C. 

Table 1. Values of n and n' for an bquimolkoular 

r^-PROPYLBENZENK-OXYGEN MIXTURE 


Temp. C 0) 

n 

n' 

250 

1-2 

1-7 

272 

16 

1*9 

278 

1‘3 

2*1 

290 

2-3 

3*0 

303 

3*6 

31 

311 

4*3 

41 

320 

4*2 

— 

327 

3*9 

4*0 

354 

3*6 

3*3 

360 

3*4 

— 

366 

3*4 

31 

394 

2*1 

1*9 

438 

2*1 

— 


Tke influence of the reaction temperature. Referring again to Part 1, it 
will be recalled that at high temperatures, reactive propylbenzene-oxygen 
media adhere to the equation of Arrhenius. The graph relating log 
with the reciprocal of the absolute temperature is therefore linear and the 
energy of activation was found to be 39 kg.cal./g.moL Below 400®, however, 
a difference is again noticeable. 

In figure 1, the log < 2 o- 6 o*V^ relationship is shown for equimolecular 
propylbenzene-oxygen mixtures at certain specified pressures (full lines). 
Commencing at the high temperature (left-hand) end of the graphs and 
proceeding in the direction of decreasing temperature, it is seen that there 
is a departure from the constant value of B which, in fact, decreases to a 
considerable negative figure. A reverse change then sets in and at low 
temperatures E again assumes a positive value which appears ultimately to 
become steady. The negative temperature ooffioient observed with propane 
(Pease 1929 , 1938 ; Newitt and Thornes 1937 ), and in the case of other 
aliphatic hydrocarbons is thus exemplified by n-propylbenzene. 

With regard to the influence of the total pressure on this phenomenon, 
reference to figure 1 shows that the negative temperature coefficient be¬ 
comes greater in magnitude and extent and persists to higher temperatures 
as the initial pressure is increased, i.e. as the zone of cool-flame propagation 
is approached. 

If the rate of the initial stages of the reaction is also examined by plotting 
log against l/f, a somewhat similar result is obtained (broken lines in 
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figure 1), but the stated influences of the total pressure on the extent of the 
negative temperature ooefificient become much more pronounced, and at the 
lowest pressure considered (100 mm.) the range in which E has a definitely 
negative value is almost obliterated. 



FlQtJRB 1 

In figure 2 will be found a ciuve relating the final pressure increment for 
equimoiecular propylbenzene-oxygen mixtures (expressed as a percentage 
of the initial total pressure) to the reaction temperature. In this case the 
haitial pressure was 100 mm., but since Apjp has a constant value at given 
temperatures, the curve should apply equally well to any equimoiecular 
piropylbenzene-oxygen mixture. Above 400®, the graph is linear, indicating 
a uniform course of reaction, and such appears also to be the case below 
about 310®, Intermediately, however, a transition occurs which results at 
about 860® in a tendency for Ap to be unaffected by the reaction temperature. 


Vol. 174- A. 


26 




398 J* H* Burgoyne 

The influence of individml reactant cm4:eMration8. At temperatureB above 
400®, the partial preagure of oxygen has a negligible influence on the rate of 
combustion of propylbenzene: this is substantially true at lower tem¬ 
peratures also. Thus at 275° the value of n with respect to the oxygen 
concentration is less than 0*1, and at 311°, where the overall value of n is 
4*3, the ‘‘contribution'’ of oxygen is only 0 * 6 . Corresponding values of n* 
with respect to the oxygen concentration are 0*1 (at 275°) and 0*8 (at 311°). 

TJts influence of dilution jvith nitrogen. In table 2 are shown the results of 
experiments in which a mixture of 100 mm. propylbenzene and 100 mm. 
oxygen was allowed to react at three different temperatures in the presence 
of various amounts of nitrogen. Results relating to the period of maximum 
velocity (^go-^eo) initial stages (<o-ao) given. 



Figure 2 

At 403° progressive dilution, after causing a preliminary retardation, 
considerably accelerates the main reaction (cf. Burgoyne 1937 ). The initial 
stage is also accelerated but to a less extent. 

At 307° the main reaction is again accelerated but only slightly, whereas 
the accelerating effect of dilution on the initial stage is very marked. This 
somewhat unexpected reversal of the state of affairs at high and low tem¬ 
peratures has been confirmed by an independent series of experiments. 

At 276° progressive dilution has only a small effect on the kinetics, the 
main reaction being retarded and the initial stage accelerated. 

Influence of the condition of the veaeel walls. The influence of the history 
and condition of the reaction vessel upon the rate of the combustion is 
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similar at high and low temperatures. A reaction in a veBsel which has 
stood full of air at the reaction temperature for a period is rather slower and 
its ‘ ‘ induction period ’ ^ is substantially increased as compared with one which 
follows a mere evacuation of a previous mixture. To allow the vessel to 
stand evacuated at the reaction temperature also produces a retarding 
efifeot, though less quickly than when air is present. The effect of “oxidizing** 
the surface can be simulated by washing out the bulb with an organic 
solvent, when a brownish substance is dissolved which evidently cannot bo 
removed by prolonged evacuation. 


Table 2. Inflitenck of NtTROOBN nn^tmoN on the katk of reaction 
OF A 100 MM. /^"PBOPYLBBNZENB-f 100 MM. OXYGEN MIXTURE 


Main reaction 


Temp. 

"C 


Relative values of- in the presence of x min. of 

^iO-60 

nitrogen, where x is 


100 


200 


300 


400 


276 

100 

0*89 

0*80 

0*86 

0*73 

307 

1*00 


0*88 

M4 

1*22 

403 

100 

— 

104 

M4 

1*33 


Initial stages 


Relative values of-in the presence of x mm. of 

nitrogen, where x is 

Temp. .— - ^ . ■ ■ 


•c 

0 

100 

200 

300 

400 

275 

1*00 

M4 

1*21 

1*26 

1*31 

307 

100 

—. 

1*14 

1*66 

1*70 

403 

1*00 


1*06 

1*20 

1*22 


Experiments in the packed bulb 

The results so far described refer to reactions in a cylindrical quartz 
vessel of normal design. When this was replaced by one of similar dimen¬ 
sions filled with small pieces of silica, significant differences in the reaction 
kinetios were observed. 

p-dp relationships. The relationship of the pressure increment to the 
initial total pressure did not suggest any important variation in the course 
of the reaction at a given temperature. Contrary to observations made with 
fhe unpacked vessel, however, dp tended to increase less with increasing 
values of p than a Unear law would allow. 


36-a 
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The ^'order of reaction^\ Experimeats to determine the ‘‘order of re¬ 
action” at specified temperatures showed that packing did not affect the 
trend of to a maximum value at about 310*^, but the high-order reaction 
was found to persist to higher temperatures than normally, n' showed a 
marked divergence, however, for while it was greater than n at the lowest 
temperature it feU off almost to zero at 400° and was in all cases less than 
in the unpacked vessel. Values of n and n' are given in table 3. 

Table 3. Valites of n and n' for an equimolkcltlar w-propylbenzenb- 

OXYGEN MIXTURE IN THE PACKED BULB 


Temp. C C) 

n 

n' 

279 

L2 

1*6 

311*5 

4*2 

1*8 

404 

3-2 

Very low 

434 

21 

Very low 


Tfie influence of the reaction temperature. The increased surface-volume 
ratio brought about a considerable retardation of the reaction at all tem¬ 
peratures. In figure 3 curves are given showing the relationship between 
log ^ 20-60 specified pressures: corresponding curves for the 

unpacked vessel are shown as broken linos. The range in which the tem¬ 
perature coefficient is negative is seen to be generally shifted to lower 
temperatures by packing, and to decrease considerably in extent with 
increasing pressure. It is therefore limited by packing at high pressures 
and extended at low. 

The initial stages of the reaction also show a negative temperature 
coefficient in the packed bulb. 

Reference to figure 3 shows that ^ 2 o -eo ^ increased by packing at all 
temperatures, but that the increase is most marked in the region of the 
negative temperature coefficient. This is also true of the initial stages of the 
reaction, but to a less degree. 

The influence of the con dition of the vessel ivalls. Whereas with the ordinary 
vessel a “first reaction” is retarded at all stages, in the packed bulb, the 
reverse is the case. In the latter circumstances the initial stage is accele¬ 
rated to a greater extent than the main reaction. 

n-BuTYLBENZENK 

Although the combustion reactions of butylbenzene have received less 
detailed study than those of propylbenzene, a general analogy is apparent. 
Thus, the curves in figure 2 relating the pressure increment to the reaction 
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temperature in the two oases, follow similar courses, and the corresponding 
log graphs (see figure 1) bear a marked resemblance one to the 

other. In the figure an equimolecular butylbenzene-oxygen mixture at 
100 mm, may be compared with like propylbenzene-oxygen media at 
100 mm. and 251-2 mm, initial pressure. Reference to the ignition curves in 
Part III (figure 2) will show that the 100 and 250 mm. ordinates are simi¬ 
larly placed relative to the respective cool-flame zones of the two hydro¬ 
carbons. 



X 10» 

FiQxmB 3 

Bbkzenk, toluene and ethylbenzene 

The results described in Port III (of. figure 3) gave no indication of the 
existence or otherwise of low-temperature ignition systems with the three 
lowest aromatic hydrocarbons. It becomes a matter of interest, therefore, 
to see how far the low-temperature isothermal reactions of these fuels present 
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kinetic aualogies with propyl- and butyl-benzene, whose slow combustion 
reaction below 400° can be definitely related to ignition systems in the same 
temperature region. 

In figure 2, Aplp 4 curves are shown relating to equimoleoular mixtures 
with oxygen of ethylbenzene, toluene and benzene. The infiexion which was 
noted in the case of propylbenzene is seen to persist, but with decreasing 
magnitude, in the first two curves and to disappear with benzene. The 
evidence of the corresponding log ( 20 ^ 90-1 IT graphs (broken lines in figure 4), 
which relate to equimoleoular mixtures at 650 mm. initial pressure, is 
similar. Thus, in these curves, the deflexion associated with the negative 
temperature coefficient becomes progressively less pronounced on de¬ 
scending the series and in the case of benzene no deviation from the linear 
law is evident. In the latter instance, however, the results are inconclusive 
since, in the material region of temperature, benzene becomes extremely 
unreactive towards oxygen. Thus a mixture at 650 mm. and 379° gave no 
perceptible pressure change in 24 hr. and a similar mixture at 323*5°, even 
after 4 days, gave no manometric evidence of combustion. In the latter 
case, the ultimate gaseous products (benzene-free) had the following 
composition; 

CO 2 1-45% 0*80% 

O 2 96*85% CO 0*90% 

and washings from the reaction bulb gave negative tests with Schiff’s 
reagent, Scliryver’s reagent, bromine water and lead acetate. 

Toluene and ethylbenzene, on the other hand, showed distinct analogies 
with propylbenzene. Thus, apart from the evidence of the negative tem¬ 
perature coefficient demonstrated in figure 4, the ‘‘order of reaction” was 
shown to be increased between 300 and 350°. In the case of toluene, n had 
values at 316° of 3*0, 1*6 and 1*3, relative respectively to the total hydro¬ 
carbon and oxygen concentrations. The corresponding figures above 400® 
are 2 * 0 , 0*9 and 1*0 (see Part I) from which it is evident that the increase in 
the overall “order of reaction” at the lower temperature is again due 
mainly to the hydrocarbon factor. 

In table 4, values of n and are given, relating to the total pressure of an 
equimoleoular ethylbenzene-oxygen medium at specified temperatures. 
Although these figures increase below 400° they do so less rapidly than in 
the cose of propylbenzene and the increase in «. is seen to persist even below 
300°. That the changes are due chiefly to the hydrocarbon concentration 
factor is demonstrated by the foot that at 314°, n and n* have values of 0*6 
and 0*1 respectively, relative to the partial pressure of oxygen. 
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Table 4. Values of n akd n ' fob an kquiholboulab 

ETHYLBENZENE-OXYGEN inXTtTBH 


Temp. C C) 

n 

n' 

279 

3*0 

2*0 

309 

2*8 

21 

314 

2*8 

2-2 

341 

2*7 

2*6 

362 

2*4 

1*6^ 

3S2 

2*1 

1*8» 

438 

2*0 

— 


* Mean values: the log p>log t curve is not exactly linear. 


Discussion 

In view of the evidence now brought forward, the necessity of distin¬ 
guishing more than one temperature zone of reaction in connexion with the 
combustion of aromatic hydrocarbons becomes increasingly apparent. 
Whether benzene is in conformity with its homologues in this respect is, 
however, not yet clear, and while this combustible must tentatively be classed 
with methane and ethylene, in the case of higher members of the series the 
existence of a low-temperature combustion system is no longer in doubt. 
The evidence regarding toluene and ethylbenzene is, as yet, of an indirect 
character and they may, like ethane, be considered as merely potentially 
capable of cool-flame propagation. 

Hitherto, the recognition of the low-temperature combustion system in 
the aromatic series has rested on ignition data (Part III), but further 
grounds of distinction now come to light, which may be summarized under 
the following six headings: 

(i) the “order of reaction”, 

(ii) the temperature coefficient of combustion, 

(iii) the pressure increment, 

(iv) the influence of dilution on the reaction rate, 

(v) tile influence of surface factors on the reaction rate, and 

(vi) the induction period. 

In neither class can the evidence be reconciled with normal temperature 
effects, without the assumption of some fundamental change of reaction 
mechanism, and to facilitate discussion it will be convenient to postulate 
two modes of combustion, of which one is predominant above about 400^ 
and one below 300°, whilst in the intervening range of temjierature the two 
mechanisms co-exist. Proceeding on such lines then, we may compare the 
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characteristios of the high- and low-temperature reactions, 6ts exemplified 
by propylbenzene, utilizing the headings already detailed^ 

Throughout the entire range of reaction temperature, the rate of oxida¬ 
tion is almost exclusively determined by the concentration of hydrocarbon. 
The “order of reactionwhich in such complex tyj^es of chemical change 
must be regarded as a somewhat formal term, is less below 300*^ than above 
400"^, and intermediately (at 310-320°) increases to double the high-tem¬ 
perature value. The fact that oxygen plays so little part under any condi¬ 
tions can only be adequately explained by invoking a chain mechanism. 

Consideration of activation energy data also points to the participation of 
chains in both high- and low-temperature reactions: thus, the respective 
values of E are 39, and upwards of 50 kg.cal./g.mol., which are unusually 
high figures for a bimolecular change. Intermediately, a low level of about 
— 17 kg.cal./g.mol. is reached at ca. 330°, the actual temperature and value 
of E depending to a small extent on the pressure of the reacting medium. 



1*3 1*4 1*3 1*6 17 


X 10» 

Figttrb 4 

It is of interest in this connexion to consider also the case of »-butyl- 
benxene, in which full data are available relating to slow combustion and 
ignition reactions in the some reaction vessel (cf. Part III, figure 2, and 
present communication, figure 1). In figure 4 (full-line curve) which refers 
to on equimolecular mixture with oxygen, log^o^ao-eo combustion) 
and log^o pjT (ignition) are plotted on the same base of reciprocal absolute 
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temperature, throughout the complete combustion range, the logpjTAjT 
curve for the cool-flame boundary being shown as a broken line. It will be 
seen that the corresponding turning-points of the two main curves occur at 
similar temperatures, namely 380° C ( 1 /jP= 1*63) and 325° C ( 1 /T- 1-67); 
and that the minimum in the cool-flame graph coincides with the minimum 
gradient (i,e. least value of E) of the other curves at 344° C {1/7^ ~ 1*62). 
According to the slow-oombustion data, the energy of activation is 28 kg. 
oal./g.moL at high temperatures, and 65 at low temperatures, whilst 
intermediately the least value is —14. 

As has been observed previously (Burgoyne 1939 ), it is not possible to 
calculate E from ignition data without a complete knowledge of the under- 
l 5 dng kinetics. We may, however, compare the factors EI(n-\- 1 ) (from slow 
combustion) and ARjlog^^e (from ignition, A being the gradient of the 
log pjTA jT curve), which should be equal if the underlying combustion 
mechanism is not changed when the isothermal reaction develops into 
ignition. From the figures given in table 5, it is seen that at high tem¬ 
peratures, the relationship is normal, as judged by similar data for ethyl¬ 
benzene and propylbenzene (Burgoyne 1939 ); and in the present instance it 
is evident that chain branching plays some part in the high-temperature 
ignition of butylbenzene, although its role is less important than with the 
lower homologues. In the region of the negative temperature coefficient the 
correspondence of values ap|>ears to be fairly good, but at low temperatures, 
Ej{n -hi), while being about double RA /log e (ignition), corresponds well with 
jRA/log e (cool flame) at the same temperature. Until a clearer conception 
of the significance of the negative temperature coefficient is obtained, it 
would be premature to associate the slow combustion and ignition data in 
the corresponding temperature range, but in the lower zone it appears that 
the slow reaction bears a kinetic relationship to the cool-flame ignition 
somewhat similar to that existing between slow combustion and true 
ignition at high temperatures. 


Table 5. Values of the ratio i?/(n-h 1) 


Zone of combustion 

Above 400® 
300-400® 

Below 800® 


J?/(n-h 1) from slow 
combustion data 


from ignition data 

True ignition 

Cool flame 

9*0 

12*0 

— 

m. -2*6 


Varies continuously 
from “58 at 376® 

ca. 14-6 

7*1 1 

to 4* 13 at 290® 


The normal steady decrease with falling temperature of the final pressure 
increment in the slow combustion of propylbenzene and other hydro- 
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carbons is probably mainly associated with the corresponding decrease in 
the ratio CO/COg, smoe the formation of CO results in a much greater 
increase of volume than does the formation of COg (Burgoyne 1937 ). It is 
shown in figure 2 that the pressure increment in the low-temperature zone 
is greater than would be forecast by extrapolation of the high-temperature 
Ap4 graph, whilst a curve relating the CO/COg ratio to the temperature in 
the case of butylbenzene, which is shown in the same diagram, is seen to 
have a transitional inflexion similar to that of the corresponding Ap4 curve. 
This matter will be discussed more fully in the light of a more detailed 
examination of the products formed at various stages of combustion. 

The effects of dilution and surface factors upon the reaction rates are 
preferably considered together, since they both bear on the relationship of 
chain rupture at the walls and in the gas phase. The experimental data is 
clarified by tabulation, thus: 

Dilution causes Packing causes 

In the high-temperature zone Acceleration Ketardation 

In the intermediate zone Less acceleration Considerable retardation 

In the low-temi>6rature zone Retardation Retardation 

The facts are readily explained if it is assumed that in the high-tem¬ 
perature reaction chain rupture at the walls predominates, whilst in the 
low-temperature zone deactivation in the gas phase is predominant. In 
the former case, inert molecules will impede diffusion to the surface, but in 
the latter instance deactivation takes place both in the gas phase and at the 
walls, so that when the processes are superposed, as in the intermediate 
zone, the two types of surface deactivation become additive while the op¬ 
posing effects of the inert gas molecules counteract one another. At low 
temperatures energy chains are likely to be concerned, but in the high- 
temperature zone tlie effect of the walls is probably to catalyse some 
chain-breaking process of a chemical character. 

In so far as nitrogen has the effect of de-energizing chains, oxygen may 
also have a similar influence. That the latter acts as a deactivating medium 
is clear from the fact that the oxygen concentration has very little effect on 
the reaction velocity in any circumstances. Since the rate of the initial act 
of oxidation must be proportional at least to the fiirst power of this factor, 
subsequent chain-breaking activity is indicated, although the operation of 
oxygen in this connexion, as contrasted with nitrogen, may be not only of a 
physical but also of a chemical nature. The latter type of mechanism is 
evidently more significant in the high- than in the low-temperature zone. 

Above 400'", the induction period is always of very short duration, but as 
the reaction temperature is lowered it becomes progressively longer. The 
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ra^te of the initial stages of combustion may itself be considered from 
four aspects, namely, 

(i) the order of reaction, 

(ii) the temperature coefficient, 

(iii) dilution effects, 

(iv) surface effects. 

With regard to the first, there is no apparent reason to dissociate the 
initial stages of the reaction from the main combustion, since the effect of 
temperature on the order of reaction and the relative influence of the 
reactants on the rate are similar in the two cases. The same is true of the 
respective temperature coefficients, for although insufficient data are 
available to determine the energy of activation in the initial stages above 
400'*, in the low-temperature zone E' has a value of 68 kg.cah/g.mol. and 
intermediately the minimum value (m. 337® C) is — 18 0. 

The influence of addition of an inert gas on the rate of the induction 
reaction is, however, characteristic below 400®; and in contrast with condi¬ 
tions obtaining above this temperature, the initial stage is accelerated to a 
greater extent than the main reaction by the same degree of dilution. At 
the same time, the retarding effect of surface is diminished at all tem¬ 
peratures, particularly in the transitional zone. Taken in conjunction, these 
results suggest that in the low and intermediate temperature regions the 
iuduction reaction is modified in two respects by comparison with the main 
combustion, namely: 

(i) by the appearance of a catalytic surface effect, and 

(ii) by decreased deactivation in the gas j)hase, chain rupture at the 
surface remaining the same. 

An important anomaly of tlie induction period is shown m the packed 
brilb (see table 3) when, at high temperatures, its duration becomes inde¬ 
pendent of the pressure. This characteristic is reflected in the transitional 
zone where (m. 310®) the value of n' is much less than that of n, although 
below 300® they are similar. In this case, it is probable that the large 
increase of surface due to packing has fundamentally changed the induction 
mechanism, possibly by introducing a surface decomposition of low order. 
Further evidence, pointing in this direction, lies in the reversal, on packing, 
of the effect of “sensitization” of the surface by use, a feature which is 
especially marked in the initial stages of combustion. It is noteworthy in 
this connexion, however, that packing causes no change in the “order” of 
the main combustion reaction at high temperatures. 

In the foregoing, the existence of two modes of combustion has been 
tacitly assumed for purposes of discussion. It is possible, however, to give 



408 


J* H, Burgoyne 

a more precise interpretation to the experimental results on the basis of 
theories of the two-stage process of hydrocarbon combustion. 

Kane ( 1938 ) and, independently, Belov and Neumann ( 1938 ), have made 
the suggestion that at low temperatures, the combustion of aliphatic hydro¬ 
carbons consists essentially of two parallel chain reactions: 

(3) 

(4) 

where A and C represent the initial and final states of the reacting medium, 
and jB is a more or less stable intermediate which controls the processes 
giving rise to cool flames and is also capable of x>romoting the direct 
oxidation (4). The two-stage process persists so long as a certain concentra¬ 
tion of B is maintained, but at high pressures the single-stage combustion 
is so promoted by B as to become j)redominant. At sufficiently high tem¬ 
peratures too, when B is decomposed more rapidly than it is formed, the 
two-stage process ceases to exist; at the same time the disappearance of B 
causes a retardation in reaction (4) which outweighs the normal effect of 
temperature on and brings about a reversal in the sign of the tem¬ 
perature coefficient. 

It is now evident that in the “high-temperature zone” process (4) and in 
the “low-temperature zone” (3) are respectively predominant, whilst inter¬ 
mediately the two processes co-exist, with the added complication that B 
may now become sufficiently active and concentrated to initiate the 
independent cool-flame reaction. 

In the case of propylbenzene, the direct process A -^C is characterized 
by short chains of a chemical nature, which are ruptured at the walls; 
and the two-stage process A -*>£->(7 involves long chains, including energy 
chains which become deactivated both in the gas phase and at the surface. 
There is every reason to suppose that a similar state of affairs exists with 
both lower and higher membem of the series, although with toluene and 
ethylbenzene the decreased order of reaction in the intermediate zone, as 
compared with propylbenzene, is possibly an indication of the absence, 
under the existing conditions of experiment, of the process by which the 
intermediate B initiates cool flames. In the case of benzene there is as yet 
no evidence of the existence of a two-stage process. 

The author is indebted to Dr D. M. Newitt for his continued interest in 
this investigation, and to the Department of Scientific and Industrial 
Eesearoh for a grant, during the tenure of which the work here described 
was carried out. 
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SXTMMABY 

The kinetics of the combustion of benzene and the four simplest mono¬ 
alkyl derivatives have been studied in the temperature range between 
250 and 400^^ C, and the results compared with those previously obtained 
relating to the region above 400^. 

It is concluded that, excepting in the case of benzene itself, the oxidation 
of these fuels consists of two co-existent chain reactions, as is thought to be 
the case with the aliphatic hydrocarbons also. Of these processes, one is 
predominant below 300'^ and the other above 400°, whilst in the intervening 
range of temperature the two mechanisms proceed on terms of approximate 
equality. The low-temperature reaction, on intensification gives rise to 
cool flames, while from the high-ternj)erature mechanism a chain-thermal 
ignition results. The kinetic characteristics of the two processes are demon¬ 
strated and compared. 

In the intermediate temperature zone (300-400°), the prominence of the 
process of cool-flame initiation is thought to be the partial cause of the 
observed increase in the “order of reaction’’, and it is suggested that 
the negative temperature coefficient is due to the mutual interaction of 
the co-existent chain reactions. 
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The thermal decomposition of nitrogen iodide 

By F. R. Mbldbum 
Bristol University 

{Communicated by W. E, Oarner, F.B.S. — Received 27 November 1939) 

Bunsen ( 1852 ) was the first to suggest that the formula of nitrogen 
iodide was NHg.NIg, although this was disputed later on account of the 
fact that any attempts made to remove the ammonia resulted in complete 
decomposition. An alternative formula, NHgl.NHIj, which took account 
of this fact, was, however, disproved by Silberrad ( 1905 ), who prepared 
triethylamine by the action of zinc ethyl on nitrogen iodide. 

Eggert { 1921 ) investigated the thermal decomposition of nitrogen iodide 
and showed that the following equation represented the changes occurring 
dmring detonation, thermal or photochemical decomposition; ( 1 ) SNHg.NI, 
-> SNg + SNHJ + Qlg. The primary step (also suggested by Chattaway 
and Orton ( 1900 ) for the photochemical decomposition) was supposed 
to be: (2) NHg. NI 3 = Nj + SHI, followed by either or both of the following 
reactions: (3) 5HI + NHj. NI, ^ 2 NH 4 I + 31,; (4) 3HI + 7NHg.NI 3 = 4 N, 
+ 6 NH 4 I + 91,. These results were obtained when the products were allowed 
to accumulate up to atmospheric pressures. The present investigation has 
shown that the decomposition takes a different course if the products are 
removed in high vacua. 

The properties of the substance when subjected to mechanical shook are 
well known. Under the impact of a small falling weight it detonates even 
at liquid-air temperatures (Eggert 1921 ). Eggert states that the detonation 
of this substance occurs under the action of pressure alone (at 5000 atm.) 
even when the substance is wet. Qamer and Latchem ( 1936 ) showed that 
the substance detonates in a hard vacuum immediately it is dry, an 
observation which was confirmed by Belajev and Chariton ( 1936 ). The 
decomposition proceeds quietly at — 10 ° C if the pressure of the gas above 
the crystals be not allowed to fall below 2 x 10 -» cm., the reaction slowing 
up as the products aocmnulate and coming to a standstill before all of t^e 
iodide is decomposed. It was suggested by Gamer and Latchem that one 
of the products acted as a retarding agent stabilizing the solid. It was 
thought that the retarding agent was iodine, but this has been shown by 
the present investigation to be incorrect. 

[ 410 ] 
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In spite of the large volume of experimental research on nitrogen iodide, 
the details of the kinetics of its decomposition are still very obscure. 
Neither the activation energy nor the heat liberated in its decomposition 
is known, and there has been no extended investigation into its sensitivity 
to heat or to shock. It has been the object of this investigation to obtain 
information along these lines and also to throw some light on the initiation 
of detonation generally. 


Experimental 

Preparation of nitrogen iodide. The method described by Garner and 
Latchem was employed ( 1936 ). 10 c.o. of 880 ammonia was added to 

2 c.c. of 0-7 N iodine in n-KI solution. The nitrogen iodide was washed 
three times by decantation with n /100 ammonia, and filtered, using a 
special hard smooth paper (Whatman No. 52). The precipitate could then 
be removed from the paper wet and transferred to a small glass bucket and 
dried under vacuum. In order to make the conditions for each experiment 
as nearly as possible the same, the procedure was standardized as regards 
times of settling and amounts of washing liquid. The solid was given 

3 min. to settle before decantation, and the washing was carried out each 
time with 25 c.c. of liquid. The operations were carried out in a dark room. 

The glass bucket containing the nitrogen iodide was lowered into the 
reaction vessel by a glass winch and the substance was allowed 10 rain, 
to acquire the temperature of the reaction vessel before pumping was 
begun. At 0 ° C detonation occurred almost immediately after attaining 
a hard vacuum, which was about 12 min. from the commencement of the 
pumping. At -* 13"^ C it was possible to dry the substance without detona¬ 
tion and to determine the pressure-time curves, which were similar in 
shape to those previously reported by Garner and Latchem. 

Effect of iodine vapovr on the reaction. Iodine vapour was found not to 
retard appreciably the detonation at 0 ° C, and had no marked effect on 
the rate of reaction at — 13^ C, The pressure of iodine vapour employed 
was that in equilibrium with solid iodine at —13® C. From these experi¬ 
ments it was clear that iodine was not the product responsible for the 
phenomena described by Gamer and Latchem, and that there was some 
unsuspected volatile product which was responsible. It was therefore 
decided to make a complete analysis of the products of the slow decom¬ 
position of nitrogen iodide at low gas pressures. 

Analysis of the products of Tea(^ion, From experiments carried out with 
a Pirani gauge it was found that the permanent gas evolved in the deoom- 
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position of nitrogen iodide possessed a thermal conductivity similar to 
that of nitrogen* A sample of the permanent gas was therefore collected 
and analysed and found to be nitrogen, in agreement with the conclusions 
of Eggert. A qualitative test indicated that ammonia was one of the 
products of the reaction. This gas, the nitrogen, and the iodine produced 
from a known weight of nitrogen iodide were then determined quantita¬ 
tively. 

The apparatus used in the analysis consisted of a reaction vessel fitted 
with a glass winch and placed in series with three glass traps and a McLeod 
gauge. The nitrogen iodide was introduced into the reaction vessel in 
a moist state and almost completely dried by pumping, the water vapour 
being collected in the trap farthest away from the reaction vessel, the other 
traps being kept at room temperature. The pumps were then cut off and 
the drying completed in a closed space which contained the McLeod gauge. 
The nitrogen produced was measured, and the iodine liberated was col¬ 
lected in the first trap which was surrounded with solid carbon dioxide 
and alcohol and the ammonia collected in the second trap, which was 
surrounded with liquid air. The traps were connected to one another with 
ground joints, and after admission of dry air were disconnected from one 
another, and their contents separately analysed. 

The iodine was washed out of the first trap with potassium iodide 
solution and titrated with n/100 thiosulphate. It was found to contain 
a small amount of ammonia which was estimated by distilling with alkali 
and treatment with Nessler solution. The second trap contained most of 
the ammonia, and this was estimated by passing into n/100 HaS04 and 
titration of the resulting solution with n/100 NaOH. 

The bulk of the nitrogen iodide was decomposed, a small residue loft 
undeoomposed being determined by weighing and by decomposition with 
sulphuric acid and the titration of the iodine by n/100 thiosulphate. 

The analytical figures are given in the following table; 



Millimols of 


Ratio 


r 

Nitrogen 

Arnmoma 

Iodine 

NH,/N, 

I./N, 

0*0320 

0*061 

0*096 

101 

207 

0*0380 

0*082 

0*113 

2-16 

208 

0*0198 

0*061 

0*0614 

(2-68) 

3-10 

0-0194 

— 

0*0679 

— 

2-08 

0*0180 

0*0357 

0-0610 

1*98 

2-84 

0*0197 

0*0426 

0*0698 

2*16 

303 

0*0190 

0*0416 

0*0670 

2*18 

300 



Average 

2*08 

2 ^ 
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The results correspond very closely to the equation 
2NH,.Nl3 = Ni,+ 2NH8+34 

which is the simplest possible reaction. It should be pointed out that the 
results of Eggert ( 1921 ), which show that ammonium iodide is one of the 
main products of the reaction, were obtained under such conditions that 
the gaseous products were at much higher pressures than those obtaining 
in the present work. It is, however, certain that nitrogen iodide decom¬ 
poses quantitatively at low pressures into nitrogen, ammonia and iodine. 
The fact that ammonia is liberated supports the Bimsen formula for 
nitrogen iodide, which is thus an ammoniate or ammine. 



time (min.) 
Fiovrk 1 


The pressure-time curves. During the previous experiments the oppor¬ 
tunity was taken of following the progress of the reaction over a long 
period (20 hr.). The general characteristics of the curves can be seen from 
figure 1. After a period of pumping, and the reaction system has been 
isolated, a comparatively quick initial rise of pressure is observed. This 
is probably due to the decomposition of isolated crystals which have dried 
quickly. A very slow reaction follows, almost corresponding to an induction 
period. The length of this period varies with the temperature and time 
of pumping, but usually lasts 1 - 2 ^ hr. At the end of this period the rate 
iuereases, sometimes attaining a steady value within 3 min. The rate 
falls off with time and at fom-fifths decomposition at approx. 2 x 10 ~> cm. 
it is very slow. 


Voi. m. A. 


*7 
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For the analysis of the pjt ourves, it was necessary to know the j?ao values 
corresponding to complete decomposition. This was calculated from the 
last pressure measured and the weight of the residue. It was foimd that 
the plot of logdpidt against log(p*—p) gave a straight line. The slopes 
of the lines were not, however, constant, but varied between 1-25 and 2*12 
for five experiments (see table 1). This relationship was found to be useful 
for obtaining the values of dpjdt at the beginning of the reaction proper, 
when attempts were made to derive the activation energy. It has, however, 
no theoretical basis (see later). 

Table 1 


T°C 

X cm. 

n 

12-6 

295 

1-55 

-14'0 

293 

]‘58 

~16-0 

232 

1*25 

-170 

25.3 

1*82 

-190 

246 

212 


Retardation of the reaction by ammonia and water. The effect of known 
pre8sm:*e8 of ammonia and water vapom* on the rate of decomposition 
was studied. As sources of ammonia, solid ammonia, 2AgC1.3NH8 and 
AgCl.NHg at — 79° 0 were employed with pressiures of 3-76, 1-8 x 10“^ and 
1*9 X 10 *^* cm. respectively. The effect of ammonia was studied by isolating 
the reaction vessel from the liquid oxygen trap and McLeod gauge during 
the initial stages of the reaction and opening it to a vessel containing the 
source of ammonia. The amount of reaction that occurred during the period 
of isolation from the M cLeod gauge was measured after the removal of the 
ammonia. Corrections had to be made for the amount of permanent gases 
passing into the vessel containing the ammonia source. The first experi¬ 
ments made with solid ammonia as a source showed that the reaction 
was completely stopped and that it could be started again only with 
difficulty. It was also found with the lower ammonia pressures that it 
was possible to slow down the reaction, and that the original rate did not 
at once reappear after the ammonia had been removed. This observation 
was checked by following the action of ammonia with a Pirani gauge, by 
means of which it was shown that the reaction could be stopped by 
approximately 4 x 10“® cm. of ammonia and that on removing the ammonia 
there was a lag before the reaction started again (figure 2). The pronounced 
dip in the pjt curves is due to a diffusion-pump effect during the condensa¬ 
tion of ammonia. The lag is probably due to the time necessary for the 
building up of the equilibrium concentration of nitrogen iodide molecules 
on the surface (see later). 
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Water vapour has a retarding effect during the period of its application, 
but the rate returns to its former value immediately after the removal 
of the water vapour. Ice at — 36° C was used as a source, with a vapour 
pressure of 16*7 x 10"® cm. 



time (min.) 
Fiouhk 2 


O McLeod resuiings; f Pyroui readings; — period over which ammonia was applied. 

Effect of pressure. This was measured by either adding or subtracting 
nitrogen whilst the reaction was proceeding. There was a distinct retarding 
effect on increasing the pressure. The experimental values are given by 
the equation 

^ fco(l-^2*23p4-3*17p2- l*55p3), 

where is the rate in vacuum and k^ is the value at a pressure p from 
0“1*0 X 10“® cm. The ratio of the rate at different pressures to the rate in 
vacuum is given below: 

Pressure X10-* om. 0 0^10 0'20 0-30 0*60 0-90 

Batio 1*0 0*31 0*68 0*58 0*49 0*43 

The retardation with increasing pressure is probably due to the effect 
of gas pressure on the rate of escape of ammonia molecules firom the gas 
film adjacent to the surface. 
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Determiriatim of energy of a4ytiv€Uion. On account of the variation of 
surface area of different batches of crystak, it was necessary to determine 
the temperature coefficient from the changes in the rate of reaction which 
occurred on changing the temperature during a run on one batch of 
crystals. This method had been used previously by Garner and Marke 



time (rain,) 
FlOlTBB 3 


( 1936 ) and Colvin and Hume ( 1929 ), Use was made of the fact that over 
the initial portion of the p/t curve, the rates of reaction are practically 
constant. The changes in rate were made both for a rise and a fall in 
temperature, and in some cases several changes were made (see figure 3 ). 
The time taken in attaining temperature equilibrium on changing the bath 
was only a matter of seconds. The results are summarized in table 2, 
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ki and are the slopes of the p/t curves before and after the change of 
temperature. The activation energy cannot be determined very accurately 
owing to the small range of temperatures over which measurements could 
safely be made. The mean value is 19-0+ 1*3 kcal. 

Tablk 2 





ki 

k . 

E 

Mean 

2 

-no 

- 20-5 

0-671 

0-136 

22-2 

— 

3 

-no 

- 21*6 

0-632 

0143 

18-6 

— 

13 

- 15*4 

-243 

0-378 

0-092 

20-0 

— 

20 

- 20*6 

- 28-5 

0-363 

0-086 

2 l - 8 i 

18-3 


- 28-5 

- 21-2 

0-086 

0-234 

10 - 8 / 

21 

- 20*6 

- 27-5 

0-296 

0-081 

22 - 4 i 

18-2 


- 27'5 

- 20-9 

0-081 

0-192 

le - o / 

22 

- 20*5 

-290 

0-236 

0-068 

17-81 

16-9 


-290 

- 20*9 

0068 

0-196 

15 - 9 / 

23 

- 20*0 

- 29-6 

0-178 

0-062 

16-81 

18-8 


- 29-6 

- 20-2 

0-062 

0-269 

20 - 8 / 


- 20-2 

- 29-5 

0-259 

0-066 

19-41 

19-0 


- 29 C 

- 20-6 

0-066 

0‘220 

18 - 7 / 


Determination of particle size. In the study of solid decomposition it is 
normally the area of the reacting surface wliich is of importance rather 
than the mass or volume of the substance. This question is of particular 
interest in the case of nitrogen iodide because of the suggestion of Roginski 
( 1938 ) that the reaction is not confined to the surface of the solid but occurs 
throughout the lattice. This possibility can be tested by the application 
of the Polanyi-Wigner equation to the experimental results, since the rates 
of solid reactions occurring at the interface between the product and the 
reactant or on the surface of a solid have been shown, in many cases, to 
be in agreement with rates calculated from this equation within one or 
two powers of ton. In order to be able to make use of this equation, it 
is necessary to determine the surface area of a batch of crystals. 

The particles of nitrogen iodide as prepared in these experiments are 
extremely small and could not be measured by means of a micrometer 
eyepiece and a microscope objective 1/5. Their size could only be estimated 
by miorophotography. The nitrogen iodide was suspended in paraffin and 
photographed, using 1/5 objective. In prints with a magnification of 300, 
the diameters of apparently individual particles were estimated to lie 
between 0-5 and 1-5 mm. This gives a mean radius of approximately 
1-8 X 10 ^ cm. 

With glycerine as a mounting liquid the nitrogen iodide decomposed 
to give bubbles of gas, probably nitrogen. The bubbles were never seen 
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to coalesce even when in contact, so that it was thought that a bubble 
arose jfrom each crystal of nitrogen iodide. If that were true, the particle 
size could be estimated from the gets bubble rather more accurately than 
from the particles themselves. The mean radius was found to be 
12*5 X 10”* cm. Assuming that the gas is nitrogen, since ammonia and 
iodine are soluble in glycerine, and making allowance for the dependence 
of pressure on the diameter of the bubble, the average radius of a spherical 
particle of nitrogen iodide is found to be 2*8 x 10”* cm. This is of the same 
order as that determined by microphotography of the crystals, and it is 
sufficiently accurate for the purpose in view. 

ApplicMion of the Polanyi-Wigner equation. According to this equation, 
the rate of reaction = where N is the number of molecules per 

sq. cm. of interface and v is the lattice vibration. Taking the density of 
nitrogen iodide as 3*5, the number of molecules per sq. cm. 2*9 x 10^* and 
a frequency of 10^®, the activation energies may be directly calculated 
from the meji^sured rates of reaction expressed in molecules per sq. cm. 
per sec. The results are summarized in table 3. The activation energy 
derived by this method is in good agreement with that previously calcu¬ 
lated from the temperature coefficient of the reaction. This shows that 
the Polanyi-Wigner eejuation is applicable and that the reaction is very 
probably limited to the surfaces of the crystals, contrary to Roginski’s 
suggestion with regard to this decomposition. A chain reaction, unless 
the chains are very short, appears to be ruled out. 



Table 3 



Kates X 10^* 


Area 

rnol./sec. 

E 

cm,* 

cm.* 

kcal. 

66 

1*64 

17*3 

67 

1*79 

18*8 

46 

1*73 

18*9 

61 

1*39 

20*2 

48 

1*37 

16'9 


Mean 

Tm 


The decomposition appears to be an evaporation reaction, the nitrogen 
iodide giving only gaseous products. Thus there can be no question of 
nuclei formation as in a decomposition where one of the products is a solid. 
The reaction is thus analogous to the initial step in the reaction occurring 
when the alkali azides are heated in vacuum where the products are also 
gaseous. In the case of alkali azides, however, the evaporation reaction 
passes into an autocataly tic reaction after an induction period. There was, 
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however, no evidence that an autocatalytic reaction occurs in the case 
of nitrogen iodide. 

Calculation of self-hcating. If the reacting substance is assumed to lose 
heat only by radiation to the walls of the vessel, the self-heating can be 
calculated from the expression 

where y==heat change per mol., dmjdt —no. of mol. decomposing in unit 
time, 0 '= Stefan’s constant, 5*73 x 10 **® ergs/cm. sec.“^ (° K)”* if the 
radiator be taken as a black body. 

At —19° C, with a rate of 2 x 10 "* mol./see. and an area of 1 sq, cm. 
and taking y=25 kcal., which is probably an upper limit to the value of 
the heat given to the solid by the reaction,* the 8 elf-heating = 0*4° C. 

The value will be reduced considerably by loss of heat owing to conduc¬ 
tion by the gas, for at 10 ~* cm. the rate of loss by conduction is considerably 
greater than that by radiation. It may therefore be presumed that in 
experiments with gas present, self-heating was negligible. 

The detonation of nitrogen iodide. The research on the (conditions under 
which nitrogen iodide detonates is not complete so that the results obtained 
will only be mentioned briefly. It was found that the detonation almost 
always occurs in a vacuum at — 11 ° C with quite short time lags and that 
the occurrence of detonation obeys the laws of chance. The average time 
lag decreases with increase in temperature and at 0° C it is already too 
short to measure. 


Discussion 

From the analytical work it is clear that the overall reaction proceeding 
during the thermal decomposition is relatively simple, viz. 2 NH 3 .NI 8 
« 2 NH 3 -f Nj-f Big. It has been established that the ammonia, which had 
not been previously detected amongst the products of decomposition, acts 
as a negative catalyst for the reaction. Water vapour also exerts a retarding 
influence and the rate of reaction depends on the pressure of nitrogen 
present. At temperatures below — 6° C the rates of the thermal decomposi¬ 
tion can be studied, since the substance does not immediately detonate 
at the low pressures, 10 *^® cm., obtained during drying and evacuation. 
There is an induction period, which is probably the period during which 
the water evaporates, during which the reaction is very slow. At the end 


♦ See following paper. 
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of this period, the reaction attains immediately its maximum rate, there 
being no acceleration similar to that observed with many explosives. 

The activation energy of the reaction as determined from the tempera¬ 
ture coefficient and from the application of the Polanyi-Wigner equation 
is 18-10 kcal., and the heat of formation of the substance from its elements 
has been shown to be - 35 kcal.* 

The constitutional formula of nitrogen iodide. The tliree ammines of 
nitrogen iodide, NI3I2NH3, NlgSNHj, NI32NH3, have been prepared by 
Hugot (1900) and Ruff (1900), and it was shown that these substances 
were stable only at low temperatures, and that all of the amines lose 
ammonia to yield NI3.NH3 as a final product. Attempts to remove the 
last ammonia molecule result in the complete break-up of the molecule. 
The fact, however, that the ammonia in this compound can be recovered 
quantitatively as such if the decomposition be allowed to occur in a hard 
vacuum, provides definite proof that nitrogen iodide is nevertheless an 
ammine. 

If the overall reaction is 2NH3.NIa 2NH3-I-N2 + 3I2, it is natural to 
assume that the first step in the reaction is the removal of ammonia from 
the ammoniate and that the deammoniated compound NI3, being very 
unstable, breaks down immediately to give nitrogen and iodine. This, of 
course, implies that nitrogen iodide can have no separate existence, in 
contradiction to the statement of Cremer and Duncan (1930). Biltz (1925) 
has suggested that the stabilization of unstable chemical compounds can 
be brought about by means of energy-producing supplementary reactions 
and, among the examples, he quotes the stabilization of NI3 by the action 
of ammonia, the system being stabilized by the loss of the heat of 
ammoniation. That the removal of ammonia is the first stage in the 
decomposition is supported by the fact that substances which combine 
with ammonia (e.g. acids) decompose nitrogen iodide instantly. Nitrogen 
iodide is then to be considered os nitrogen tri-iodide monoammine. 

The activation energy. If the above simple explanation of the reaction 
be correct, then the rate-controlling reaction is the loss of ammonia, and 
the measured activation energy will be that of the removal of the ammonia. 
In the case of carbonates, Zawidski and Breitschneider (1935) show that 
the activation energy for the removal of carbon dioxide is equal to the 
heat of the corresponding reverse reaction. Although this is probably not 
generally true for endothermic dissociation in the solid state, a sufficient 
number of cases has been found where it holds to make it worth while to 
consider whether or not it can be true for ammines. Biltz has shown that 
* This refers to heat of formation of nitrogen tri-iodide. 
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the stability of an ammine varies very much with the “Teilbildiings- 
wAnne”, which is the heat liberated by the addition of ammonia to the 
lesser ammoniated compound. The “ Teilbildungsw&rmevaries from about 
37 to 7 kcal. per molecule of ammonia, and there is a considerable variation 
in stability. An interesting example is indium tri-iodide, which, accord¬ 
ing to Klemm, has a covalent character and forms a series of aramines. 
In I3.5NH3 (“Teilbildungswarme” = 16 kcal,/mol,), which evolves three 
molecules of ammonia, has a dissociation pressure at 156^ C of only 26 mm. 
It may be concluded from the comparative stability of nitrogen iodide 
considered as an ammine, that the heat of ammoniation is of the order of 
16-20 kcal. 

A further argument which has weight in such caaes, is that reactions 
which occur between the surface of a solid and a gas with a liberation of 
a heat < 20 kcal., do not take place in the reverse direction at appreciable 
rates in a hard vacuum at room temperatures. This is home out by 
experiment and can be deduced also from the Polanyi-Wigner equation. 
It therefore follows that in the case of nitrogen iodide which decomposes 
rapidly at room temperature, at a rate governed by the above equation, 
the heat of ammoniation cannot exceed 20 kcal. Since the activation 
energy is 19 kcal., this means that the activation energy is approximately 
the same as the heat of reaction. 

If nitrogen iodide be considered as an ammine, it must have a definite 
dissociation pressure, always assuming that there are three phases present. 
Making this assumption, and taking the heat of ammoniation as 19 kcal., 
the dissociation at any temperature may be calculated from the Nernst 
equation, 

log2)(atm.) = ~g^+l-76log7’ + a'Z’ + (7, 

for a molecule in which only one gaseous product is formed. For mono- 
smmine Biltz and Huttig (1920) find empirically that a has a value of 
— 0*0017, and that AH^ can be replaced fairly accurately by AH, the 
calorimetric value at room temperature. On this basis, the dissociation 
pressure of nitrogen iodide at -13°C is lx 10“^ cm. and at —19°C is 
0*4 X 10”’’ cm. 

Thi retarding effect of ammonia. The fact that ammonia has a pronounced 
retarding effect on the reaction means that one possible mechanism of the 
reaction can be disregarded. If the first stage in the reaction were the 
decomposition of an NI, group, then there could be no retarding effect 
by the ammonia. 
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From the rate at which ammonia is produced in the solid reaction and 
the dimensions of the tubes leading to the liquid air trap, the stationary 
concentration of ammonia at the surface of the solid can be found. At 
—19'^ C, with a pressure of nitrogen of 2 x 10”* cm,, the concentration of 
ammonia is found to be 4 x 10”* cm. This is greater than the dissociation 
pressure calculated for NI3.NH3 at this temperature, viz. 0*4 x lO"*^ cm. 
Since the pressure of ammonia at the surface is so much greater (approxi¬ 
mately 1000 times) than the dissociation pressure of the ammine, it may be 
concluded that the conditions for the application of the phase rule cannot 
apply, in the sense that there are not two phases present. The rapid 
dissociation of the free NI3 molecules on the surface would explain the 
considerable excess of ammonia pressure over the dissociation pressure 
since the majority of the NI3 moleoxdes will decompose before there is 
a chance of an ammonia molecule returning to the surface, with the result 
that the rate of evaporation of ammonia is always greater than the rate 
of condensation on the surface. 

The ex})eriment8 on the addition of ammonia to the system containing 
decomposing iodide, have shown that a pressure of 1 x 10~* cm. ammonia 
will stop the reaction. Since with this pressure, the rate of collision with 
the surface is 5*5 x 10^* mol. sec.”^ cm.*, the number of ammonia molecules 
colliding with each surface molecule is 2 x 10^ per sec. This can only mean 
that the average life of an NI3 molecule is about 10”* sec. and that it 
requires an activation energy for its decomposition. From the Polanyi- 
Wigner equation this activation energy is seen to be '^,4*5 koal. 

The effect of inert gas on the rate of reaction. The primary effect of gas 
pressure must be to slow down the rate of diffusion of ammonia away from 
the reaction surface and thereby increase the stationary concentration of 
ammonia at this surface. This effect will depend in a complicated fashion 
on the rat^ of reaction, the pressure, and on the dimensions of the apparatus. 
It is then very difficult to discuss the forms of the pressure-time curves for 
the reaction. The pressure varies with time, and the back reaction with the 
formation of ammine is affected in a complicated fashion by the total 
pressure. If the particles of nitrogen iodide were spheres and there were 
no effect of pressure on the reaction velocity, the following equation, 
should hold. Actually, the experimental curve could be 
fitted to dpldt^k{p^ -p)", where n varies from 1*25 to 2*1. This high value 
of n must be due to the retarding effect of ammonia, which inoreases with 
increase in pressure, but it is not practicable to calculate precisely the 
effect of this on the p-t curves. 

Mechanism of the decomposition of NIj after the removal of ammonia. If 
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we consider the reactions which can possibly occur with a low activation 
energy, we are limited to: 

(1) 2NH3.NI3 « 2NHa + N2 + 2la+2I+ 14 kcaL 

( 2 ) 2NH3. NI3 - 2NH3 + N3 + 3I3 + 49 * 1 kcal. 

( 3 ) Nl3 + NH3.Nl3-NH3 + N3-h2l3 + 2 I + 33 'l kcal. 

( 4 ) NI3 + NH3. NI3 - NH3 -f N3 4- 3I3 + 68* 1 kcal. 

( 5 ) 2N 1:3 -= Nj + 3I2 + 87 kcal. 

These all involve two molecules; other reactions involving the production 
of nitrogen atoms are not considered because the energy required for the 
production of a nitrogen atom is so great. In order that the reaction be 
exothermic, nitrogen must V>e formed in the molecular state. Bowen (1923) 
has pointed out that the photochemical decomposition of NCI3 must 
involve two molecules for the same reason. 

On account retarding infliience of ammonia, reactions (1) and (2) 
can be elimuiatedT Reaction ( 5 ) can also be disregarded since according 
to the assignment of 19 kcal. for the heat of ammoniation, the activation 
energy of the overall reaction would be 38 kcal. The reaction following the 
removal of ammonia can only be accounted for by equations ( 3 ) or ( 4 ). 
No definite decision can be arrived at as between these two mechanisms, 
but on accoxmt of the complex reaction products formed at high pressures, 
it is possible that iodine atoms are produced as in ( 3 ) which react further 
with ammonia to give ammonium iodide according to the overall equation, 

SNHs + fil^CNHJ + N^. 

This is a question which requires further investigation. 

The author wishes to express his thanks for the Michael Hiatt Baker 
Scholarship awarded him by the University of Bristol, and to Imperial 
Chemical Industries and the Colston Research Society for grants for the 
purchase of apparatus. 


Summary 

The thermal decomposition of nitrogen iodide has been studied at low 
pressures and the reaction shown to be 2NH3. Nig ^ 2NH3 + Ng + SIg. The 
activation energy from the temperature coefficient and from calculations 
made with the aid of the Polanyi-Wigner equation is 18-19 kcal. The 
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reaction is retarded by ammonia and water and also by an increase in 
pressure over the solid. 

The mechanism of the reaction is discussed in the light of the above 
results and of the calorimotrio results quoted in the following paper. 
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The heat of formation of nitrogen iodide 

By F. R. Mblobum 
Bristol University 

{Communicated by W. E. Garnery FM.S, —Received 27 November 1939 ) 

The reaction chosen for the determination was the decomposition of 
nitrogen iodide in dilute hydriodi(5 acid according to the equation (witli 
excess hydriodic acid present) 

2 NHa. NI3 + 5 HI - 2NH J + SHIg. 

This reaction has the advantage that it is unnecessary to prepai’e the 
nitrogen iodide in the dry state, a difficulty met with in the method 
involving the detonation of the substance in some form of bomb calorimeter, 
quite apart from the complexity of the reaction products in that case. 
The reaction with hydriodic acid proceeds rapidly, and appears to be 
quantitative (Chattaway and Orton 1899). A difficulty was encountered 
whan analyses were made of the final products, as it was found that the 
amount of ammonia obtained was greater* than that corresponding to the 
composition NHa-NIg. Since the excess varied quite considerably from 
sample to sample, it weis considered to be adsorbed or loosely combined 
ammonia, such as is frequently mot with in compounds containing ammonia. 
The existence of higher ammines of NI3 lends support to this view. 

To overcome the difficulty introduced by this excess of which the state 
of combination and heat content were unknown, and which it was not 
considered correct to treat as free ammonia, advantage was taken of the 
fact that the proportion of excess ammonia could be varied quite con¬ 
siderably. The experiments were considered in pairs, the effect of the excess 
ammonia being eliminated between them. 

EXPERIMBNTAn 

The nitrogen iodide was freshly prepared before each experiment by 
the method already described (Gamer and Latchem 1936), being washed 
with k /100 ammonia and filtered. About 0*5 g. was transferred wet to 
a thin walled bulb at the end of a tube fitted witli a ground joint and gloss 
hooks for attachment to a joint supported in the lid of the calorimeter. 
The bulb could be pierced by a gloss rod when required. 

[ 425 ] 
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The calorimeter (aee figure 1) consisted of a large Dewar vessel 
(20x7*5 cm.) closed with a bung through which passed a Beckmann 
thermometer, a glass screw stirrer, the support for the tube containing 
the substance, and a tube for the insertion of a pipette. The stirrer was 
driven by a small electric motor through bevel gearing to give constant 
speed. It was found necessary to use rather 
violent stirring in order to prevent the heavy 
nitrogen iodide (density 3-5) from settling to the 
bottom of the calorimeter, so that the rate of 
temperature rise due to the stirring was greater 
than ordinarily used. On account of this, the 
addition of heat due to the stirring considerably 
exceeded that lost by other means so that very 
accurate control of the surrounding temperatme 
was not attempted. The calorimeter was merely 
immersed in a bath at about 19'^ C. 

About 330 ml. 0‘092 k hydriodic acid obtained 
by dilution of a fresh sample of B.D.H. 

“Analar'' hydriodic acid (constant boiling) 
was placed in the calorimeter, adjusted to 18° C 
and allowed to come to equilibrium with the 
calorimeter. A 25*0 ml. sample was withdrawn 
and titrated for iodine with n/100 thiosulphate. 

Stirring was commenced and temperature 
readings taken every minute for 10 min. (see 
figure 26), The bulb containing the nitrogen 
iodide wtus then broken and readings continued 
for a further 10 min. At the end of that time 
the iodine was titrated with n /5 thiosulphate, and the ammonia in solu¬ 
tion determined by distillation with 20 % NaOH into sulphuric acid, and 
titration of the excess sulphuric acid with carbonate-free NaOH. The 
weight of solution taken was determined by weighing the calorimeter and 
contents. 

In order to determine the water equivalent of the calorimeter under 
conditions os nearly comparable as possible with those of the experiment, 
the heat of solution of potassium iodide crystals in water was used, taking 
the value for the heat of solution at 18° C, — 5-11 kcal. (Landolt-Bbmstein 
1923) (see figure 2a). Heat capacity data for potassium iodide solutions 
were available {InUrmiimal CnticcA Tables 1929a). The mean of a number 
of determinations when reduced to a common basis for the weight of the 
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Pyrex bulb, was 27-1 g., with a maximum variation from the mean of 
1-3 g. 

Blank experiments were made to show that there was no detectable 
heat effect due to the breaking of the glass bulb and that the oxidation 
of hydriodic acid during the period of an experiment was negligible. 



time (min.) 
Fioobb 2 


The type of temperature/time curves obtained is shown in figure 2. The 
extrapolation to time of mixing is a straight line, due to the relatively 
high input of heat through stirring. 

From the iodine titre minus a small correction for iodine unavoidably 
present in the hydriodic acid solution, the amount of nitrogen iodide 
(NHa-NIg) used was determined (6 ml. N-thiosulphate = 1 millimol 
NHa-NIg). The difference between the ammonia actually found and that 
expected from the amount of nitrogen iodide (1 millimol gives 2 millimols 
of ammonia) was taken as adsorbed ammonia. It wiU be seen that the 
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ratio of the nitrogen iodide to the excess ammonia varies quite considerably 
(table 1). 

For the calculation of the heat produced during the reaction, the heat 
capacity of 0 * 092 n HI was determined by interpolation between the heat 
capacities of pure water and a 6*7 % solution of hydriodio acid = 0*9213 
cal. over a range 16 - 20 ° C) (Intematumal Critical Tables^ 1929c). This 
interpolation appears to be justifiable judging by the data of Randall and 
Ramage for hydrochloric acid (1927). Since the interpolated point is 
close to that for pure water, the error is probably small. Owing to the 
large excess of hydriodio acid, it can be shown that practically all of the 
iodine is present in the form of I3 ions, and since the concentration of this 
was small, the solution was treated as HI. The same applies to the 
ammonium iodide present. 

The results of the experiments are given in table 1. 

Table 1 



Temp. 

Water 

Wt, of 

Heat 


MiUimols 



rise 

equiv. 

solution 

produced 

MiUimols 

excess 

NHb.NI, 

Exp, 


g* 

g* 

oal. 

NH,.N1, 

NHa 

excess NHj 

8 

0*167 

26*4 

312*2 

66*86 

0*86 

1*06 

0*81 

9 

0*170 

26*3 

310*3 

67*00 

0*93 

0*42 

2*21 

10 

0*172 

26*2 

309*6 

67*04 

0*94 

0*39 

2*41 

11 

0*160 

26*6 

313*1 

60*34 

0*816 

0*66 

1*46 

12 

0*196 

26*3 

309*9 

66*04 

1*11 

0*48 

2*31 

13 

0*228 

26*4 

308*7 

76*65 

1*29 

0*40 

3*22 

14 

0*130 

26*3 

300*6 

41*98 

0*68 

0*34 

2*00 

16 

0*148 

26* 0 

308*3 

48*86 

0*785 

0*26 

3*14 

16 

0*082 

26*1 

321*6 

27*83 

0*60 

0*84 

0*60 

17 

0*182 

26*8 

314*0 

61*10 

0*986 

0*69 

1*67 

18 

0*178 

26*2 

313*0 

69*66 

0*97 

0*47 

2*06 

19 

0*173 

26*2 

319*6 

5903 

0*98 

0*31 

3*16 

20 

0*149 

26*9 

316*3 

60*36 

0*88 

0*30 

2*93 

21 

0*184 

26*8 

313*4 

61*68 

1*01 

0*37 

2*73 


These results were treated as follows. From each experiment an equation 
can be obtained, 

Ax -f By C, 

where A^no. of miUimols of NHj.NIj, 

fi = no. of miUimols of excess ammonia, 

a: = heat produced by reaction of 1 millimol of NH3.NI3 with 
0*092n HI. 

y«:heat produced by reaction of 1 millimol excess NH8 with 
0*092n HI. 

These equations may be taken in pairs and solved for x and y. Obviously 
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equations in which the ratio A/B differs as much as possible will be likely 
to give the most accurate values of x and y. Certain pairs give very uncer¬ 
tain values of x and y because their ratios AjB were too close, and these 
pairs were therefo3fe not considered any further. In table 2 are given 
(a) in the top right-hand section the values of x obtained from the best 
pairs, (f>) in the bottom left-hand section, the corresponding values of y. 


Table 2 


Exp. 

8 

9 

10 

11 

14 

17 

18 

19 

21 

8 

— 

68*8 

68-2 

66-8 

69-0 

68*6 

68-8 

68-4 

59-1 

9 

5*6 

— 


60-4 

67-1 

69-0 




10 

61 


— 

66*6 

66*7 

67*6 

66-8 



11 

7*2 

20 

10*1 

— 

61*6 


60-9 



14 

6-4 

9'3 

12-0 

0-4 

— 

60*2 


57-7 

69-2 

17 

6-8 

61 

7-4 


3*1 

— 

69-2 

68-2 

69*6 

18 

6*6 


11-8 

1-3 


4*7 

— 

67-9 

69-8 

19 





8-6 

6-4 

7-4 

— 


21 

5-2 




6*1 

4-0 

3*6 


— 


The mean value of x is 58*7 cal. and of y, 6*0 cal. The final value for x 
was obtained by substitiiting the mean value for y in all the equations, 
and taking the mean. The values obtained are all quite consistent apart 
from experiment 16 , which is rejected for experimental reasons. 


Table 3 


Exp. 

X (cal.) 

Exp. 

X (cal.) 

8 

68-3 

16 

60-3 

9 

68-6 

10 

(45-6) 

10 

68-2 

17 

68-4 

11 

67-6 

18 

68-6 

12 

66-0 

19 

68-3 

13 

66-7 

20 

66-2 

14 

68-7 

21 

68*9 

ue (excluding experiment 

16 ) is 

68-0 ± 1-3 


number of experiments was quite large, it may be taken that this value 
is reasonably accurate. Therefore 

NH3Nl3(5) -f 8HI(aq.) = 2NH4l(aq.) •+• 3Hl3(aq.). AH = — 58-0 cal. 


Calculation of the heat of formaiion of nitrogen iodide, 

(1) i(Ha) + [I] = HI,q, AH^^UZ 5 mh (i) 

{International Critical Tables, 19296.) 

(2) i(N,) + 2{H3) + [I] * AH 45-6 cal. 

{Inlernat^^ TabUs, 1929^.) 

< 3 ) i(H3) + 3 [I]=.Hl 3 aq. 
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According to InternatioTud Critical Tabha (5th voL), which uses data 
given by Washbum and Straohan ( 1913 ), dH ^ -21*76 oal. This value 
appears to be in error. Their calculation is as follows: 

(а) The heat of solution of iodine in water. 2 [I]=»l 2 aq. Washburn and 
Straohan calculate the mean value of AH over the range 26-60® from 
solubility data of Sammet ( 1905 ), using the formula 

as — 6-39 cal. Data for a range of temperatures between 0 and 56° C are 
given by Hartley and Campbell ( 1908 ) and there appears to be no reason 
for neglecting the lower temperature data, particularly as corresponding 
values are consistent with those of Sammet. It is found that AH increases 
with temperature, e.g. 

15-20° 18-25° 26-36° 36-46° 46-56° 

AH +4-8 + 6-1 + 6-8 +6-4 +7-4 cal. 

so that Washburn and Strachan’s value is too high for use at 26° C. At 
18° C, the value has been taken as +4-8 cal. 

2 [I] = Igaq. +4-8 cal. (ii) 

( б ) Ig aq. +1' aq. = 1, aq. Washburn and Strachan using earlier data on 
equilibrium constants calculate AH — — 3’8 cal. From the data of Jones 
and Kaplan ( 1928 ), the mean value over the range 0-26° C is now calculated 
to be — 4-33 oal. This agrees with the value for the range 16-26° C of 
4*24 cal. calculated from data of Fedstieff ( 1910 ) and Jakowkin ( 1894 ; 
1896 ). The value at 18° C has been taken as -4-3 cal. 

Ig aq. +1' aq. = IJ aq. AH = - 4-3 oal, (iii) 

Combining equations (i), (ii) and (iii),' 

i(Hg) + 3[I] = Hl 8 aq. - 12-86 oal. 

(4) Heat of formation of NHg.NIg: 

[NH 3 .NIg]fl + SHI aq. = 2 NHgI aq. + 3HIg aq. AH 68-0 cal. 

Therefore (N,) + 3/2(Ha) + 3[I]« [NHg.NIg]. AH » 36-0 oal. 

D1BOU88IOK 

The method cannot be considered to yield a very accurate value for the 
heat of formation of nitrogen iodide, but in view of the entire lack of data 
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on the subject in question, the results obtained were considered of some 
interest. From the well-known explosive nature of nitrogen iodide, it 
would be expected that the substance itself would be highly endothermic. 
The heat of formation may be compared with that of nitrogen trichloride, 
53(?) cal. The combination of ammonia with nitrogen tri^iodide must 
liberate energy, so that the heat of formation of nitrogen tri-iodide (if 
indeed it exists in the free state) must be of the same order as that of 
nitrogen trichloride. There is some evidence that the heat of ammoniation 
of NI 3 is 19 kcal., 80 that the heat of formation of NI 3 is - 65 kcaL, and 
the high value for such a simple molecule is in accord with its explosive 
character. 

The value for y, 6*0 cal., gives the heat of neutralization of '‘excess” 
ammonia (NH*) by hydriodio acid: 

NH? + HI aq. == NHJ aq. /!// = -6 0 cal. 

This ammonia is bound to the solid nitrogen iodide ammine and if it is 
assumed that the "heat of solution” of the ammoniated nitrogen iodide 
does not differ appreciably from that of nitrogen iodide, the heat of 
ammoniation of nitrogen iodide ammine can be seen to be approximately 
7 caL, since 

NH 3 aq. 4 - HI aq, *= NH^I aq. AH ~ — 13*3 cal. 

NH 3 (^) + NH 3 .NI 8 ( 5 )-NH^NH 3 .NI 3 . cal. 

The only suggestion which has been made regarding the value of the 
heat of formation of nitrogen tri-iodide is that of Pauling ( 1932 ), when he 
put forward a value for the energy of the N : I bond. This value was 
derived from the " additivity of covalencies ” and from the electronegativity 
map deduced from it. The value of the map appears to be reduced con¬ 
siderably by changes in the accepted values for the energies of certain 
bonds, and it is doubtful if the values predicted for such bonds as the 
N : I bond have any value now. According to this value, NI 3 would have 
a very small heat of formation, which is hardly in accord with the explosive 
character of NHg.NIa, a substance of even lower energy. 

The author wishes to express his thanks for the Michael Hiatt Baker 
Scholarship awarded him by the University of Bristol, and to Imperial 
Chemical Industries and the Colston Research Society for grants for the 
purchase of apparatus. 
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SUMMA&Y 

From measurements of the heat of reaction of nitrogen iodide with 
excess of aqueous hydriodio acid, it is shown that the heat of formation 
of nitrogen iodide irom the elements is — 36 kcal./mol. 
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On the natural frequencies of vibratin^Hyw 

By R. V. Southwell, F.R.S. 

{Received 15 November 1939) 


Intkodtjction and Summary 

1. The basic problem of Vibration Theory is to calculate for a given 
system the modes and associated frequencies of its ‘‘normal” free oscilla¬ 
tions. These are components into which the whole motion can be resolved 
when the system vibrates freely, and through small distances, about its 
position of equilibrium. Each one is wholly independent of every other, and 
has its own (in general) distinct phase and frequency, which are common to 
all parts of the systtnn. Relatively to one another the amplitudes of different 
parts ore invariant, but the jjhase and magnitude of a normal oscillation are 
not (in theory) restricted. 

Exact calculation is difficult even when attention is confined to the gravest 
(i.e. lowest) natural frequency, and on that account great value attaches to 
a theorem of Lord Rayleigh whereby a close estimate of this frequency can 
be based on a comparatively rough assumption in regard to the corre¬ 
sponding mode. It is known that the result will err, if at all, in the du*ection 
of over-estimaiionA if then by equally simple calculations it were possible to 
obtain a second figure close to it and known to be an under-estimate, such 
knowledge would for practical purj>oses be very nearly as useful as an exact 
result. 

It sometimes happens that either the ” masses ” or the “elasticities ” of a 
system* can be separated into parts for which (if they operated severally) 
frequencies could be calculated exactly, and then it is easy to construct both 
upper and lower limits to the gravest frequency of tlie complete system.! 
But although an appropriate extension of Rayleigh’s method has been given 
by Temple and Bickley { 1933 ), in general the finding of close lower limits is 
difficult, whereas close upper limits can be obtained with ease. 

Part I of the present paper is concerned with this problem of lower limits. 
It is based on a second theorem of Lord Rayleigh (apparently less well 


* That is, of an elastic system. But everything in this paper will apply (e.g.) to 
eketHecd vibrations, if “masses” and “elasticities” ore replaced by analogotis 
quantities. 

! Of. (e.g.) Temple and Bickley 1933 * Chap. 6 (“Comparison and synthetic 
theorems"). 
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known) which relates to the effect on the natural frequencies of altering the 
masses of a system, and it utilizes that theorem in combination with the 
concepts of the ‘‘Relaxation Method'' to develop rules* whereby from any 
trial solution both upper and lower limits can be deduced. In essence the 
treatment is identical with a “Comparison Method" of which Temple and 
Biokley take cursory notice in their book ( 1933 , § 1.5): they however make 
no appeal to Rayleigh's second theorem, apparently regarding the Com¬ 
parison Method as justified by intuition. Being concerned solely with con¬ 
tinuous systems governed by differential equations, and with a method of 
their own which yields a lower limit closer to the correct value, it was not to 
be expected that they would pursue the Comparison Method further; but in 
relation to systems of limited but considerable freedom (N finite but large), 
and especially when applied as an extension of the “relaxation" technique, 
that method appears to greater advantage. The need for more detailed con¬ 
sideration is felt when it is applied to determine lower limits to frequencies 
higher than the fundamental, and it is then that the value of Rayleigh's 
second theorem is apparent; for although it is intuitively obvious that any 
increase of flexural rigidity will raise the “Euler load" of a rod used as a 
compression member, it is less evident that it will raise every one of the 
natural frequencies of transverse vibration. 

2 . In this paper, for brevity, the relaxation procedure is not described in 
detail, therefore continuous systems have to be taken as examples and the 
trial solutions are algebraic functions; consequently our rule for lower limi ts 
is useful only in relation to gravest frequencies, owing to difficulties which 
arise at nodal points (cf. §§ 10 , 21 ), The restriction hardly matters in a method 
which is not intended primarily for the treatment of continuous systems, 
more especially since satisfactory (though more elaborate) methods have 
been propounded by Temple and Bickley (cf. § 1 ), also by Duncan and Lind¬ 
say ( 1939 ) in a paper circulated (in typescript) by the Aeronautical Research 
Committee at a time when this paper was nearly completed. The last was 
held to justify suppression of a section dealing with higher modes and 
frequencies :t instead, a method is suggested (§§16-20) whereby specially 
close estimates of gravest frequency can be made if required. 

3. Corresponding with the theorem of which notice has been taken in § 1 , 
Lord Rayleigh propounded similar theorems relating to the effect of a 
change in the “elasticities" and (as a particular case) to the effects of con- 

♦ Stated in (17) and (18) of §12. 

t The method though not identical had some sdmilarity with the first of two 
alternative methods suggested by Duncan and Lindsay. 
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gtraints. He showed that the imposition of a constraint will cause every 
firequency to increase unless (in particular instances) the effect is nil because 
the point constrained would in any event be nodal (i.e. stationary) in the 
free vibration. 

Now from this result it would seem to follow that the frequencies of a bar 
completely free are lower than those of the same bar when its ends are held 
stationary. But in fact for a uniform bar the natural frequencies have the 
same values whether both ends are clamped or both completely /ree, and lower 
values obtain when both ends are simply supported. Thus in this instance 
the imposition of supports (which are constraints preventing terminal dis¬ 
placement) has the consequence of Jmoering the frequencies of a bar initially 
free. A paradox is presented, and to resolve it is the second purpose of this 
j)aper (Part II). 

Acknowledgement should be made here of help received from Miss A. 
PeUew and Mr D. G. Christopherson, in the computations of §§13-15 and 
21-23 and in the construction of figures 1 and 2. 


I. On the calcxtlation of uppee and lowee limits to 

NATITEAn FEEQITENOIBS 


The governing equations 


4. Lagrange’s equations, typified by 


( 1 ) 


where 1? denotes the potential and ® the kinetic energy, govern the motion 
of any mechanical or elastic system. Pheir number {N} is equal to the 
number of co-ordinates which suffices for the specification of every possible 
configuration. To every ‘‘generalized co-ordinate”, typified by there 
corresponds a “generalized component of velocity”, typified by and a 
"generalized component of external force”, typified by 
In the absence of external forces all the Q'e are zero, and without loss of 
generality we may assume the co-ordinates to be measured in relation to 
the equilibrium configuration as datum, so that is a homogeneous quad¬ 
ratic function of their instantaneous values. Moreover in the ceise of small 
vibrations about a configuration of stable equilibrium C can be expressed as 
a homogeneous quadratic function of the generalized velocities, with coeffi- 
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cimts which (to a first approximation) have valaes iudependeut o£ the 
co-ordinates: then equation (1) takes the simpler form 


dt\dqj dq^ 


= 0 . 


( 2 ) 


If now we assume that every co-ordinate fluctuates with the same frequency 
and phase, so as to be expressible in the form 

q^. = Oj. sin {pt + e) (a*, constant), (3) 


then we may write 

V = ^ sin* ipt + e), ® = Tp* cos* {pt -f e), (4) 

where V and T are both homogeneous quadratic functions of the o’s, essen¬ 
tially positive. The type-equation (2) reduces to 


5 -= b, 

Gdj. 

and because (by a familiar property of quadratic forms) 


( 6 ) 


2V = a, 


sv 

0V 

0V 

dai 



0T 

0T 

0T 





-i-..., 


from the N equations of type (5) we deduce that 


( 6 ) 


V=p»T. 


(7) 


Alternatively we can derive (7) as a consequence of the assumption (3) 
applied to the equation 

1 ? + ® = const., (8) 

which (for conservation of energy) must hold in the absence of external 
forces which do work on the system.* 


“Rayleigh's principle" 

5. It is easy to show (and was observed by Lagrange) that the N equa¬ 
tions of type (6) are the conditions for a stationary value of p* as calculated 
from (7). For if pj = V/T is stationary, then 

SiVfT) =■- <SV/T-VdT/T* = (gV-p»n)/T 

* The qualification is needed, in order that external forces due to constrointt may 
not be excluded. 
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must vanish for all possible vadations, therefore for any variation Sajg 
occurring singly. On this result Lord Rayleigh based his well-known 
“principle” whereby the gravest (or lowest) natural frequency may be 
estimated from (7) on the basis of an assumed form for the corresponding 
mode: An error of the first order made in regard to the mode will, by reason 
of the stationary property, entail an error of the second order of small 
quantities in regard to p*; and in regard to the gravest value p\ (which, 
being the smallest of the stationary values, must be an absolute minimum) 
the estimate will err, if at all, on the side of excels. 

The practical application of Rayleigh*s principle is too widely known to 
call for illustration here. 

Rayleigh^a theorem regarding the effect of added mass 

6 . A further application of the stationary property, also due to Lord 
Rayleigh ( 1896 , vol. 1, § 88 ), seems on the other hand to be less familiar. 
This relates to the effect on the natural frequencies of a change made in the 
masses of an elastic system: Excepting cases in which the effect is nil (as 
when mass is added at a nodal point) any increase of mass will lotmr every 
natural frequency, and vice versa. 

To prove the theorem we conceive the change to be made in a series of 
infinitesimal steps, and it is here that use is made of the stationary property. 
Any change made in the mass of a system will (in general) alter both the 
mode and the associated frequency of every free vibration: therefore the 
whole effect on any frequency of an infinitesimal change may be regarded as 
consisting (i) of the effect as calculated without allowance for the accom¬ 
panying change in the mode and (ii) of the effect of this latter alteration. 
But, in virtue of the stationary property (§ 5), an infinitesimal change in the 
mode will entail a change of the second order in consequently in any one 
of the infinitesimal steps, and therefore in the integrated result of all such 
steps, (ii) is negligible in comparison with (i). Now the sign of (i) can be 
deduced from ( 6 ), since if the mode is unaltered T must be increased (and V 
left unchanged) by any increase of mass. Hence we have the theorem 
stated. 


Use of the theorem as complementary to "'Rayleigh's principle** 

7. In practical applications (having regard to the uncertainty of physical 
data) it is not essential that frequencies be calculable exactly, but it is on 
the other hand desirable that estimates should have known margins of 
error. Prom this standpoint “ Rayleigh’s principle ” as originally presented 
(§ 5 ) has one drawback in that it provides only an upper limit to the gravest 
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frequency, and extensions have been made by Temple and Biekley ( 1933 ) 
to remove this disability. We now develop an alternative procedure for the 
finding of a lower limit, baeed on the theorem of § 6 . Fundamentally it is 
identical with the Comparison Method” of which (cf. §1) Temple and 
Biokley take cursory notice in their first chapter; but it gains in practical 
oonvenienoe when stated (as here) in terms of the standard concepts of 
“relaxation” theory. 

Detailed discussion of the relaxation treatment is reserved with a view to 
brevity, and accordingly in this paper only continuous systems have been 
taken as examples. They serve better than systems of restricted freedom to 
illustrate the essentials of the Comparison Method, but of necessity they fail 
to exhibit its potentialities, for the reason that the choice of trial solutions 
is restricted (when they are treated by orthodox methods) by the need of 
determining maxima and minima.* Better results are obtained when 
systems are in effect given restricted freedom by the use of finite-difference 
approximations; but even so it is not easy to find lower limits as close as the 
upper limits afforded by “Rayleigh’s principle” (§5). The real value of the 
Comparison Method is revealed only when advantage is taken of the 
relaxation technique, with its power to amend a trial solution locally. Of 
necessity this presumes a system of restricted freedom, and on that accoimt 
N has been taken as finite (but not otherwise restricted) in the argument of 
this paper. Such treatment has the authority of Lord Rayleigh. 


Iniroduction of the notion of ''constraints''. The physical basis of 
"Rayleigh's principle" 

8 . Let us suppose that constraints are operative which permit the main¬ 
tenance of any specified displacements whether steady or oscillatory, and 
that we use them to maintain a trial solution in which the N displacements 
of typo all vary in accordance with (3). Now writing 


where and (for brevity) replace 


0a.j, 



(9) 


we can interpret sin {pt + c) as the force, corresponding with the gene¬ 
ralized displacement q^, which comes upon the constraint controlling g*; 

* A ** relaxation teoLzucjue for continuous systems was described in a recent 
paper (Bradileld, Ohristopherson and Southwell 1939, $$ 18 - 31 ). 
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and then, disregaiding the common time-factor Bin(p^ + e), we may think of 
as the force corresponding with a displacement 

Multiplying (9) throughout by and summing the N equations which 
can be obtained in this way, we have in virtue of (6) 


( 10 ) 

whence equation (7) results provided that = 0. Observing that Ff^ 

according to (9) and (6) is a linear function of the a's, so that 
measures the total work done by the forces on the constraints in virtue of the 
a-displaoements, we find in this result a physical interpretation of Rayleigh’s 
use of (7) for the estimation of on the basis of an assumed mode (§6): 
Unless the assumed mode is correct, forces will be needed to maintain it, and 
the magnitudes of those forces will depend xipon the frequency of their 
fluctuation; but for some particular frequency the forces on the whole will do 
no work, and this is Rayleigh’s estimate of the natural frequency. 


Imposition^ by the ''Comparison Method*' of lower limits to the 
natural frequencies 

9. In an exact solution (p* having its correct value) every F is zero in 
accordance with (5): in a trial solution, any one force can be made to vanish 
by a suitable choice of frequency, but a different value (in general) is 
required for each of the several forces. On the other hand, whatever value 
he attached to we can make Ff^ zero by suitably altering the value of 
7fc( = dT/dafc), and this alteration will not affect the other forces if it is made 
by merely changing the coefficient of aj in the quadratic expression for T. 
Increasing that coefficient we shall be adding mass to the system, and vice 
versa. The added mass will increase the kinetic energy when, and only when, 
qjg is non-zero. 

If when every F has been brought to zero every mass has been either left 
unaltered or increased, then the chosen value of j?* will be exact as regards a 
system modified by addition of mass and therefor© (by the theorem of §6) it 
will underestimate the frequency of the unmodified (i.e. the given) system: in 
other words, it will furnish a lower limit to the required value p®. Now an 
increase made in the mass associated with will entail a positive increase in 
the value of and therefore, by (9), a positive increase in the value of 
i consequently only positive or zero additions of mass will be needed to 
bring all J^’s to zero provided that every product of the type aj ^. Fj^ is negative or 
zero, and on that understanding we may assert that p^ in (9) has. a value 
less than p^. 
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10 . The highest value of which can with certainty be termed a lower 
limit is the highest value which makes one of the a . F products zero and all 
the others negative. Now according to (9) the value of J?* changes sign 
when 

( 11 ) 

and higher values of will make positive provided that is 

positive. If then ( V / denotes the smallest value of VJT/^ which corresponds 
with a positive product . 7]^, we may assert that 

( 12 ) 

but no higher value can be imposed (by our argument) as a lower limit. 

This result will of course be nugatory unless the ratio (F/T)^. is positive, 
since we know a priori that p* cannot be negative; therefore negative values 
of a*.. call for consideration only when associated with negative values of 
If and are both negative, will change sign/row 

positive to negative asp^ increases through the value given by (11), and (12) 
will be invalidated unless that value is less than (VjT);^ as defined above. 
The method becomes too complicated to have practical value when nega¬ 
tive values of and Ufc.Ti are thus taken into account, and these in 
relation to gravest modes will not usually occur if the trial solution is 
reasonably correct. (Both products must for the most paj:t be positive, 
because - 2V and 2\[a;^..- 2T are essentially positive 

functions.) 

11 . Equation (12) states the Comparison Method in a form appropriate 
to continuous systems and to orthodox methods. We now deduce a form 
more convenient for use with the relaxation technique. 

Adopting that procjedure we shall systematically modify both the mode 
and the assumed frequency with the aim of making all the F's negligible. 
At any stage in the calculations we can by Rayleigh’s principle impose an 
upper limit p% on the required value p*, choosing so that 


fi (18) 

(cf. §8). So it remains to devise a rule for the imposition of a lower hmit. 

Suppose that for some trial value p® all products of the type J?"* have 
been calculated, and now let p® be altered to (p* + dp«). By (9), the value of 
aj^.Fic will be altered to 

(U) 
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and this altered value will be zero if 

= (16) 

An algebraically greater value of Ap^ will make the altered value positive 
provided that is positive. If then (FIT)j^ denotes the algebraically 

largest value of which corresponds urith a positive product we may 
assert that 

(16) 

but no higher value can be imposed (by our argument) as a lower limit. 

Provided that ‘'liquidationhas been continued until all the JP’s are 
small, the lower limit given by (16) will always be positive: it may happen 
that (FjT)j^ is negative because too low a value has been assumed for p^, 
but the formula will not be invalidated on that account. Negative values of 

. Tff must be contemplated, and when is negative . Ff^. will change 
sign from positive to negative as Ap^ increases through the value given by (15), 
therefore (16) will be invalidated unless FJTfg is algebraically greater than 
{FjT)i^ as defined above. But negative values of will occur only in 
the neighbourhood of nodal points, and there (for practical purposes) they 
may be neglected. 

Procedure for the imposition of upper and lower limits on the 
gravest frequency 

12. The converse theorem to that of § 9 (that p^ in (9) may be regarded as 
an upper limit when every product of the type a^.. F^^ is zero or positive) can 
be established and applied in similar fashion; but its practical value is small, 
in that the upper limit imposed by Rayleigh’s principle is lower and 
therefore preferable, (We have proved this in § 8, where it was shown that 
the ''Rayleigh upper limit” makes E^\a^.F^ zero; for when that condition 
is realized one or more products of the type will evidently be negative, 
unless the trial solution happens to be exact.) 

In relation to continuous systems, then, the rule for imposing upper and 
lower limits on is 

{VIT)s<p\<p% (17) 

where p^ is calculated from (13). Alternatively, if by relaxation methods all 
products of the type 0 ^.. have been calculated for some trial value p*, then 
aooordihg to (14) the upper limit allowed to Ap* by Rayleigh’s principle is 
given by 
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and combining this result with (16) we have the rule 





<Pl<P^ 




(18) 


Examples: (1) Estimation of the fu1^damen4al frequency of a clamped 

bar and disk 

13. In illustration of (17) we now apply that rule to two continuous 
systems which have been studied by Temple and Bickley (of. § 7). For such 
systems the N separate equations of type (5) are replaced by a single 
governing equation which holds for aU values of the independent variable 
(or variables) within a specified range, together with special conditions 
which must be satisfied at the ends of the range or at all points of some 
specified boundary. Thus the governing equation of a uniform bar vibrating 
transversely has the form 

= C®) 

and at both ends, if these are “clamped”, the conditions 

.-1=0 (20) 

must be satisfied. The gravest frequency corresponds with a value jjf where 

plml*IB = //{ = (4-7300408)* = 600'6639. (21) 

Temple and Bickley (§6.4), using Rayleigh’s method with an assumed 
form* 

ply,^l&xm-x)*ll* (22) 

(for ends at 0 and 1), obtained an estimate in which the correct value of is 
replaced by 604; and using an iterative method for improving the assump¬ 
tion they showed that for the form* 

ylVc » {9i***(i - *)* + «**»(( - x)» + Zx*{l- x)*)lV> (23) 

the estimated figure is reduced to 600*667.... This value is still too high (in 
conformity with §6), but it is very close to the correct vadue. 

14. Writing in conformity with (9) of §8 

F = p^T-V = (24) 

* In (22) and (23) atands for the central deRexion. 
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may regard F &&& distributed loading which measures the accuracy of an 
assumed mode (y) and frequency (j)®). Then corresponding with JPJ we 

have the definite integral J yFdx, and “Rayleigh’s principle’’ gives for an 

upper limit to p\ (cf. §11) the equation 

0 = j\Fdx = mp^^\^dx-dx, (26) 

in virtue of the terminal conditions (20), To obtain a lower limit we have 
merely to calculate (cf. § 10) the smallest values of the quotient 

VIT^B^^Imy, (26) 

since in this instance yT{^ my^) is necessarily positive. 

Using (25) we confirm the results of Temple and Bickley cited in §11. 
From (20), assuming y to have the form (22), we have 

so that in this instance (17) becomes , 

384<M^<604. (27) 

Jti 

When on the other hand y is assumed to have the form (23), then according 
to (26) 

(VIT)s = [6040J5/m{9i*+4Px(l-a:) + 3a:®(l-a;)®}]g 
= 6040 X B/ml* = 494 724Bjml*, 

emd (17) gives a much closer “bracket”, namely 

494-724 <^^<600-667. (28) 

The extreme range of numerical uncertainty is 5* 843, so that the assumption 
of a mean value (497*645) entails an error inp* lying within the range ± 2*93, 
i.«* ± 0*59 %. The percentage error in frequency is only half as great (less 
than 0-3 %). 

15. As a second example we consider transverse vibrations of a uniform 
disk clamped at all points of a circle of radius a. The tnie value of the 
gravest frequency is given by 


p\ » 104-3625i)/ma*, 


(29) 
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D denoting the flexural rigidity and m the mass per unit area. In the 
gravest mode the deflexion is a function only of the radial distance. 
Writing in conformity with (9) of §B* 

fz/a 1 z/ia 

F - V ^ mphjo-~D\ (30) 

we have corresponding with definite integral 2nj wFrdr^ 

so “Rayleigh's principle" gives for an upper limit to pi (of. §11) the 
equation 

0=J wFrdr = mp^J w^rdr~-jD^ 

in virtue of the boundary conditions at r = 0 and r^a. The product wT(=^ mw^) 
is necessarily positive, so to obtain a lower limit we have only to calculate 
(of. § 10) the smallest value of the quotient 

Taking as an assumed form for the deflexion 

w = c(a* - 3ar® -i- 2r®), (33) 

Temple and Bickley (§5.5) obtained by Rayleigh’s method 

p%--}05£>/ma\ (34) 

This result is confirmed by (31), From (32) we have 

(V/T)js [lSD/mr(a^-3ar^^2r^)l^. = 69*238D/ma*, 
so that in this instance (17) becomes 

69-238 106. (86) 

The much closer bracket 

102-4315 < < 104-364, (36) 

was obtained by taking in place of (33), as an assumed form for the de fl ex ion, 

( 437 717 \ 

-y- u’ —^ -f 105a*r* — 36ar® 

The mean of the two limits in (36) gives p with an error certainly less than 
0-5%, 

♦ Cf. (e.g.) Southwell 1936 , §243, equation (41). 
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Improved approodmations to a gravest mode and frequency 

16. The iterative method employed by Temple and Bickley (cf. §13) 
substituteB an approximation to the wanted mode in the inertia terms of the 
governing equation, then solves this to obtain a new and closer approxima¬ 
tion. E.g. the substitution (22), made for y on the right of (19), leads (except 
for a nugatory multipl 3 dng constant) to the closer approximation (23), and a 
substitution from (33) leads in the same way to (37). It will now be shown 
that two successive approximations to the first mode, thus related, can be 
made to yield a still closer approximation to the first mode and frequency, 
together with a reasonably good approximation to some higher frequency, 
—usually the second. 

17. Let y^ stand for the displacement at x in two distinct modes 
A , B, both satisfying the terminal conditions but otherwise (for the moment) 
not restricted. Let V and T have the same significance as before, and let 
V^, and V«,Tb denote their values corresponding with and y^. Let V 
and T, conformably with (9), replace (for brevity) dVjdy and 3T /dy, and for 
the two modes A and B let these “forces” be distinguished similarly by 
suffixes A and B. We now combine A and £ in a third mode G by writing 

ya = yA-«-yH> (38) 

a being arbitrary; and we trace the effect of a on the frequency as calculated 
on Rayleigh’s principle for the mode y^. 

Since V and T are homogeneous quadratic functions of the displacements, 
we have according to (38) 

f (3») 

Tp = X(-2aT,B + a%.) 

where 2^* j, stands for the sura or integral of such products as y^. or 
Vb • XiB has a similar significance. By Rayleigh’s principle we have 

pS.=y</T,, Ff, = V„/T«, (40) 

for the frequencies corresponding with modes A, B and C. 

As given by (89) and (40) p% is stationary in respect of variations in a 
provided that 

* The»6 have the aame Burn, by the Reciprocal Theorem. 


( 41 ) 
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Rliiuinating from these equations we obtain a quadratio equation in a, 
giving two values which make p% stationary; eliminating a, a quadratio 
equation in p% of which the two roots are the wanted stationary values. The 
equation in a may be written as 


a*- 



p A~P n "^a Pa-Pab 
Pab~P% '^vP*au~P% 


= 0 , 


(42) 


and the equation in p^ as 

{Pl-P\) (Pl-P%) = ^^{p'ah-pD^ ( 43 ) 

where = '^aiiI^ab- (44) 


18. Suppose now that the modes .4, J? (as yet unrestricted) are ‘‘T-ortho- 
gonal” in the sense that If they are also “F-orthogonal” in the 

sense that then the roots of (42) are 0 and oo, those of (43) are 

and p %: this means that p% increases or decreases steadily from p\ to 2 ?^ fts a 
is increased from 0 to oo, i.e. as the mode is altered from 4 to 5. 

When on the other hand 4 and B are “T-orthogonal” but mi ”F-ortho- 
gonal”, (42) reduces to 

a* - a (p* - 2 >|) = 0, (46) 

and (43) to [pi -p%) {pi-p%) = . (46) 


The two roots in a have opposite signs, and of the two roots in pi neither lies 
between andp^ (otherwise the left-hand side of (46) would be negative). 
This means that by one combination of A and B we can obtain a mode C 
which (since pi is less than either of p\,p%) is a closer approximation than 
either to the gravest mode ; from another combination we can deduce a 
value of pI which is higher than either of pi and (being stationary in 
respect of variations in a) should be a good approximation to some higher 
frequency. 

10. Now A and B can always be combined to give a mode which is 
“T-orthogonal” to B, since we have from (38) 


^BC ~ — TbC “ — (41) 

whence T^c’ = 0 if a=T^j!j/T;j. (We observe that the same value will not 
make C also "F-orthogonal” to B unless p*,^=p|,.) Evidently this oobb- 
bined mode may be substituted for A in the above disoussion: therefore 
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without requiring A and B to be orthogonal we can combine them to obtain 
a closer approximation to the gravest mode and a good approximation to 
some higher frequency. 

Equations (42) and (43) must then be used without modification. That is to 
say, the sum of the roots in will be 


and their product will be 


(48) 


20. In particular we may use these results in conjunction with the 
iterative process of Temple and Bickley, which (cf. § 16) is expressed by* 

( 49 ) 

and makes B a closer approximation than A to the wanted first mode 
(i.e. p^>p%>p\i. It is easy to deduce from (49) that 


YiB— 


(60) 


and making these substitutions in (42) we find that the wanted values of a 
are the roots of 


a*-a(pi-pi‘)/(l-Va/T^.T„) + 


V^Vn-Tj . 


(51) 


making them in (48) we find that the sum of the roots in is given by 


and their product by 




(52) 


Ciomparing these expressions with the sum and product of the roots of (61), 
we observe that the txvo wanted values of a are also the two wanted values ofpf,. 
The same result can be obtained by substitution from (60) in (41), and then 
It appears that the larger root in pfi is cwsociated with the smaller root in a, 
and vice versa. I.e. we have 


pl./a" » 1 * pl-/a\ 

single and double dashes being used to distinguish associated quantities. 

* The form of (40) though not dimensionally consistent is legitimate, because the 
amplitudes of the modes A, B nte not restricted. It simplifies the formulae of §20, 
but it leads to unfsoiUiar and “dimensionally incorrect” forra for T.(, Tj, V, (of. $21). 
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As shown above the smaller value will be closer than either to the 

wanted value of p\, and the larger should yield a fair approximation to some 
higher frequency (usually the second: this can be decided by inspection of 
the plotted mode In this way, without much added labour, additional 
information cjan be derived from results like those of §§ 13-15« The calcula* 
tions must be e^icact, since we shall be working with two approximations A 
and B which are nearly identical, and on that account the method is re¬ 
stricted (in practice) to continuous systems. We now apply it to the calcu¬ 
lations of §§13-15. 


Examples: (2) Estimation of the gravest mode and frequency 
for a clamped bar and disk 

21. From the governing equation (19) we have 


(53) 


as th« form of (49) appropriate to a uniform bar vibrating transversely. 
Hence, taking 

y.i - 


in accordance with (22), we obtain 


m 

= yi - a:)* + - a;)» + 3x*(l - x)*}ll*, 


(64) 


in conformity with (23). The quantities which appear in (62) are now given 

by ^ ^ 

2T„ = fyMx ^mfy%dx = - 

Jo Jo " 24310X (6040)*i?*’ 


“ “I/)-'*' - ■ 

2Vk =^jj/sVjfdx -= 


2879m*(» 
ISOfsO x 50405’ 


( 66 ) 


B 


so that « V^/X, = 504-^^ 


„ y-rr 080x28795 5 

Pi = = - Wil^F * • Ji'j 


(66) 
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as in § 14. Therefore according to (52) the sum of the stationary values of 

pi is 

B 13424x140936796 
' 3911 X 29899 ■ 

and their product is 

8611680x140936796 
X 3911X 29199 ‘ 


Accordingly the stationary values of pf, are 


(6712 +^39648216-61) X 


600-56413 


140936796 
^9iTx 29899ml* 

A. and 16678-816 


and these (cf. §20) are also the wanted values of a. The lower value ofp^ 
corresponds with the higher value of a, i.e. with a mode in which according 
to (38) 

x\l-x)^r, 15678-815/„ 4x(l-x) 3ar‘'(l-3r)*n 

'[!■.T>-“+ )J- <“> 


For this (F/T)^ - 498-33160”~i, {6») 

SO that we have in place of (28) 

498-33150 < < 500-56413, (60) 


—a still closer “bracket”. The correct value (cf. §24) is 

(4-7300408)* = 600-5639. 

The larger value of pi corresponds with the smaller value of a, i.e. with a 
mode in which according to (38) 

+ + ( 6 .) 

and this when plotted is seen (from the number of its nodal points) to be an 
approximation to the second symmetrical mode. Because the “F-foroe” 
and “ T^foroe” do not vanish for the same value of * (as they would if the 
mode were correct), strictly speaking our rule cannot be used to calculate a 
lo^r limit to the frequency. 

If by some stretching of the argiunent of § 10 it is considered justifiable to 
neglect (V/T) in the neighbourhood of points of inflexion, then 

(F/2’)s - 9874-157— (62) 
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and our approximation (61) to the second symmetrical mode gives the 
“bracket” 

9874-167 16078-815. (63) 


But this, as was to be expected, is rather wide. The correct value (of. §24) is 
(10'9956078)^ =- 14617-6299. (64) 

so the upper (Rayleigh) limit in (63) is the nearer of the two. 

22. In relation to the clamped disk (§16), equation (49) has the form* 



and taking =: a® — + 2r* (66) 

in conformity with (33) we deduce that 


== lOSaV-aear-H-(60 


in conformity with (37). Then 

= TTJ • J'dr = nmj w;^. rdr «= ^ Trma®, 


rdr 


TTrnW^ 1624239 


/J* ' r9372963606o ’ 
ra r 1 ^*12 


7rm®a^* 25493 


(07) 


BO that pit = Yi/Ti = 


mD 

ma^ ’ 




I04-364gi) 
ma* ’ 


( 68 ) 


as in § 15. According to (52) the sum and product of the stationary values of 
p^ are 

1937660x2772 D 196249600x2772 D* 

■' 1771379 ma* 1771^9 m*a» 


respectively; so the stationary values are 

104-36361i)/mo* and 2927-674482)/nia«, (69) 

and these are also the wanted values of a (of. § 17). 

• Cf. equation (32), $ 10, tt> replaces y in $§ 18-17, 
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The lower value of oorresponds with the higher value of a, i.e. with a 
mode in which 

«;oc (a-r)*^a + 2r--Y^—{4fi(o6 + 2o«r) 

+ Vt(1636oV*-1298o>r»-467or*+384r»)}J. (70) 

The larger corresponds with the smaller value of a, i.e. with a mode in which 

w oc (a - r)® 1^0 + 2r - («“+2oV) 

+^ (1636a»r» -1298a*r» - 467or*+384r»)}J. (71) 

In neither instance does our rule for lower limits provide a useful result, 
owing to infinities at r == 0 and at r = a which characterize (F/T) as deduced 
from (33). These being positive do not affect the lower limits given in (36) 
and (36), and similar infinities do not characterize {VjT) as deduced from 
(37); but because the value of a is positive in (70) and (71), in both instances 

(F/T)^« -oo (72) 

and the lower limit is nugatory in accordance with §10. The origin of the 
difficulty is to be found in the choice by Temple and Bickley (cf. § 16) of a 
starting assumption (33) which is the static solution for a concentrated 
central force. When it is desired to find a lower limit in the manner here 
suggested, a mode should be assumed for which the F-force is everywhere 
finite. 

All then that we can derive from (70) and (71) is an upper (Rayleigh) limit 
to viz. 

104-36361, (73) 

which is extremely close to the correct value (29), and an upper limit to p\, 
viz. 

^^^<2927-67448, (74) 

which (as was to be expected) is much less satisfactory. The correct value as 
determined with the aid of a table of Bessel functions'* is 

1581-73,. (76) 

* Cf. (e.g.) Southwell 1936 , $244, equation (47). 
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11 . Ok a paeadox presekteu bt Eayleigh’s second theorem 


Rayhig}i^8 theorem regarding the effect of a constraint 


23. In §6 we presented '‘Rayleigh’s second theorem” as relating solely 
to the effect of added mass; but an exactly similar argument can be employed 
to show that (except in cases where the effect is nil) any increase made in the 
stiffness of a system will have the effect of raising every natural frequency. 
Lord Rayleigh in fact presented both conclusions as a single theorem (loc, 
cit. § 6), and added that this “ may sometimes be used for tracing the effects of 
a constraint; for if we suppose that the potential energy of any configuration 
violating the condition of constraint gradually increases, we shall approach 
a state of things in which the condition is observed with any desired degree of 
completeness. During each step of the process every free vibration becomes 
(in general) more rapid, and a number of the free periods (equal to the degrees 
of liberty lost) become infinitely small. The same practical result may be 
reached without aj^tering the potential energy by supposing the kineticeivdvgy 
of any mofiow violating the condition to increase without limit. In this case one 
or more periods become infinitely large, but the finite periods are ultimately 
the same as those arrived at when the potential energy is increased, although 
in one cose the periods have been throughout increasing, and in the other 
diminishing. This example shows the necessity of making the alterations by 
steps; otherwise we should not understand the correspondence of the tv, o 
sets of periods.” 

This exposition serves to explain the fact, at first sight paradoxical in the 
light of Rayleigli’s second theorem, that a “constraint ” may be regarded as 
the limit either of an added elasticity or of an added mass;* but it does not 
os it stands explain a further paradox which is presented in the theory of 
transverse vibrations of bars. As Lord Rayleigh remarked (but without 
further comment),f the natural frequencies of a uniform bar of which both 
ends are “clamped” (i.e. constrained both in position and direction) are 
identical with the natural frequencies of the same bar when both ends are 
completely free; the first four are given by 



4*7300408, 7*8532046, 10*9956078, 14*1371665 (76) 


♦ “Whether the constraint is effected by making infinite the kinetic energy of any 
motion, or the potential energy of any displacement, which violates it, mdkes no 
differance to the vibrations which remain. In the first case one vibration becomes 
infinitely slow and in the second case one becomes infinit^y quick." (Rayleigh, 
1896, § 92 a.) 

t Rayleigh (1896, § 172 ). 
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(I denoting the length of the bar* B its flexural rigidity, and m its mass per unit 
length), whereas in the case where both ends are “simply supported*’ (i.e. 
fixed in position but not in direction) they are given by 

/t«7rx(l,2,3,4) = 3d4169, 6-28318, 9-42477, 12-56637. (77) 

Thus the effect of imposing terminal supports (preventing displacement) on 
a bar initially free has been (apparently) to lower the frequencies from (76) 
to (77). 


24. If in the manner of Lord Rayleigh we picture a continuous modifica¬ 
tion whereby the simply supported bar is converted into one of which both 
ends are clamped, his explanation quoted above will serve to explain the 
change of frequencies from (77) to (76), For by opposing an increasing 
elastic resistance to the terminal slopes we shall raise all frequencies in 
accordance with the theorem stated at the beginning of §23, whereas by 
adding at each end an increasing rotatory inertia we shall lower all fre¬ 
quencies in accordance with §6: in the first instance two of the initial 
frequencies will have become infinite, and in the second instance two will 
have become zero, when conditions of complete clamping have been attained 
and two degrees of freedom have accordingly been lost. Both processes are 
in fact easy to follow in calculation. Figure 1 relates the frequency parameter 
/I with (a) the terminal elastic resistance and (6) the added rotational inertia, 
the relevant formulae being 


in (a) 

4B 

— - (tana + tanha)/a for the first, third, ... etc. (symmetrical) 

modes, 


a* (cot a - coth a)/a for the second, fourth, ... etc. (anti-syin- 
metrioal) modes, 

in (6) 

*= a®(tana + tanha) for the first, third, ... etc. (symmetrical) 
modes, 


(78) 


OB — a*(cot a — coth a) for the second, fourth, ... etc. (anti-sym¬ 
metrical) modes. 


where a »as defined in (76) and (77), and K is the elastic restoring couple 
per radian of terminal slope. Abscissae represent ft and ordinates the cor¬ 
responding values of Kl/B and I/ml* as calculated firom (78). 
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26. If on the other hand we piotare a oonthmoue modifioation wheeeby a 
bar with both ends free is converted into one of which both ends are simply 
supported, then (according to §23) the argument would seem to run as 


rraqu^rtelaa for clamptd , 

baam | 


t 

CO 


















Fr»qu*ncl*» ‘for simply ' »upportad b«»m 

Fiouer 1(a) 

Frsqusnciss for ciampod baam 

t 

00 

mi* 


1 


1 

\ 

1 

1 

1 

1 

1 

1 

1 

1 




rr«qu*ncUs for simply supportsd beam 
Fiouke 1(6) 



rr«qutnel»» tor rr««-«nd»d b*am 
Fioobb 2(a) * 



follows: Terminal displacements may be opposed either (a) by an increasing 
elastic resistance or (6) by increasing inertia, and in either method the 
terminal slopes are left unrestrained: adopting (a) we shidl raise every 
frequency until two have become infinite, adopting (6) we shall lower every 
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firequenoy until two have become zero, by the time that conditions of com¬ 
plete ** support have been attained and two degrees of freedom have been 
lost. When however we test this argument by calculation, we find in fact 
that no frequencies are brought to zero under conditions of simple support. 
Figure 2 relates the frequency parameter fc with (a) the elastic resistance 
and (6) the added inertia, the relevant formulae being 


in (a) 
kP 

— a*(tana4*tanha) for the first, third, ... etc. (symmetrical) 
modes, 

» — a®(cota —cotha) for the second, fourth, ... etc. (anti-sym- 
metrioal) modes, 

in (6) 

4Jf 

—. =x — (tana + tanha)/a for the first, third, ... etc. (symmetrical) 
ml , 

modes, 

= (oota“Cotha)/a for the second, fourth, ... etc. (anti-sym- 
metrical) modes, ^ 


(79) 


where a = as before. M denotes the (non-rotatory) terminal inertia, and k 

the elastic restoring force per unit of terminal displacement.* 

20. Thus the argument of §25 fails in relation both to (a) and (6). As 
to (a), it is the fact that all frequencies increase steadily with the terminal 
elastic resistance, but what makes tliis possible is the appearance of two new 
frequencies which vanish with the spring constant k and so (apparently) 
should be added to the sequence (76); and as to (b), although with increasing 
terminal inertia all frequencies decrease steadily, yet none come to zero as 
predicted, therefore none (in Rayleigh^s sense) are “lost**. 

This last result is not surprising, because strictly speaking the freedom of a 
system is not altered by a mere addition of mass; and it can be reconciled 
with figure 2 (a), because there the loss of two frequencies which become 
infinite is offset by the introduction of two that have no counterpart in 
figure 2 (6). But before this can be taken as an explanation it must be shown 
t^t the new frequencies are in fact excluded by the conditions of figure 2 (6). 
If they are, then by opposing elastic resistance to terminal displacement we 
have tnerely replaced one type of restriction by another, and it will follow 
that the bar has a like degree of freedom whether its ends be simply supported 


• We observe that mfl in figure 1 equals k/B in %ure 2, KfB in figure i 
equate m/Af in figiue 2. 
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or entirely free. The conclusion will be acceptable, since it evidently can 
make no difference to the final conditions whether they have been attained 
by process (a) or (6). 

27. When a is made very small in (79), the expressions for kPj^B tend to 
equality with 2a* and 2a*/3, respectively, for the first and second mode: 
this means that very weak springs permit vibrations in which (a being small) 
the bar is almost unstrained. But in the absence of spring constraints such 
vibrations are excluded for the reason that they are incompatible tvith the 
covMrvaiion of mofnemium. Here then we have the two restrictions,♦ opera¬ 
tive when the bar is free, which under the conditions of figure 1 (a) are 
exchanged for two restrictions of another type (zero terminal slope). 
Preventing terminal displacements, we reduce the number of displacements 
which remain to be varied; but (because constraints entail external forces) 
we are no longer required to satisfy the momentum equations, and on that 
account the two lost “freedoms” are restored. 

28. Reverting to §23, it seems permissible to conclude that the paradox 
there presented is dm to a neglect in Lord Rayleigh’s argument of the 
principle of momentum. Being based solely on the energy equation (7), his 
generalized treatment of vibrations disregards that principle throughout: 
yet it is easy to see (by considering a system of restricted freedom) that con¬ 
servation of momentum impIioB one relation between the displacements, 
conservation of angular momentum another. Any relation imposed on the 
displacements will restrict the freedmn of a system, therefore acA^arding to 
Bayleigh's principle will tend to raise the freqmncies; and it happens that the 
relations which are imposed by momentum conditions in the case of & 
uniform bar completely free have exactly the same effect as the relations 
imposed by “clamps” which prohibit terminal slopes. 


Summary 

On the basis of a theorem due to Lord Rayleigh and relating to the effect 
on the natural frequencies of an added mass, methods ore developed whereby 
lower limits can be imposed upon the frequencies of a specified system. 
Since upi3er limits can be imposed on the basis of “ Rayleigh’s principle”, 
information so obtained is for practical purposes of equal value with an 
exact solution. 

Both linear and angular jnomentmn must be conserved in the motion of a bar 
completely free. 
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The methode can be applied as an extension of the relaxation** tech¬ 
nique, and it is then that their value is revealed most clearly. In this paper 
attention is confined to continuous systems governed by differential equa¬ 
tions, and for these, incidentally, a method is developed whereby specially 
close estimates of the fundamental frequency can be made if desired. 

The concluding section of the paper is concerned with the resolution of a 
paradox presented by Lord Rayleigh’s theorem regarding the effect of a 
constraint. 
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The lattice spacings of the primary solid solutions 
of silver, cadmium and indium in magnesium 

By Geoitfeey Vincicnt Raynob 

{Communicated by W. Uume-Botfiery, F.R.S.—Received 27 September 1939) 

1. Introduction 

In 1934 Hume-Rothery, Mabbott and Channel-Evans discussed the 
factors affecting the formation of primary solid solutions in silver and 
copper, and concluded that the predominant factors were the atomic 
diameters and valencies of the solvent and solute elements. In a later 
paper (Hume-Rothery and Raynor 1938 ) it was shown that the same con¬ 
siderations applied to the formation of solid solutions in magnesium, 
provided that due allowance was made for the highly electropositive nature 
of this metal. 

In the case of copper and silver alloys, where general valency effects 
are marked (Hume-Rothery ef al. 1934 ), Hume-Rothery, Lewin and 
Reynolds ( 1936 ) carried out an investigation of the mean lattice spacings of 
primary solid solutions of cadmium, indium, tin and antimony in silver, 
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and of 2 ino, gallium and germanium in copper. It was found that» to a high 
degree of accuracy, equal percentages of cadmium, indium, tin and anti¬ 
mony expanded the lattice of silver by amounts proportional to 2 : 8 : 4: 6 
respectively. Zinc, gallium and germanium in equal atomic concentration 
in copper expanded the copper lattice by amounts proportional to 3 : 4; 4*8. 
These factors have been confirmed by Owen and Roberts ( 1939 ) and shown 
also to apply at high temi)erature 8 . The factor for germanium in copper 
was, however, given as 6 . 

In the present paper, an investigation has been made of the mean lattice 
spaoings of the primary solid solutions of silver, cadmium and indium in 
magnesium. The solute elements are all of favourable size factor with 
regard to magnesium, and, though not in the same period as the solvent, 
are themselves in one period. 

Particular interest attaches to the present series in so far as silver and 
indium have respectively one less and on© more valency electron per atom 
than magnesium, while the valency of cadmium is the same as that of 
magnesium. The effect of a diminution of electrons on the lattice spacing 
may therefore be compared with the eflFect of an increase. 

A further point of interest is that, whereas in the work of Hume- 
Rothery et al. ( 1936 ) on copjHsr and silver alloys the mean lattice distortions 
corresponded with an expansion, the lattice of magnesium is contracted by 
silver, cadmium and indium. 

In this paper the term ‘'mean lattice distortion'' is used to denote the 
differences between the lattice constants of the solid solution and the solvent 
metals as measured by the ordinary powder methods of X-ray analysis. 
The X-ray methods, as is well known, give the mean lattice distortions, 
while more or less intensely localized regions of distortion may occur 
without preventing the formation of sharp difiFraotion lines. The data 
described below refer to the mean lattice spaoings only. 


2. GKNICRAn EXPERIMENTAL PROOBDXTEE 

A satisfactory technique for the preparation of filings of reactive metals 
and alloys has been described elsewhere (Raynor and Hume-Rothery 
1939 ). For the present purpose a modification of this method was em¬ 
ployed, which gave filings for which the totals of the two constituents 
determined by analysis were satisfactory. Alloys were annealed for a 
sufficient time in the lump form to ensure the attainment of equilibrium, 
after which filings were prepared in an atmosphere of argon and sealed up 
in an evacuated hard glass tube without exposure to the atmosphere at any 
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point* The filings were annealed in the evacuated tube to relieve the 
mechanical strain introduced by filing, and the tube rapidly cooled in air.'*' 
The tube was broken in an atmosphere of argon and the fine filings separ¬ 
ated by sieving through a 260-mesh gauze. The filings in the sieve were well 
agitated in order to secure a representative sample. After sufficient fine 
fiUngs had collected, the remainder were sealed up in an evacuated glass 
tube for analysis and the fine filings tipped immediately into a watch-glass 
containing Canada balsam dissolved in xylol. The whole operation up to the 
release of the fine filings was carried out in argon or in vaciw, so that there 
was no exposure to the atmosphere. Tests showed that the compositions by 
analysis of the sieved and unsieved filings were identical, so that in general 
the unsieved residues were used for analysis. 

In the analyses both metals were always determined as a check on con¬ 
tamination. The figures given are based, therefore, on the analysis of the 
filings after all annealing treatments had been completed, that is, in the 
condition in which they were used in the X-ray experiments, and not on 
analyses of the alloy in lump form. In view of the volatility of magnesium 
during annealing, and of possible segregation effects, such precautions are 
essential to obtain reproducible results. 

The lattice constants were determined from Debye-Scherrer photo¬ 
graphs obtained with a 19 cm. camera of the type, though on a larger scale, 
used by Bradley and Jay ( 1932 ), in conjunction with a demoimtable X-ray 
tube made by the Metropolitan Vickers Electrical Co., Ltd. 

The temperature of the camera during an exposure of 2-3 hr. duration 
was accurately controlled by the use of currents of air, and remained 
constant. 

The camera was standardized against quartz as recommended by Bradley 
and Jay { 1933 ), whose cos*^ extrapolation method was used throughout 
the work in order to eliminate errors due to absorption, film shrinkage, 
eccentricity of the specimen, etc. For the standardization copper radia¬ 
tion was used, since this radiation was to be used for the alloy experi¬ 
ments; the values of the wave-lengths assumed were Cu^^i 1*637396A 
and Cu^ras 1*641232A. The fundamental constants assumed in the cali¬ 
bration for quartz at 27° C were a = 4*24053 A and cja « 1*09996(6). The 
standard angle of the camera, as given by shadows of the fixed knife-edges, 
corresponded with an angle of 84*302° in the Bragg equation. 

The films were measured on an accurately calibrated measuring 
microscope which read directly to 0*01 mm. and allowed estimation to 

** For the magnesitun-silver alloys the procedure was different, and is described 
later. 
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0*001 mm. Duplicate photographs of the same specimen gave results 
agreeing within 0*0001 A when allowance had been made for the differenoes 
in temperature of the exposures. For this purpose it was assumed that the 
coefficients of expansion in the dilute alloys were the same as those of 
magnesium. The values of the lattice spacing quoted in the paper have been 
reduced to a common temperature of 20° C. 

Copper radiation was chosen for the alloy experiments because it gave a 
very suitable combination of high-angle lines, which are important for the 
accurate spacing determinations. In general, the lattice spacing determina¬ 
tions were based upon the measurement of the seven outermost lines, the 
line with the highest angle of reflexion being due to the {11*0) 2 reflexion, 
and independent of axial ratio. From the first line, therefore, was obtained 
an accurate and invariant first point on the Brodley-Jay extrapolation 
curve. The (10*6) and (20*5) reflexions with high values of ‘"I” are very 
sensitive to slight variations in the axial ratio; a difference of 0*0001 in the 
axial ratio produces a very marked difference in the points for these lines on 
the extrapolation curve. Thxis, by a process of successive approximation, 
the value of cja for a particular film was established to a high degree of 
accuracy; it is estimated that the extreme error involved in the determina¬ 
tion of the axial ratio is ±0*0001. 

The values of the ''a'' parameter deduced directly from the extrapola¬ 
tion curves are accurate to within ± 0*0001 A, so that the values obtained 
for the ‘‘c'' parameter, involving the determination of cja, are accurate to 
within ±0*0003A, 


3. Materials usbi) 

The magnesium was presented by the National Physical Laboratory and 
was 99*95% pure, the chief impurities being iron (0*03%), silicon (0*01 %) 
and aluminium (0*01 %), The silver was chemically pure, and was supplied 
by Messrs Johnson, Matthcy and Co., Ltd., while spectroscopically pure 
cadmium was j)resented by the National Smelting Co., Avonmouth. The 
indium, supplied by the Indium Corporation of America, was refined by 
Messrs Johnson, Matthey and Co., Ltd., after which no impurities could be 
detected by chemical moans. 

4, Experimental results 
(a) Pure magriesium 

Four separate determinations of the lattice spaciugs of pure magnesium 
gave the axial ratio at 20° C as 1*6237, while the values of the para- 
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meter were reapectively 3-20250, 3*20253, 3*20260 and 3*20258 A. During a 
previous investigation of the thermal expansion of magnesium (Raynor 
and Hume-Rothery 1939 ), the values of “a” at room temperature ( 20 ® C) 
obtained lay between the limits 3*20263 and 3* 20203 A. The results of the 
two investigations, carried out using two different cameras which were 
sex>arately calibrated, are therefore in complete agreement, while both are 
in agreement with the value 3*2030A at 26"^ C (= 3*20268 at 20 "" C) ob¬ 
tained by Jette and Foote ( 1935 ). 

(b) Magnesium-silver 

The alloys were prepared under flux by melting together the constituent 
metals, and, after thorough stirring, pouring into a heavy copj^er mould. 
Owing to the restricted solid solubility of silver in magnesium at low 
temj)eratui*es, the general yjrocedure was modified. The ingots were 
annealed to equilibrium at 468'' C, which is near to the eutectic temperature, 
and quenched. The filings, prepared as already described, were sealed for 
the strain-relieving anneal into silica bulbs, with a wall thickness of J mm., 
and again annealed at 468“^, and quenched in water. The lines on the X)hoto- 
graphs were shar|), showing that 1 hr. annoaling at 468° C was sufficient 
to relieve the niechani(jal strain. The results are shown in table 1 and the 
“a” parameters plotted graphically in figure 1 . The yjoints lie on a smooth 
curve from which no point differs by more than 0 * 0002 A; the curve is 
definitely not linear, the mean lattice contraction as the percentage of silver 
is increased, becoming less than that required by a linear relation. 

Tabi>k 1 


Alloy 

Composition 

Lump 

Hpacing 

c/a at 

spacing 

no. 

Wt. % Ag 

At. % Ag 

anneal 

in A at 20° C 

20^ C 

in A at 20° C 

1 

319 

0*74 

10 days 

3-1980(0) 

1*6238 

5-1929(1) 




468“ C 




2 

6-89 

1*67 

10 days 

3 1016(6) 

1*6223 

5*1778 (1) 



* 

468° C 




3 

9*49 

2*31 

10 days 

3-1893 (3) 

1*6217 

5*1721 (4) 




468''C 




4 

13*46 

3*38 

10 days 

3-1842 (6) 

1*6210 

6*1616(9) 




468° C 





The axial ratio for this system appears to increase slightly in very dilute 
solution, this increase being followed by a very rapid fall in c/a. The film for 
alloy 1 was of a high quality, and the increase in axial ratio fh>m that of 
magnesium, though alight, is definite. The “c” parameters and the volume 
of the unit cell are plotted in figures 2 and 3 respectively. 
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(c) Magnmum-cadmmm 

Alloys were prepared by melting the constituent metals under flux and 
casting into copper moulds. Since the solubility of cacjimium in magnesium 
is wide, quenching was unnecessary, and the tubes of annealed filings were 
cooled in air. To remove filing-strain the filings were in general annealed for 
10-12 hr. at 310° C; the subsequent X-ray photographs gave sharp diffrac¬ 
tion lines. 



FxotnoD 1 
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The results obtained are given in table 2 and plotted in figures 1-3. It 
will be seen in figure 1 that a smooth curve may be drawn through the 
points, from which no point differs by more than 0-0002A. Again the curve 
is definitely not linear, although the linearity of the initial portion persists 
up to comparatively high concentrations of cadmium. Above 10 atomic %, 
however, the curve shows that the contraction is progressively less than 
that corresponding with a linear relation. 
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Fiotjbe 3 


Table 2 


Alloy 

Composition 

Lump 

“a** 8|)aoing 

c/a at 

spacing 

no. 

wt. % ca 

At. % C4 

anneal 

in A at 20° C 

20° C 

in A at 20° C 

1 

8*52 

1*98 

11 days 
494^^ C 

3*1972 (8) 

1*6239 

6*1920 (6) 

2 

16*71 

4*16 

11 days 
494'’C 

3*1927 (2) 

1*6241 

5*1852 (9) 

3 

22*89 

6*04 

13 days 
601'’C 

3*1880 (8) 

1*6243 

6*1784 (0) 

4 

29*24 

8*205 

11 days 
494° C 

3*1829 (7) 

1*6246 

6*1707(3) 

5 

32*67 

9*60 

13 days 

6orc 

8*1801 (6) 

1*6246 

5*1664 (7) 

6 

38*16 

11*78 

11 days 
494° C 

3*1760 (6) 

1*6245 

6*1678 (7) 

7 

42*73 

13*90 

17 days 
601° C 

3*1704(2) 

1*6243 

6*1497 (1) 

a 

47*20 

16*20 

18 days 
494° C 

3*1666 (0) 

1*6237 

6*1399 (6) 
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Previous investigators (Natta 1928 ; Dehlinger 1930 ) have suggested that 
the axial ratio of the structure for the magnesium-rich alloys is constant* 
The present work, however, in which small variations in the axial ratio are 
accurately determinable, shows that there is a regular though slight 
increase in the axial ratio until a composition of 10 atomic % is reached. 
After this there is a marked fall in c/a, until at 16 atomic % the axial ratio 
for magnesium has again been reached* This behaviour is probably con¬ 
nected with the existence of the superlattice MggCd. The work of Grube 
and Schiedt ( 1930 ) on the equilibrium diagram of the system shows that the 
area occupied by this sxiperlattice extends, on the magnesium-rich side of 
MggCd, to 16 atomic % cadmium at 100 ® C* Although no superlattice 
lines could be detected on the photographs in the present work, other work 
has shown that the superlattice rearrangement occurs at room temperature. 
It is probable that the ordering process is beginning to occur in the region 
10-16 atomic % cadmium, with a consequent diminution in the strain 
attendant on solid solution of cadmium in magnesium. As the strain is 
diminished, the axial ratio would be expected to revert towards that of 
magnesium. 


c/a at “c” spacing 

363° C at 363° C 

1 6243 6*2432 (4)A 

1*6244 6*2873 (9)A 

Two alloys, during the course of the work, were exposed in a high tem¬ 
perature camera at 363® C, and the results are shown in table 3. The lattice- 
constants of magnesium at 363® C are a - 3*2320 ( 0 ) A and cja « 1*6242 (4), 
so that, at 363® C, both the lattice sjjacing and the axial ratio changes are 
less marked than at room temperatxire, 

(d) Magneaium4ndium 

The alloys for this investigation were prepared by the addition of 
magnesium to stock alloys, richer in indium, which had been prepared in 
cmmexion with previous work. As before, the newly prepared alloys were 
oast in copper moulds* 

To remove the strain introduced by filing, the filings were annealed 
before use for 10-12 hr* at 310® C, and the tube cooled in air. 

The results ofthe work are shown in table 4 and graphically in figures 1-3* 
Again it will be seen that a smooth curve may be drawn in figure 1 such 

VoKj74. a 


Table 3 


AUrtv Composition 

no. Wt7% Cd" At. % Cd 
1 8*62 1*98 


16*71 


4*16 


“a” spacing 
at 353° C 
3*2280 (0) A 
3*2242 (0) A 


30 
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that no point diflFers from it by more than 0»0001 A, The curve appeata to be 
at first IMear and then to fall very slightly. The change of axial ratio with 
composition is in this case large, compared with the effects in the mag¬ 
nesium-silver and magnesium-cadmium systems, and in contrast to these 
systems the parameter first decreases slightly and then rises. 

Tablx 4 


Alloy 

composition 

Lump 

“a” spacing 

c/a at 

“c” spacing 

no. 

Wt. % In 

At. % In 

anneal 

in A at 20° C 

20° C 

in A at 20” C 

1 

945 

2*16 

11 days 
497° C 

3 1995 (6) 

1*6247 

6 1083 (1) 

2 


4*01 

11 days 
497° C 

3 1973 (7) 

1*6260 

& 1989 (2) 

S 

29*04 

7*98 

11 days 
497° C 

3*1924(5) 

1*6287 

6-1995 (4) 

4 

38*35 

11*66 

II days 
497° C 

3*1872 (4) 

1*6325 

6-2031 (7) 


(e) Amlyais 

In all cases the actual filings were submitted for analysis. The analyses 
were all made by Messrs Johnson, Matthey and Co., Ltd., and satisfactory 
totals of the two constituents were reported. 


5. Discussion 

The curves of figure 1 indicate that a definite valency effect exists for the 
contraction of the ‘‘a” parameter of magnesium by silver, cadmium and 
indium. At equiatomic compositions decreasing the valency of the solute 
increases the lattice distortion in the basal plane. 

The atomic percentages of indium and cadmium in alloys of equal lattice 
distortion vary as 1 : J. In the case of silver, owing to the restricted 
solubility in magnesium, the test is less satisfactory, but the corresponding 
factor is very close to This implies that, in dilute solution where the 
lattice spacing-composition curves may be taken as straight lines, the 
lattice distortions per atom of indium, cadmium and silver are in the ratio 
of 1: 2 : 6. Thus, if the lattice spacings of the three alloy systems are plotted 
against the atomic percentages of the solutes multiplied by the above 
factors, the points should lie on a single curve. This has been done in 
figure 4, where each point is represented by a rectangle whose height i» 
equivalent to 0*0004A and the width to 0*1 atomic %. These limits repre¬ 
sent errors of about ± 1 part in 20,000 for the lattice spacing and ± 0*05 
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atomic % on the composition axis. The agreement with the whole number 
relation for cadmium and indium in dilute solution is therefore very exact, 
although separation occurs later owing to the downward curvature of the 
curve for magnesium-indium. , 



Figube 4 


For silver, in dilute solution only, the factor 5 is within the limits of the 
experimental error. Assuming the factor for indium to be 1, those for 
cadmium and silver cannot lie outside the limits 2-1 and 1*9 or 5*2 and 4*9 
respectively, without producing marked separation of the points. 

The closest distances of approach of the atoms in the crystals of metallic 
cadmium and indium are closely similar when allowance is made for in¬ 
complete ionization of indium in the elementary state, so that if we accept 
the views of Hume-Rothery et aL ( 1934 ), the size factors for these metals in 

(i.,. Jmort identioj.* Thu. 

^ \ A.D. magnesium / 

♦ The work of Hume-Bothery et al. allowed that, from the point of view of solid 
Elation formation, the interatomic distances in the crystals of the elements furnished 
a better correlation than the Ooldsohxnidt atomic radii. 


30*3 
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it is improbable that size effects greatly influence the relative lattice 
distortions produced by cadmium and indium; the difference in behaviour 
may be attributed to the higher valency of indium. We aaaay regard the 
substitution of indium for cadmium, involving the addition of 1 electron 
per atom, as causing a lattice expansion in the basal plane relative to the 
magnesium-cadmium distortion curve. Similarly, the substitution of 
silver for cadmium, involving the subtraction of one electron per atom, 
causes an additional contraction relative to the magnesium-cadmium 
curve. This confirms a principle deduced from studies of copper and silver 
alloys, that the distortion produced is the resultant of a size effect, which 
may be an expansion or contraction according to the relative atomic 
diameters of solute and solvent, and of an electronic effect in which an 
increase in the solute valency causes an expansion. 

The factors may be expressed as 1 + (3 — valency of solute)^. 

Figure 2 shows that the same tendency affects the curves for the 
parameters, but that the regularity is absent. The ‘V/* parameter for the 
magnesium-silver alloys is contracted more than that in the magnesium- 
cadmium alloys; for the magnesium-indium system the ''c'' parameter 
falls slightly in very dilute solution and then rises, so that there is a jjiarked 
distinction between the alloys in which the number of electrons per atom 
is equal to or less than two, and those in which the number exceeds two. 

The curves of the volume of the unit cell plotted against composition 
(figure 3) show that the contraction of the cell at equiatomic percentages of 
indium, cadmium and silver are approximately in the ratio of 1:3:9. 
These factors may be expressed as 1 -}-2 (3 —valency of solute)*. 

The effects in the magnesium series of alloys may be interpreted quali¬ 
tatively in terms of the electron energy distribution in the crystals. The 
form of the first Biillouin zone for the close-packed hexagonal structure 
has been derived by Jones ( 1934 ) and is shown in figure 6 . There is an 
energy discontinuity across each of the bounding planes A, B and (7, but 
the discontinuity vanishes for electrons moving with velocities in certain 
directions along edges such as PQ, The complete first zone is therefore made 
up of the figure bounded by planes of the type A , B and C with the addition 
of a small truncated prism, as shown on one A face, on each of the six A 
faces. The number of electrons per atom contained in the incomplete zpn© 
bounded by J5 and C type planes is 1*743 for magnesium. Since mag¬ 
nesium is divalent, there must be overlap into higher zones; the tiieory 
indicates that this overlap takes place at A and at corneiB such os QP. 
With two electtons per atom there is no overlap at the B positions^ 

Jones { 1934 ) has considered the effect of an internal stress in crystals due 
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to a small number of electrons lying beyond a plane of energy discontinuity 
in A;-Bpac6. Essentially, the theory predicts that electrons lying beyond 
such a plane produce a stress* perpendicular to the plane and proportional 
to the number of overlapping electrons, tending to displace the plane 
towards the origin of i;-8pace. Since the value of k at such a plane is in¬ 
versely proportional to the lattice parameter in the corresponding direction 
in the crystal, this results in a tendency to expand the lattice in this 
direction. 

If we now consider the distortion curves for the magnesium-codmiimi 
system as standards depending mainly on size eifects, and not on valency, 
we may interpret the magnesium-indium curves. Substitution of a trivalent 
atom for a divalent atom increases the number of electrons per atom for the 



structure. This leads to an increased overlap round the sides of the zone. 
The stress in a direction perpendicular to the hexagonal axis is thus in¬ 
creased, leading to a lattice expansion in the basal plane relative to the size 
effect. In very dilute solution “c” also decreases less than in the magne¬ 
sium-cadmium system. It is possible that, as the number of electrons per 
atom increases, overlap begins at JB, and that this is responsible for the 
subsequent increased expansion of the **c*\parameter as shown in figure 2, 
and for the relatively rapid rate at which the axial ratio rises in the mag¬ 
nesium-indium alloys. 

Similarly, for magnesium-silver the overlap of electrons is decreased, so 
that the stresses in the basal plane are reduced, leading to a contraction of 
the parameter as compared with the standard contraction in the 
magnesium-cadmium system. 

It is probable that the fact that the valency of the solute affects mainly 
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the overlap of electrons round the sides of the Brillouin sone (perpendicular 
to the hexagonal axis), and not the overlap at the B position (parallel to the 
hexagonal axis), accounts for the observance of clear numerical factor 
effects for the “a” parameter and not for the “c” parameter. 

The equation given by Jones relating the strain produced to the increase 
in the number of electrons per atom gives results of the right order for the 
ly-phase in the system copj)er-zinc, but for magnesium solid solutions it 
would indicate a much greater expansion for the magnesium-indium alloys 
relative to the magnesium-cadmium system than actually occurs. 

This is probably due to the fact that, for a system such as copper-zinc, 
where the number of electrons per atom for the structure is less than two, 
the overlap j)erpendicular to the hexagonal axis probably occurs mainly in 
the A positions. For magnesium-indium, however, where the number of 
electrons per atom increases from two, the increase in overlap is probably 
confined mainly to the overlap into the second zone along the six edges 
such as PQy and the stress conditions will be different from the cose con¬ 
sidered by Jones. 

The author expresses his gratitude to Professor C. N. Hinshelwood, 
F.R.S., for his kindness in providing laboratory accommodation; to Dr W. 
Hume-Rothery, F.R.S., in whose laboratory the work was carried out, for 
helpful criticism ; and to the Department of Scientific and Industrial 
Research for a Senior Research Award. Grateful acknowledgement is also 
made to the Government Grants Committee of the Royal Society for a 
grant towards the expenses of analysis, and to the Aeronautical Research 
Committ/ee and The Imperial Chemical Industries, Ltd., for other assist¬ 
ance. Thanks are also due to Mr A, R. Powell of Messrs Johnson, Matthey 
and Co., Ltd., for his care in connexion with the analytical work. 


SUMMABY 

Accurate measurements have been made of the lattice spaciags of the, 
primary solid solutions of silver, cadmium and indium in tnagnesium. At 
equiatomic compositions, decreasing the valency of the solute increases the 
lattice distortion in the basal plane. In dilute solution, indium, cadmium 
and silver contract the “a” parameter by amounts proportional to 
1:2:6 respectively, while the volume of the unit cell is contracted by 
amounts projwrtional to 1:3:9 respectively. The “a’’-parameter fac¬ 
tors may be expressed as 1-f (3-valency)* and the volume factors as 
I+ 2(3 —valency)*. There is no such regularity for the “c’’ parameters. 
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The results may be interpreted qualitatively in terms of the Brillouin 
zone theory of metals. 
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The equilibrium and lattice-spacing relations in 
the system magnesium-cadmium 

By W. Hume-Rothkry, P.R.S., and G. V. Raynor 
{Received 23 November 1939) 

1. Introduction 

The alloys of magnesium and cadmium are of great interest, since both 
metals have the same valency, and almost the same atomic volume, but 
the axial ratios of their close-packed hexagonal structures differ markedly, 
being 1*885(2) for cadmium, and 1*6237 for magnesium. The equilibrium 
diagram of the system has always attracted great interest, and very con¬ 
flicting results have been obtained by different investigators. The earlier 
investigations led to the conclusion that the liquidus and solidus curves 
were very close together, and fell continuously from the melting point of 
magnesium to that of cadmium, so that, at the higher temperatures, a 
continuous solid solution was formed, which, at low temperatures, under¬ 
went a transformation in the region of 60 atomic % of cadmium, owing to 
the supposed existence of a compoimd MgCd. The work of Hume-Rothery 
and RoweU ( 1927 ) oonflrmed the existence of this transformation, and later 
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work (Grube and Schiedt 1930; Dehlinger 1930; Riederer 1937) showed that 
this transformation corresponded to the fonnation of a superlattioe based 
on the composition MgCd, and that at low temperatures two other super- 
lattices, based on the compositions MgCd, and MggCd, were also formed. 
These low temperature transformations were securely established, and all 
investigations indicated the existence of wide solid solutions in both 
magnesium and cadmium, but the remainder of the system has been in 
great dispute. According to Hume-Rothery and Rowell, magnesium could 
hold approximately 60 atomic % of cadmium in solid solution, and cad¬ 
mium could dissolve approximately 24 atomic % of magnesium, whilst, 
between these two solid solutions, a compound MgCc^ of fixed composition 
was formed by a peritectic reaction. Grube and Schiedt (1930) qualita¬ 
tively confirmed the limits of the primary solid solutions, but not the 
existence of the compound MgCdj, and, apart from the superlattioe trans¬ 
formations, their equilibrium diagram showed the two primary solid 
solutions separated by a two-phase region. Dehlinger (1930) stated that 
his X-ray investigations confirmed the diagram of Grube and Schiedt, but 
a careful examination of his powder photographs shows that they are 
really inconclusive, since, with varying compositions, lines appear and 
disappear in a way which is consistent with the existence of MgCd^. 
Riederer (1937) concluded that the diagram of Hume-Rothery and Rowell 
represented stable equilibrium, and that of Grube and Schiedt metastable 
equilibrium. The present investigation has succeeded in explaining these 
apparent inconsistencies, and has also shown interesting relations between 
the two types of crystal structure, which may be interpreted in terms of 
the Brillouin zone theories. 


2. Materials used 

The magnesium used in the present investigation was kindly presented 
by the National Physical Laboratoiy, and was of 99 * 96 % purity, the 
principal impurities being iron ( 0*03 %), silicon ( 0*01 %), and aluminium 
(0*01%). The cadmium was spectroscopically pure, and was fipom two 
batches of metal kindly presented by the New Jersey Zinc Company and 
the National Smelting C<>mpany Ltd., respectively, 

3, Microscopic investigation 

The part of the diagram in dispute was in the region 60^80 atomic % 
of cadmium, and in the first part of the present work a series of thirteen 
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alloys was prepared in the range 58-78 atomic % cadmium. These allojrs 
were melted under flux, and cast into heavy copper moulds, so as to give 
cylindrical ingots J in. in diameter, which were at once sealed in evacuated 
glass tubes, and annealed for 1 month at SIO"" C. The tubes were then 
cooled in a blast of air, since the experience of Hume-Rothery and Rowell 
suggested that quenching in water was responsible for the development 
of cracks. After this treatment, alloys 58 and 60,* on etching with dilute 
alcoholic nitric acid, showed large homogeneous crystals, and a similar 
structure was shown by alloys 76 and 78, the structure of these lost two 
alloys being developed by mere exposure to the atmosphere. Alloys 62, 
66 , 67, 68, 70 and 71 were also attacked by the atmosphere, and their 
microstructures showed large homogeneous crystals with localized patches 
of a substance which at first appeared grey upon a light background, but 
on further exposure underwent a colour reversal, and became the lighter 
constituent against a dark background. This substance existed mainly at 
the surface of the specimen, and in the vicinity of cracks, and was un¬ 
doubtedly the supposed compound “MgCd 2 *’ of Hume-Rothery and 
Rowell, who explicitly noted the curious reversal of colour contrast. In 
spite of the long time of annealing, alloy 67 only showed relatively small 
amounts of this substance, in contrast to the results of Hume-Rothery 
and Rowell, who, with shorter times of uimealing, obtained an almost 
complete conversion of their alloy 66*6 into the supposed compound 
MgCdj, which, however, always contained numerous cracks and holes. 
In order to examine the matter further, a sample of alloy 67 was kept in 
an ordinary corked tube for 7 weeks, when microscopic examination 
showed that the outside shell of the specimen had been completely con¬ 
verted into the grey substance, although the it^ide was still unchanged. 
On standing for a further 6 weeks in a corked tube, the alloy completely 
crumbled to powder. In contrast to this, a specimen kept for 12 months 
in a sealed evacuated tube showed no change from the original micro- 
structure. It was further shown that, on annealing specimens which had 
been partly converted into the grey substance by exposure to air, the grey 
substance penetrated the alloy along grain boundaries, and also along 
deavage planes, with the production of a Widmanstatten type of structure, 
similar to that Ulustrated by Hume-Rothery and Rowell. The phenomenon 
was examined in great detail with the conclusion that the supposed oom- 
pound MgCd 2 was formed to an increasingly smaller extent as the alloys 
were more stringently kept out of contact with air. To examine the matter 

* For abbreviation en alloy containing 60 atomic % of cadmium is referred to m 
alloy 60* 
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further, a series of alloys in this range was oast in an atmosphere of argon, 
using a modification of the method of Hume-Rothery (igaS)* These alloys 
were sealed in evacuated glass tubes with the minimum exposure to the 
atmosphere, and after annealing for 4 weeks at 300° C were almost homo¬ 
geneous, with only very occasional traces of the grey material. 

The experiments described above show clearly that the supposed com¬ 
pound MgCdj is not an equilibrium constituent of the magnesium-cadmium 
system, but is formed only in alloys which have been attacked by the air. 
Hume-Rothery and Rowell’s conclusion that the compound MgCd^ grew 
on annealing was presumably due partly to the penetration effect described 
above, and partly to the fact, that, in general, as their annealing experi¬ 
ments continued, they used specimens which had stood for longer periods 
in corked tubes, so that what was really the result of progressive attack 
by the air was mistaken for growth during the annealing process. The 
present experiments also show that X-ray investigations, using filings 
prepared in air, will almost certainly lead to erroneous conclusions in this 
part of the diagram, and Riederer’s conclusion that MgCcl^ was a true 
constituent of the stable system is readily understood, since the longer 
filings are annealed, the more the grey material will tend to penetrate the 
grains.* In the present work it was shown quite conclusively that alloys 
in the region of 67 atomic % cadmium are much more readily attacked 
by air than any other alloys in the system, and there is a striking resem¬ 
blance between this phenomenon and that observed in the system nickel- 
chromium, where the work of Jenkins et aL ( 1937 ) showed that needle 
markings (Widmanstatten structure) appeared on annealing some alloys. 
This effect was traced to contamination by nitrogen and on annealing in air, 
an additional phase was produced most readily when the alloy contained one 
atom of nickel to two of chromium. The occurrence of a maximum rate of 
attack in each case at the 2 : 1 atomic ratio appears most significant. 

4. ThB LIQUIDUS and SOLIDtrS CURVES AND THE ABSENCE 
OF A TWO-PHASE REGION 

The work described above showed clearly that the supposed con^und 
MgCdg has no existence, but further annealing experiments with alloys 
cast in argon, and also with alloys cast imder flux, but protected from 
atmospheric attack, failed to reveal any signs of the two-phase region 
required by the diagram of Grube and Sohiedt. The alloys were examined 

* It in interesting to note that Ri^erer’s X-ray work with filings was not in agree¬ 
ment with his work on massive metal in this region. 
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hi great detail after an annealing treatment of 4 weeks at ^00^ C, and 2| 
and 4 weeks at 200 * C. The detaib of this work have been deposited with 
the Royal Society, and the conclusion reached was that the comparatively 
wide two-phase region shown in the diagram of Grube and Schiedt did not 
exist. As this conclusion was quite unexpected, the liquidus and solidus 
curves were redetermined. 

For the determination of the liquidus curves, the two metals were 
melted in crucibles lined with fluorspar and alumina, the weight used 
varying from 30 g. for the magnesium-rich alloys to 100 g. for the cad¬ 
mium-rich alloys. The crucibles were heated in a closed glass tube fllled 
with argon, and a covering of flux was used for alloys melting above 
500* C in order to minimize loss by volatilization. The rate of cooling was 
from 0*7 to 1*4* C/min., and all the precautions described by Hume- 
Rothery and Raynor ( 1938 ) were taken. In one series of experiments the 
composition of the melt was determined by the analysis of a small sample 
extracted by suction through an alumina tube shortly before the arrest 
point. In another series, the tube was allowed to cool rapidly after the 
arrest was established, and the whole ingot dissolved for analysis. For the 
cadmium-rich alloys the compositions determined by analysis agreed so 
closely with those calculated from the weights of metals used that it was 
thought justifiable to analyse some of the ingots only, and to use the 
synthetic compositions for the remainder. 

The exact details of the liquidus determinations are in table 2 of the 
collected tables deposited with the Royal Society, and the results are 
shown in figure 1 , which also summarizes the results of the annealing 
experiments. The liquidus curve is smooth and continuous, and there is no 
sign of irregularity in the region 00-80 atomic % cadmium as would be 
required by the diagram of Grube and Schiedt. No secondary arrests 
corresponding to a periteotic reaction were observed, and the liquidus 
curve is typical of a system with a continuous solid solution. ♦ 

The solidus curve was determined by both quenching and heating-curve 
methods. For the quenching experiments, alloys melting below 450* C 
were cast in the argon apparatus, whilst the remaining alloys were melted 
under flux, and oast into J in. diameter copper moulds. The heating-curve 
alloys were melted under flux, and cast into ^ in. diameter iron moulds, 
the heating curves being carried out in closed tubes as described by Hume- 
Rothery and Raynor ( 1937 ), at a heating rate of O* 0 - 1 *O* 0 /min. All 

♦ The bend in the liquidus curve shown by Hume-Rothery and Rowell in the region 
of 70 atomic % cadmium was not confirmed, and may have been due to atmospheric 
contamination. 
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alloys were meide homogeneous by a long preliminary anneal, before being 
used either for the heating-curve or quenching experiments. 



atomic percentage of cadmium 
Fiotojs 1 

The exact details of the solidus experiments are given in table 3 of the 
tables deposited with the Royal Society, and the results are shown in 
figure 1, from which it will be, seen that the solidus curve, like the Uquidus 
curve, is smooth and continuous, and gives no indication of a two^phase 
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region. For the magnesium-rioh alloys, the present solidus curve is slightly 
lower than that of Hume-Rothery and Rowell, but is in good agreement 
with values obtained by the extrapolation of the results of Haughton and 
Payne ( 1935 ) on ternary magnesium-aluminium-oadmium alloys. 

The liquidus, solidus and microscopic work are therefore in complete 
agreement as to the absence of a two-phase region at high temperatures, 
and, in view of the marked difference in the axial ratios of magnesium and 
cadmium, a complete investigation was made of the lattice-spacing 
relations. 


5. X-RAY INVESTIGATION OF THE SOLID ALLOYS 

The results previously described clearly suggested that a continuous 
series of solid solutions existed at the higher temperature. In view of the 
widely differing axial ratios of magnesium and cadmium this appeared 
rather improbable, and the problem was therefore examined by X-ray 
crystal analysis. Examination showed that, with quenched alloys, the 
superlattioe transformations took place on keeping the alloys at room 
temperatures, and X-ray powder photographs were therefore taken at 
310® C, using the high-temperature camera of Hume-Rothery and Reynolds 
( 1938 ). For this purpose the alloys were first annealed in lump form for 
2-4 weeks at 300-310^ C, and filings were prepared in an atmosphere of 
argon, using the apparatus of Raynor and Hume-Rothery ( 1939 ), by means 
of which the whole process of filing, sieving, and sealing into a silica capil¬ 
lary is accomplished without exposure to the air at any stage. The specimens 
were then annealed for periods up to 24 hr. in the high temperature camera, 
and subsequently exposed for 2-3 hr. using copper radiation. During 
the anneals and exposures the temperature was controlled by hand to an 
accuracy of ± 0-4® C, or by a Foster Temperature Controller to an accuracy 

of ±r c. 

The resulting films were then measured accurately by means of a specially 
calibrated travelling microscope, and the lattice spacings deduced by the 
cos* 8 extrapolation method of Bradley and Jay ( 1932 ). For the magne¬ 
sium-rich alloys the outermost lines are in order (11.0)2, (12.4), ( 10 . 6 ), 
(20.6), and (12.3). Since the outermost line is of the form (Ai.O), its 
spacing is independent of the axial ratio, and since the ( 10 . 6 ) and ( 20 . 6 ) 
reflexions are very sensitive to changes in the axial ratio, a process of trial 
and error enables the latter to be obtained to a high degree of accuracy. 
For the magnesium-rich alloys the side of the unit cell, a, was determin^ 
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to within ±0*0002 A, and the axial ratio eja to within ±0*0002.* With 
increasing cadmium content the results became less accurate, because the 
contraction in the lattice spacing causes the (11.0)2 line to move off the 
film, and at the same time the alloys become increasingly nearer to the 
melting point. Experience has shown that in this, and other alloy systems, 
as the melting point is approached, the general X-ray scattering at a given 
fraction of the absolute melting point is much more pronounced with solid 
solutions than with pure metals, so that the films c>annot be measured so 
accurately. Thus, for alloys containing more than about 65 atomic % 
cadmium, c/a is accurate to within ±0*0005. At 310" C, alloy 94-36 is 
within 10" C of its melting point, and for this alloy the accuracy is only 
± 0*0005 A for a, and ± 0*001 for c/a. 

Table 1 

Annealing 
of filings 



Com* 


in camera 

Axial 



Alloy 

position Preliminary 

at 310° C 

ratio 



no. 

at % Ccl annealing 

hr. 

c/a 

a in A 

c in A 

Pure Cd 

10000 

— 

— 

J-900 

2*9913 

6-6835 

1 

94-36 

16 days 310^ C 

4 

1-870 

3-0116 

6-6316 

2 

87-26 

18 days ZIO^ C 

2 

1-820 

3-0330 

6-6200 

3 

82-04 

16 days 310“ C 

4 

1-771 

3-0666 

6-4131 

4 

77*94 

4 weeks 300° C 

4i 

1-743 

3*0700 

6*3610 

6 

76-20 

1 


1-736 

3-0761 

6-3370 

6 

74-57 

- 4 weeks 310° C, 


1*726 

3-0860 

5-3247 

7 

72-61 

1 

2 

1-710 

3-0946 

6-2916 

8 

71-26 

4 weeks 300° 0 


1-702 

3-0980 

6-2728 

9 

6900 

4 weeks 310° C ! 


1-094(0) 

3*1000 

6-2614 

10 

63-76 

4 weeks 300° C ^ 


1 -666(0) 

3-1196 

6-1940 

11 

12 

SS'S' ^weekaSlO-cj 

24 

1-6678 

1*6516 

3-1240 

3*1290 

6-1790 

6-1676 

13 

68-40 


2 

1*6516 

3-1288 

6*1672 

13 

68-40 


24 

1-6616 

8-1290 

6-1676 

14 

59-09 


2 

1-6515 

3-1290 

6-1676 

14 

69-09 

> 4 wfieks 800° C 

24 

1-6616 

3*1290 

6-1676 

16 

64-67 

1 

L ^ 

1*6437 

3-1310 

6*1464 

16 

61-49 

J 


1*6420 

3-1386 

6-1634 

17 

50-66; 

1 

2 

1-6400 

3-1410 

5*1512 

18 

46*80 



1-6349 

3-1476 

6*1459 

19 

40-001 

Odays 403° C + 

20 

1*6320 

3-1564 

6*1496 

20 

36*00 

3 (lays 310° C 

1-6291 

3*1640 

6-1544 

21 

30-001 



1-6280 

3-1706 

5-1616 

22 

20-00 J 


17 

1-6262 

3*1880 

6-1843 

Pure Mg 

0*00 

— 

— 

1-6286 

3*2276 

6*2396 


• For pure magnesium the corresponding degrees of accuracy were ± 0*0001 A 
for a and ±0*0001 for c/a. 



Equilibrium and lattice-spacing in magnesium-cadmium 479 

The results of these experiments sure given in table 1 and figure 2, and 
are of considerable interest. The addition of cadmium to magnesium causes 
a contraction in the lattice spacing a but only a very slight increase in the 



axial ratio; so that the lattice constant c decreases in almost the same 
proportion os a. In contrast to this, the addition of magnesiiun to cadmium 
causes an expansion of the lattice constant a, but at the same time the 
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axial ratio decreases so markedly that the lattice spacing c oontraots rapidly 
with increasing magnesium content, and each metal contracts the c spacing 
of the other. The two branches of the curves connecting a, c and c/a with 
composition for the magnesium and cadmium solid solutions approach one 
another rapidly but, instead of interaecting at points, there is a very short 
horizontal section in each curve in the region SS-S-GO-O atomic % cadmium. 
The three alloys concerned were examined very carefully, and all were 
analysed, and os will be seen from table 1 the lattice spacings are identical. 
It must be emphasized that the phenomenon is not that of two alloys of 
different structures or different lattice spacings existing in equilibrium 
over a range of compositions of the alloy as a whole, but is one in which 
the two solid solutions have merged into a structure of fixed lattice 
dimensions, which persist over a narrow range of composition. This effect 
appears to be quite new, and it is not possible to say whether a two-phase 
region exists. We have been able to examine microscopically the three 
alloys from which the X-ray specimens were prepared, and there was no 
indication of a two-phase structure, whilst the work previously described 
has shown that there is no indication of a peritectic horizontal, or of any 
discontinuity in the liquidus and solidus curves. Since the grain sizes of 
those three alloys were all large, the evidence on the whole favours the 
view that no two-phase region exists, but, as pointed out by Bradley { 1938 ), 
it is doubtful whether any methods would distinguish between phases of 
identical lattice spacing and almost identical composition 


6. DisotrssiON 

The previous sections have shown why the diagram of Hume-Rothery 
and Rowell was in error. In the work of Grube and Schiedt the speotmeus 
were annealed and cooled to room temperature, and, after this treatment, 
the electrical conductivities were measured while the rods were heated at a 
rate of 1 ^ 0/min. Our own work shows that the superlattice transformations 
take place when the alloys are kept at room temperature, and examination 
of the curves of Grube and Schiedt makes it clear that in some cases their 
rate of heating was too rapid for equilibrium to be reached, and this may 
account for the breaks in their oonductivity/composition curves which led 
to the erroneous conclusion of a two-phase region. 

The chief interest in the present work lies in the curious lattioe-spaoixi^ 
relationships, and for these interpretations may be offered from two 



EquiUhrium and laUice^pacing in ma^neaium^t^mium 481 

points of view, each representing j^art of the truth.* We may adopt first 
the Brillouin zone theory of Mott and Jones ( 1936 ), according to which the 
energy characteristios of electrons in a close-packed hexagonal crystal 
depend to a great extent on the axial ratio. From this point of view we 
shall regard the lattice-spacing relationships as due to two factors: ( 1 ) a 
normal size effect, resulting in a contraction of the lattice as the smaller 
cadmium atoms replace the larger magnesium atoms, and ( 2 ) an electronic 
effect, superimposed on the normal size effect. 



The first Brillouin zone of the close-packed hexagonal structure is shown 
in figure 3, and, within this zone, the energy of an electron varies con¬ 
tinuously in all directions. There is a discontinuity across each of the 
bounding planes, but the calculations of Jones ( 1934 ) indicate that the 
energy discontinuity for electrons moving in certain directions vanishes 
along certain edges, such as PQ and QR, so that the smallest volume in 
i-space surrounded everywhere by an energy discontinuity for electrons 
with velocities in all directions is that enclosed by the original figure with 
the addition, on each of the A faces, of a small tnmcated prism. This com¬ 
plete zone, surrounded everywhere by an energy discontinuity, contains 
exactly two electrons per atom. Since magnesium and cadmium are con¬ 
ductors of electricity, there must be an overlap into a second zone, and 
two types of overlap have to be considered: 

(1) Overlap from the incomplete first zone across the faces A into the 
small truncated prisms. This will be termed the A overlap. 

♦ The position here is rather like that met with in the structure of the diamond, 
in which the Brillouin zone theory gives the best picture of the electrical properties, 
whOst the conception of co-volent bonds gives an indication of the density of the 
elaotrott cloud in space, and explains the tetrahedral structure. 


Vd. 174. A. 
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(2) Overlap from the complete first zone into a second outeriione. Mott 
and Jones {1936) have shown that this may occur either at B (figure 6a), 
or at the re-entrant corners (points Q) in figure 66. These may be termed 
the B and Q overlaps respectively. 

The calculations of Mott and Jones show that for magnesium, with 
axial ratio 1 * 6237 , the A overlaps take place first, followed by the Q over¬ 
laps, but with two electrons per atom there is no overlap at B, and the 
N{E) curve is of the form shown in figure 4, where the shaded portion 
represents two electrons per atom. For cadmium, with axial ratio 1*886, 
the first overlap occurs at JS, followed by the A overlap, but with two 
electrons per atom there is no overlap at Q, and the resulting N{E) curve 
is of the form shown in figure 5 . In both figures 4 and 6, the N(E) curve 
for the Q overlap, after the vertically rising initial portion has been passed, 
rises more steeply away from the energy axis than that for the B overlaps, 
because the overlaps at Q concern electrons moving with velocities in six 
directions, whereas the overlap at B concerns electrons moving with 
velocities in only two directions (Hume-Rothery and Raynor 1938). 



E E 

Figure 4 Fiouke 6 

Jones (1934) has shown that the effect of a small overlap outside the 
boundary of a zone is to compress the Brillouin zone in A:-space, and hence 
to expand the crystal in the direction concerned in real space. 

Referring to figures 4 and 6, it will be seen that the passage from 
magnesium to cadmium changes the overlaps from the order AQB to BAQ, 
and we have to consider how this will affect the lattice spaoings. The 
change may be divided into the stages shown in figure 6. In the stage 
(1)“(2), B approaches Q, and since there are two electrons per atom B 
must reach the shaded zone before Q. The formulae of Mott and Jones 
show that the total number of electrons overlapping bom the first incom¬ 
plete zone is only slightly affected by the axial ratio, and hence in stage 
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(l)-(2) the electronic change affects mainly the number of electrons in the 
A and Q zones, and since both these concern electrons with velocities at 
right angles to the principal axis, there will be relatively little effect on 
the axial ratio, and both the a and c parameters will show the normal con- 



E 

Fioubb 6 


traction. In stage (2)-{3) the B overlap begins, and, if the Jones theory is 
aooepted, this overlap will tend to expand the lattice in the c direction, 
and the normal contraction in this direction will now be opposed by the 
expansion produced by the increasing B overlap. As will be seen from 
figure 2, this is what has been observed experimentally. At the end of 
stckge (2)-(3), B and Q coincide, as shown in figure 6(c), and it is here that 
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interesting effects may be expected in passing through the next stage 
( 2 )“( 4 ), Exact details cannot be given until the curves are known more 
accurately, but since the Q curve rises more steeply than the B curve, the 
relative movement of B to the left, and Q to the right, will result in the 
removal of more electrons from the Q overlap than are introduced at the 
B overlap, and these excess electrons will have to be accommodated in the 
A zone, and in the first zone. Since the presence of electrons in the A zone 
produces an expansion of the a parameter, the normal contraction of both 
a and c parameters may be opposed by electronic effects in this range, in 
which case the increase in axial ratio will be less marked. Finally, in the 
last stage ( 4 )-( 5 ), where the Q overlap no longer occurs, the B overlap 
grows and the A overlap diminishes, with the result that the c parameter 
expands, whilst the a parameter diminishes more rapidly than at first. 
The zone theory, therefore, when combined with a general size effect, 
enables us to predict that the addition of cadmium to magnesium will 
result first in a general contraction without much alteration of axial ratio, 
and that this will be followed by on increase in axial ratio, an interval in 
which effects may compensate each other, and then a final range in which 
the axial ratio increases markedly, and the a parameter diminishes more 
rapidly. This is in good agreement with the facts. 

The Brillouin zone theory considers the’electrons as moving in a j)eriodic 
field, and takes no account of the nature of the ions, or the distribution of 
the electron cloud in space. It is well known from the work of Jaunoey 
and Bruce (1937) and MoNatt (1939) that in zinc and cadmium the 
electron clouds of the atoms ore anisotropic (spheroidal), although in 
certain alloys they are spherical. In view of the strongly polarizing nature 
of magnesium we should therefore regard the solution of cadmium in 
magnesium as involving the attraction of the electrons out of the aniso¬ 
tropic cadmium configuration, so that the cadmium atoms dissolve as 
spheres, with little effect on the axial ratio of magnesium. With increasing 
cadmium content there is an increasing tendency for the cadmium-like 
configuration to be taken up, since adjacent cadmium atoms become more 
common. From figure 2 it will be seen that with increasing cadmium 
content, the break in the curves occurs at the composition 58^2 atomic % 
cadmium, i.e. 7 cadmium atoms out of 12 (100 x 68*3). In a survey 
of other alloys (Hume-Rothery, Raynor and Reynolds 1939) it has been 
shown that there is much indirect evidence for the existence of short- 
range order in concentrated solid solutions. If we accept this point of 
view, we can understand the tendency for the solid solution to assume a 
codmium-like nature when there are 7 cadmium atoms to 6 magn^ium 
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atoms, since in the close-packed structure each atom has 12 neighbours, 
and when ^ of the total number of atoms are of cadmium, a structure 
involving short-range order will enable the great majority of cadmium 
atoms to have more neighbours of cadmium than of magnesium. From 
this point of view we can therefore understand the positioiv of the break 
in the curve, and the short region of constant lattice spacing is also com¬ 
prehensible, since, when ordered structures are involved, lattice spacings are 
often anomalous. The complete theory must clearly involve both the zone 
characteristics, and the electron density in space, and it is satisfactory to 
note that both conceptions agree with the facts. 
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Summary 

The equilibrium diagram of the system magnesium-cadmium has been 
investigated by thermal, microscopic and X-ray methods. The liquidus 
and solidus curves pass smoothly from the melting point of magnesium to 
that of cadmium, with no indication of a discontinuity characteristic of a 
peritectic reaction. Microscopic methods show no indication of a two-phase 
region above the temperatures of the superlattice transformations. The 
supposed compound MgCd^ of Hume-Rothery and Rowell is not a true 
constituent of the system magnesium-cadmium, but is an oxide-nitride 
complex formed when the alloys are exposed to the atmosphere. It is 
formed most readily when the composition of the alloy corresponds with 
the formida MgOd^; a somewhat similar effect has been noted in the system 
nickel-chromium. The two-phase region claimed by Grube and Schiedt is 
not confirmed. 

The lattice spacings of a complete series of alloys at 310 '^ C have been 
measured with a high-temperature X-ray camera. The first additions of 
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cadmium to magnesium cause a contraction of the a parameter of the unit 
cell, but have little effect on the axial ratio, so that the c parameter con¬ 
tracts in almost the same proportion. With further additions of cadmium 
the axial ratio increases slightly. The addition of magnesium to cadmium 
causes an expansion of the a parameter, but, at the same time, the fixial 
ratio decreases so markedly that the c parameter diminishes, so that each 
metal decreases the c parameter of the other. A stage is then reached at 
which the solid solutions derived from magnesium and cadmium acquire 
identical lattice spaoings which persist unchanged over a narrow range of 
compositions. These effects are discussed, and are shown to be in agree¬ 
ment with the Brillouin zone theory developed by Jones. 
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The dehydration of crystals of chrome alum 

By J. a. Cooper and W. E. Garner, F.R,S. 

[Received 27 December 1939 ) 

[Plate 18] 

The loss of water from a salt hydrate can occur with or without changes 
in the lattice structure. Thus, the water of crystallization of zeolites can 
be removed without the collapse of the original lattice; whereas in many 
other hydrates, such as the alums or copper sulphate pentahydrate, the 
removal of water is associated with changes in the structure of the solid 
and the production of a new solid phase. In the latter an interface is 
formed separating the two solid phEwes, and it is at this interface that the 
dehydration occurs. The water liberated at the interface passes through 
a superposed layer of product before it reaches open space. The rate of 
liberation of water may be dependent on the thickness of the superposed 
layer of product, as is seen in the case of the dehydration in vacuum of 
copper sulphate pentahydrate (Gamer and Tanner 1930; Smith and 
Topley 1931). This effect was called “impedance” by Smith and Topley, 
and they showed that the “impedance” practically vanishes if the 
dehydration is studied in water-vapour pressures lower than the dis¬ 
sociation pressure of the salt hyrlrate. Since water vapour accelerates the 
rate of crystallization of the product (Colvin and Hume 1938) it is clear 
that it is the degree of crystallization of the product that determines 
whether impedance will occur or not. 

The two processes, (1) the loss of water from the interface and (2) the 
subsequent reorganization of the lattice, do not appear to be very closely 
linked, since the solid product in many examples undergoes considerable 
shrinkage subsequent to the loss of water (see plate 18 A, for chrome alum). 
The following model of the dehydration process serves to indicate the 
possibilities. I represents the solid reactant, and II is a transition layer 
derived from I by the loss of water either without lattice change or by 
a collapse of the original lattice. Ill is the product undergoing slow 
crystallization, and IV is the open space which may be a hard vacuum or 
may contain water vapour. 

The velocity of the dehydration at the transition layer is usually 
measured by determining the rate at which the interfrice penetrates the 
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solid from the loss of weight of a crystal of salt hydrate suspended on a 
silica spring in a hard vacuum (Gamer and Tanner 1930; Topley and 
Smith 1931). Dehydration has also been followed by measuring the rate of 
growth of nuclei (Bright and Garner 1934). If there is impedance to the 
rate of flow of water across III then, in order to obtain the maximum rate 
at the transition layer, it is necessary to extrapolate back to zero thickness. 


Water 


Hoaotant 


Cryatalliziiig 



product 

I i 

II 

III 


Open 

space 

IV 


Direction of 
penetration of 
the interface 


Figubb 1 


The rate of loss of water across the transition layer will obviously depend 
on its thickness and therefore upon the speed of crystallization of the 
product. The rate of crystallization of the product will be modified by 
changes in the temperature at which the dehydration is carried out and 
also by the presence of water vapour in the open space. These considerations 
have to be taken into account in any study of the temperature coefficient 
of the dehydration process. 

The experimental work bearing on the above discussion is somewhat 
scanty. The dehydration of copper sulphate pentahydrate has been fairly 
thoroughly investigated. The activation energy from the temperature 
coefficient is 16-18 kcal. (Smith and Topley 1931 ; Bright and Gamer 1934) 
and the heat of dissociation (Carpenter and Jette 1923) is 12*6 koal. The 
difference between these two values, 3-6 kcal., may be real, but on the 
other hand may be due to a decrease in the thickness of layer II with 
rise in temperature. The rates of dehydration calculated from the 
Polanyi-Wigner equation, dr/dt = pNer^i^^^ where N is the number of 
water molecules per sq. cm., are 60-100 times greater than the ex¬ 
perimental rates and this divergence from theory may also be due to 
changes in II with temperature. Water vapour in the open space causes 
a decrease in the rate of dehydration and the rates in the presence of 
water vapour decrease in the manner given by curve 1 in figure 2. 
On the other hand, manganous oxalate bihydrate (Smith and Topley 
193s; Volmer and Seidel 1937) gives curve II with both a minimum 
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and a maximum. It was shown by the latter two authors, by X-ray 
measurements, that the product was amorphous when the dehydration 
was carried out in vacuum and crystalline when carried out in the presence 
of water vapour. The initial fall in rate is probably due to the retarding 
effect of water vapour on the diffusion through a relatively thick transition 
layer II, and the intermediate rise in rate to a decrease in the thickness 
of this layer by crystallization of the product. Unfortunately, in this case 
there are no measurements on the temperature coefficient of the reaction. 

In the present investigation, the dehydration of chrome alum has been 
studied with a view to throwing light on the phenomena occurring at the 
interface between the two solid phases. An earlier investigation (Cooper 
and Gamer 1936) has shown that spherical nuclei are formed, which increase 
in size at a linear rate after an initial induction period, and that the number 
of nuclei formed increases approximately linearly with time. This in¬ 
vestigation has now been extended. 


Pn,o (nun. Hg) 

0 OOOJ 0 002 0*003 0*004 



Ph,o (mm. Hg) 
Figube 2 


The temperature coefficient of the rate of nuclear growth and of the rate 
of penetration of the interface have been determined. This has necessitated 
measur^ents of the self-cooling which occurs when the crystals undei^o 
dehydration, and in the course of this work values have been obtained 
for the heat of dissociation of the alum which have been compared with 
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those derived directly from the temperature coefficient of the dissociation 
pressure. The effects of water vapour on the rate of dehydration have 
also been studied, and it has been shown that in this respect the de¬ 
hydration of chrome alum forms a case intermediate between those of 
copper sulphate pentahydrate and manganous oxalate bihydrate (see 
figure 2), 

Expkbimental 

The apparatus used for observing the nuclei and the measurement of 
nuclear growth is depicted in figure 3 . It consists of a double-walled 
vessel, provided with windows for illumination and observation. That for 
observation consisted of a plane window in the form of a hollow joint B 


B 

D 


ViQXjxm 3 

which waa ground into the double walls of the reaction vessel. The 
dimensions of this were such that the lens of a microscope could be inserted 
nearly as far as the inner wall of the reaction vessel. The crystal was 
suspended at F, and the water liberated on decomposition was removed 
through wide tubing into a U-tube C which waa surrounded by a COg* 
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alcohol mixttuo, A ground joint with a tap D was placed at the bottom 
of the vessel so that at any time air could be admitted to the reaction 
vessel only, and any crystals which fell from the suspension could e^i(y 
be removed* Tube A was for the introduction of a constant vapour pressure 
of water vapour. The crystal was illuminated with a 100 c.p. Pointolite 
lamp shining through a cell containing water, and the crystal was observed 
with a Winkel catbetometer, and, when needed, photographs taken on a 
Zeiss film camera attachment. Water was pum]:)ed between the walls of 
the hollow reaction vessel from a large tank fitted with a heater and a 
refrigerator. Temi^ratures between 0 and iO"" C could be obtained and 
maintained constant to within 0-01° C. The vacuum in the reaction vessel 
was tested from time to time with a McLeod gauge. 

A saturated solution of Kahlbaum’s “Puriss^^ chrome alum was made 
in distilled water and allowed to crystallize in a dust-free air thermostat 
over caustic potash. Crystals were removed from the solution, and then 
immersed for one or two seconds in distilled water to remove the film of 
saturated solution adhering to the crystals. They were then placed in 
contact with a piece of soft filter paper which ensured drying without 
scratching. After this process they were stored over powdered chrome alum 
in a desiccator. 

Nuclei, Two types of nuclei are found (see plate) and these are 
distinguished both by the intensity of the reflected light and by their 
structure under the microscoi>e. The commonest type is slightly pink in 
colour which, as they grow, develop radial cracks, with a star-shaped hole 
in the centre. This is evidently due to a crystallization of the product 
which occurs with a contraction in volume. The second type is considerably 
whiter in colour and does not develop radial cracks. The plate, B, C and D 
shows both t3rpes of nuclei at two different stages of growth. The second 
type of nucleus is obviously unstable compared with the first, since, on 
coming into contact, the second type passes into the first, as is shown 
in C and D. The rate of growth of the unstable nuclei is about one-third 
of that of the common type, and it occurs more frequently on crystals 
dehydrated below 20 ® than at higher temperatures. The colour of the 
unstable nuclei, their slow rate of growth, and occurrence at the lower 
temperatures indicate that they are more microcrystalline than the 
common nuclei, They may consist of a different hydrate but no evidence 
has been obtained which bears on this point. 

Bates of nuchar growth. There were found to be anomalies in the rates 
of growth when ihe nuclei were small. In figure 4 is given a number of 
typical cases of growth on the same crystal face. 1 , 2 , 3 , 4 and 7 represent 
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the increase in nuclear size with time for type I, and 5 and 6 for type U. 
Some nuclei show a period of slow growth in the beginning, e*g. 4 and 7 ; 
others grow uniformly, e.g. 6, and yet others start to grow rapidly at first 
and then slow down, e.g. 1, 2 and 5 . In all cases, however, the rate of 
growth settles down to the same constant value for the same kind of 
nuclei. The initial anomalies must depend on the treatment of the crystal 
surface, since in a large number of cases studied in the earlier investigation 
(Ck)oper and Garner 1936) only one of the above types of behaviour was 



0 12 3 4 


time (hr.) 

Fjgube 4 

found, viz. an initial slow rate of growth. It is possible that the rapid 
initial growth of some nuclei is due to dislocation of the surface due to 
handling. In considering these curves it should not be overlooked that 
the crystal cools as the dehydration proceeds, and the linear rate of growth 
may not set in until a constant temperature has been attained. 

A table of the rates of growth of the nuclei at different temperatures is 
given below. The values given are the averages of approximately ten nuclei 
at each temperature. The temperatures are uncorre.cted for self-cooling. 
Although there is good agreement between the rates of growth for 
different nuclei on the same crystal, the degree of reproducibility fi*om 
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crystal to crj^tal is not very high. The average values have been taken in 
the calculation of the activation energy.(see figure 8). 


Table 1 


Type I Type 11 



Increase 

Average 

Increase 

Average 

Temp. 

in diam. 

radial growth 

in diarn. 

radial growth 


X 10* om./8€>c. 

X 10® cm./soc. 

X 10® cm./soc. 

X 10® om./soo. 

30 

M39 

6-27 

4-51 

2-26 


1033 





0-991 




26 

0-781 

3-68 

2-97 

1-67 


0-739 


8-72 



0*744 





0-683 




20 

0-411 

203 

1-82 

0-892 


0-388 


1*76 



0-422 




16 

'0-221 

MO 

1-07 

0*623 

14 

0-207 

1*03 

1-02 


10 

0-111 

0-664 

0-697 

0-295 


0-682 


Measurement of the rate of decomposition by the loss in weigJd method, 
A crystal of chrome alum was suspended on a silica balance in a double- 
walled vessel similar to that described in figure 3 , and the rate of loss of 
weight followed in a hard vacuum. The surfaces of the crystal were 
thoroughly scratched beforehand in order to speed up the nucleation and 
to ensure that the reaction penetrated the crystal in parallel planes. It 
was found that the reaction came to a standstill when 12 *l“- 12-3 mol. of 
water were lost out of the twenty-four originally attached to the compound, 
K^O^.Cr,(804)3, 24H3O. 

Calculations were made from the loss in weight curve, of the volume of 
undecomposed material present at various times, assuming that 12 mol. 
of water were lost and that the whole of the reaction occurred at the 
interface between the reactant and its product. A curve was constructed, 
At showing the change in the volume of the undecomposed material with 
time. Next, curve B was drawn showing the relationship between depth 
of penetration and the undecomposed volume. The latter was calculated 
from the dimensions of the crystal. The crystals chosen for experiment 
possessed a large and well-formed upper face which was paraUol with the 
surface on which the crystal was grown. Only 111 faces were present and 
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of the eight faces, six lay on the mdes of the ciysta) and two formed the 
top and bottom surfaces. From the geometry of the crystal, its rcdume 
can be calculated from the product of the area of the top face and the 
thickness. Volumes calculated in this way always agreed within 2-3% 
with those derived from the mass and density of the crystal. 

From curves A and B, a graph of the depth of penetration against time 
was constructed. Typical graphs for 30° are shown in figure 6. Straight 
lines are obtained up to about two-thirds of the decomposition, and the 
rate of penetration of the interface is constant. The values for the rates 
of penetration at a number of tem})erature8 are given in table 2. 



FlUtTRE 6 
Table 2 

Temp. ' C . 35 30 26 20 16 

Penetration in om./eeo. 8’64 6'04 4'08 2-22 1'20 

X 10< S-89 685 8 84 2 22 Ml 

In order to check the assumption that the loss of water was confined 
to the interface, the depth of penetration was measured in two cases by 
breaking a partially dehydrated crystal and measuring the depth under a 
microscope. It was not possible to do this very tM^ourately on account of 
the nature of the fracture. The rates determined by this metliod at 35 
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and 30*^0 were 7*8 and 6*9 x 10*^ om./seo. respectively. These were 
sufficiently near the values obtained in table 2 to warrant the assumption 
made* 

The values for the rate of penetration of the interface are a little greater 
than those obtained for the linear growth of the nuclei (table 1), but the 
temperature coefficient is the same in the two cases (see figure 8). 

The fact that the rate of penetration is independent of the depth is of 
some interest. In the instance of copper sulphate, both Garner and 
Tanner (1930) and Smith and Topley (1931) found that the rate of pene¬ 
tration falls off with the extent of penetration. This the latter two authors 
ascribe to an ‘‘impedance ” to the escape of water vapour from the interface 
and to the establishment of a pressure gradient in the product between the 
interface and the surrounding space. The existence of this pressure 
gradient is regarded as being responsible for a reduction in the rate of 
reaction as the thickness of the product increases. The absence of any 
retardation of the reaction due to the thickness of the suj)erimposed 
product in the dehydration of chrome alum speaks for the absence of 

impedance” to the loss of water, and for a loosely packed and somewhat 
coarsely crystalline product. The absence of impedance is also confirmed 
by the close correspondence between the rate of spread of the reaction on 
the surface and the rate of })enetration into the crystal. This argument 
would, however, be invalidated were it not shown later that the tem¬ 
perature of the interface remained constant during the period for which 
the constant rate of penetration was measured (see later). 

Self cooling of tft^ cry^taU, In order to be able to calculate the activation 
energies of these processes, it is necessary to know accurately the tem¬ 
perature of the crystals during the dehydration in hard vacuum. This was 
measured experimentally in the apparatus shown in figure 6. Two crystals, 
about 1J-2 cm. broad, corresponding as closely as possible in shape, were 
cemented on to a thin copper-constantan thermocouple, i), by means of 
durofix. The length of each thennocouple lead immersed in the crystals 
was approximately 4-6 cm. The changes in temperature of the crystals 
during the dehydration were measured by means of a Moll galvanometer. 
By scratching the crystals beforehand, it was ensured that the reaction 
penetrated the crystals in parallel planes and the* durofix prevented 
dehydration between the two crystals. Since from table 2 the rate of 
penetration was known, it was possible to correlate the temperature of the 
crystal at any time with the area of interface and with a known rate of 
reaction^ 

It was shown that the amount of self-cooling remained constant for 




a oonsiderable fraction of dfiCoixi^pQ^^ ttnil, in fact/itin^ 
neady constant than could be aocoiutted Ibr in view of the decreasiiig iMa 
of interface. The conclusion was reached that this was due to the pro^jpt 
being a poor conductor of heat, so that although the amount of heat 
liberated decreases with time, this was balanced by a decreased loss of 
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energy from the surface of the crystal. Table 3 shows the average values 
for self-cooling. From these values, and assuming that Wien’s Law holds, 
it is possible to calculate the heat of reaction. The equation which applies 
is Add » KAq{T\ - TJ), where dg is the original area from which radiaiiaa 
occurs, and d is the interfadal area at any fame. In the initial sts^^- 
dp «> d. A is the heat of crystallisa^on per g., d is the rate of 
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g, per 066^1^ K is Pl&nok's oonstaxit. T^heatapergnun nul. 

were oaloulated for the initial sta.geB of the roaotion only, when the interfaioe 
was situated very close to the crystal suifaoe. This mininuzed any error 
due to the poor conductivity of the product. 

Tabi^b 3 

Themlofltat temp., ” C S6 30 26 20 16 10 

Cooling 11-8 8-8 6-2 4-1 2-3 (1-8)* 

* Extrapolated. 

TablB 4 

Temp., ” C 36 SO 26 20 16 

Heat per g. mol., cal. 11,080 11,690 10,260 9632 0443 

The heats of reaction so calculated decrease steadily with decrease in 
temperature and this decrease is probably real, for even if black-body 
conditions be not strictly applicable the constant K should not vary 
appreciably with temperature. The fall in the heat of reaction with decrease 
in temperature indicates that the product becomes more amorphous in 
character the lower the temperature. This is in accord with the changes 
in the microscopical appearance of the nuclei over the above range of 
temperatures. In connexion with the above experiments, the specific heat 
of chrome alum has been determined at room temperature and found to 
be 0*274 cal./g. 

In order to determine how closely the above values agreed with the heat 
of reaction obtainable from the temperature coefficient of the dissociation 
pressures, a single crystal was suspended in the apparatus shown in figure 7, 
and dehydrated so as to give a thin film of product on the surface. Con¬ 
ditions were chosen so as closely to approach those employed in the 
determination of self-cooling. Starting at 20° C, the dissociation pressure 
was measured on the manometer over a range of temperatures. Care was 
taken that at no time was the crystal subjected to water vapour pressures 
greater than the dissociation pressure. If this were exceeded by no more 
than a millimetre, the approach to equilibrium was exceedingly slow, and 
equilibrium could not be attained in several days. Equilibrium could only 
be approached with certainty from below. The following values were 
obtained for the dissociation pressures: 

Tablb 6 

®wiq)„ “C 20 26 30 86 

FraiMoie^ 9*83 13*80 17-77 24-41 

Vrtl. J 74. A. 


3* 
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from which Q « 10,030 eaL/moL This is in fairly close agreement with 
the average values of table 4, showing that Planck’s constant can be 
successfully applied to this case. 

The lack of reversibility in the dissociation equilibrium has not been 
exhaustively investigated although it is an important matter for study. 
The dissociation pressure will obviously depend on the state of aggregation 
of the product, and possibly on the direction of the approach to equilibrium 
or pseudo-equilibrium. 



Fioubk 8. O Rates of growth of nuclei. A Rate of penetration. 

Activation energy of the dehydration procesaea. After correction of the 
temperatures of the crystals for self-cooling, figure 8 was constructed by 
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plotting log rates of reaction against IjT. These gave straight lines from 
which the following activation energies were obtained. The first two values 

Penetration Rato of growth Rate of growth 
of the of nuclei of of nuclei of 

crystal type I type II 

31,240 30,780 28,500 cal. 

which refer to the prbduction of the same crystalline product should give 
the same activation energies, which is the cose within experimental error. 
The divergence is greater for the nuclei of the second type, but here the 
experimental error is greater and possibly the value obtained is, within 
the experimental error, the same as for the other two values. 

These activation energies are very high for processes occurring at such 
low temperatures. 

Effects of water vapour on the velocity of dehydration. The velocity of 
growth of the nuclei (type I) was measured in the apparatus shown in 
figure 1. The crystals were heated in a hard vacuum with the thermostat 
at 20® C, until the nuclei formed were sufficiently large to be measured 
accurately. They were then exposed to the action of water vapour. A reser¬ 
voir of distilled water kept at constant temperature served as a source 
of water vapour and the vapour pressures employed ranged from 0*008 
to 8 mm. The experimental results are shown in figure 9 and table 6, from 
which it will be observed that the rate of growth at first increases as the 
pressure increases, reaches a maximum and then falls to zero as 8 mm. 
is approached. 


Table 6 


mm. H,0 

91 

7*76 

6*56 

5*60 

4*55 

3*0 

1*95 

1*56 

Radial growth 

0*0 

0*167 

0*041 

0*290 

0*643 

0*978 

1*86 

1*51 

X 10* om./s6o. 


0*0 







mm. H,0 

1*24 

0*78 

0*48 

0*29 

0*096 

0*030 

0*008 

0 

Radial growth 

1-88 

2*28 

2*38 

2*63 

2 32 

2*03 

1*94 

2*21 

X 10® cm./seo. 


2*29 

2*43 

2*45 

2*42 

— 

— 

2*05 



2*08 

— 

— 

— 


— 

1*94 


In order to test whether the initial rise in the rate of growth was due 
to a modification of the temperature of the crystal caused by the intro¬ 
duction of water vapour, measurements of self-cooling were made at a 
number of water vapour pressures. This was done in the apparatus shown 
in %ure 6. After the crystals, undergoing dehydration in a hard vacuum, 


32 -a 
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had attained a constant self-cooling, water vapour was introduced and a 
new value for the self-cooling determined. Equilibrium was obtained 
within a few minutes. The water vapour was then removed and the self- 
cooling for hard vacuum determined. No difficulty was experienced in 
obtaining reproducibility. The following values for the self-cooling, with 
the thermostat temperature at 20® C, were obtained: 

Pregsxire inm. 6-50 4*65 3 0 1*95 1*24 0-776 0-475 0-285 0-00 
Self-cooling, ° C 0-5 1-1 1-86 2-4 2*9 3-3 3-8 3-9 4*1 



preaHure water vapour 
Fioube 9 

For water vapour pressures below O-S mm., the self-cooling was veiy 
nearly that occurring in a hard vacuum, and since the maTimuTn in 
figure 9 occurs at about 0’3 mm., it is clear that the maximum oaimot be 
a secondary effect due to self-cooling. 

The values recorded in figure 9 suffer from the disadvantage that, 
although in all cases the thermostat temperature was 20°, the actual 
temperature of the crystal was 15-9° in a hard vacuum and increases as 
the water vapour pressure is increased. It is possible to convert the rates 
of growth to those appertaining to 20° C if it be assumed that the activation 
energy in the presence of water vapour be the same as that in hard vacuum. 
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This calculation has been made in order to determine the efiect on the 
curves recorded in figure 9 . No essential difference was found so that the 
curves are not recorded. 

A few measurements were carried out at 26 '* C, to determine if the 
maximum persisted at this temperature. The results are shown below: 

mm.H,0 13-30 1-96 0-776 0-286 0 

Radial gi’owth x 10® 0 2*76 8*06 3*02 3*92 

The maximum is even more marked at 26 than at 20 ' C. The character 
of the nuclear growth was found to be markedly affected by water vapour. 
In plate 1 are shown photographs of nuclei observed at 0-78 mm. HgO (E) 
and at 1*95 mm. HjO (F). At the lower vapour pressure the nuclei are 
scalloped, each scallop being contained between two radial cracks. At the 
higher pressure, the growth is very compact and structureless. The centre 
portions of the nuclei in F were grown in a hard vacuum and only the outer 
rim at a vapour pressure of 1*96 mm. 

Dtscussion 

The rate of dehydration of crystals of chrome alum is not appreciably 
affected by the thickness of the superjwsed layer of the j^roduct. This 
means that the rate of flow through layer III, figure 1, is much faster than 
that of the liberation of water at the transition layer. Since the heat of 
dissociation is 10 kcah, and since the activation energy for the whole 
])rooe8s is of the order of 31 kcah, it is clear that diffusion across layer III 
should have but a slight effect on the rate, 

It has been shown that the dehydration occurs to a preponderating ex tent 
in the transition layer and that the final product has a composition, 
K2S04.Cr5i(S04)s, I2H2O. There is, however, a recrystallkation of the 
product after the water is lost, as is shown by the shrinkage which occurs 
in the nuclei (plate 1). The self-cooling'’ has been measured and the 
results have been shown to be consistent with the view that chrome alum 
behaves as a black-body. Smith and Topley (1931) assumed that this was 
the case in correcting their results with copper sulphate pentahydrate for 
''self-cooling”. The heats of dissociation can be calculated from the self- 
cooling assuming black-body radiation, and it is shown that the heat of 
dissociation increases with rise in temperature. This may be taken to mean 
that the extent to which the collapsed lattice undergoes crystallisation 
increases with rise in temperature, which view is supported by the micro¬ 
scopical observations. 
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The activation energy for nuclear growth on the surface of crystala of 
chrome alum, and the rate of penetration of the interface into the body of 
the crystal is of the order of 31 kcal. This is considerably greater than that 
of the heat dissociation, viz. 10 kcal. The activation energy is abnormally 
high for a reaction occurring in the neighbourhood of room temperature. 
As a general rule, solid reactions with an activation energy > 20 kcal. are 
very slow at room temperature. Normally, the Polanyi-Wigner equation, 
drldt “ is obeyed within one or two powers of ten for exothermic 

and endothermic solid reactions. When applied to the dehydration of 
chrome alum, using the experimental value of i? = 31 kcal., the calculated 
value of is 1*2 x 10*®, which is 10^* times greater than the normal fre¬ 
quency of activation. The dehydration of copj>er sulphate pentahydrate 
is approximately normal, but there are other abnormal cases of hydrate 
decomposition where the Polanyi-Wigner equation gives too high a value 
for the frequency of activation, notably the dissociation of calcium 
carbonate hexahydrato (Hume and Topley 1928) where the discrepancy 
is 10*®. Hume and Colvin (1929) also obtain a high value of — 40 kcal. 
for the dissociation of potassium oxalate hemihydrate for which the above 
equation also gives too high a value for v. In the light of the model 
(figure 1), it will be seen that such high activation energies are probably 
to be explained as due to efifects of temperature on the transition layer. 
Since there is no evidence from figure 8 that E changes with temperature, 
the effect in question is possibly a decrease in the thickness of the transition 
layer with increase in temperature. 

The effect of the thickness of the transition layer can be visualized os 
follows. If there be “ imt>edance ” to the flow of water through the ooUapsed 
lattice of the transition layer, II, then in the molecular layers adjacent to 
the lattice of the reactant, water molecules will be present in concentrations 
which will vary with the temperature. If be the fraction of spaces in 
the collapsed lattice unoccupied by water molecules, then the rate of 
dehydration will be drjdt == where N is the number of water 

molecules per cm.* of the original lattice. Since x has a temperature 
coefficient, calculation of the activation energy from the temperature 
coefficient of the rate of growth of nuclei will give a value which may be 
considerably greater than E. 

As far as the effects of water vapour ore concerned, chrome alum 
behaves in an intermediate fashion to copper sulphate pentahydrate and 
manganous oxalate bihydrate. 'Diere is no minimum on the rate- 
vapour pressure curve, only a maximum. This maximum at low vapour 
pressures is to be explained as due to a decrease in the thickness of the 
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transition layer II as a consequence of the catalysis of the crystallization 
of the product, and the fall after the maximum to an increasing concen¬ 
tration of water vapour molecules in the transition layer which causes a 
reversal of the reaction. It would appear that the form taken by the rate- 
vapour pressure curves depends in a complex fashion on the properties of 
the collapsed lattice in the transition layer and on its rate of crystallization. 
This affects the temperature coefficient of the reaction and if the proi)erties 
of the transition layer change appreciably with temperature, there may 
occur anomalously high temperature coefficients. 

One of us (J. A. C.) wishes to express his indebtedness to the Department 
of Scientific and Industrial Research for a maintenance grant. The authors 
are also grateful to Imperial Chemical Industries Ltd. and to the Colston 
Research Society for grants for the purchase of apparatus. 


Summary 

Measurements have been made of the rate of growth of dehydration 
nuclei over the 111 surfaces of crystals of chrome alum for a range of 
temperatures. These rates have been compared with the rates of penetration 
into the crystal. The self-cooling of the crystals has been measured and 
the heat of dissociation calculated both from the self-cooling and the 
temperature coefficient of the dissociation pressure. The heat of dis¬ 
sociation, 10 kcal., is much less than the calculated activation energy for 
the dehydration, viz. 31 kcal. An explanation is advanced for the ab¬ 
normally high activation energy. 

It is shown that small pressures of water vapour cause an acceleration 
of the rate of dehydration. 
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The repulsive forces between isotopic molecules 

By R. P. Bell 

(Communicated by C. K Hinshelwoody F.R.S.—Received 2 August 1939) 

It is xisually assumed that the forces of attraction and repulsion between 
two molecules depend only on their electronic structures and are independent 
of the nuclear masses. While this assumption is undoubtedly true to a first 
approximation it fails to take into account the zero-point energy associated 
with the nuclear vibrations, which will modify the charge distribution both 
of the nuclei and of the electronic shells. Since the zero-point energy depends 
upon the nuclear mass, this may lead to differences between the behaviour 
of a pair of isotopic molecules such as and Dg. If the restoring force of 
the nuclear vibration is not directly proportional to the displa cement of the 
nuclei from their mean position, then the mean intemuclear distance will be 
different for the two isotopes. The magnitude of this anharmonic effect can 
be calculated from spectrum data, and it is found that for and 1)2 the 
difference is less than cm., and hence negligible. However, the energy 
of interaction of two molecules will not be a linear function of the inter- 
nucloar distance within the molecules, so that even for harmonic oscillations 
the observed interaction will depend upon the magnitude of the zero-point 
energy. Both the attractive and the repulsive intermolecular forces will bo 
affected in this way, but it is difficult to treat the former owing to the absence 
of any exact treatment of exchange forces between molecules. The problem 
is more easily attacked in the case of the Coulomb forces (which have a net 
repulsive effect), and the present paper constitutes an attempt to estimate 
the isotope effect for this type of fortje. 

It will be necessary to neglect the mutual deformation of the charge 
distributions caused by the approach of the two molecules. This assumption 
is usually made in dealing with Coulomb forces, and it is unlikely to introduce 
serious error in calculating the isotopic difference. The total Coulomb inter¬ 
action between two molecules can then be written as 

0^0^+Q^^Q,, ( 1 ) 

where 0^ is the interaction between the nuclei of the two moleoulee, the 
interaction between the nuclei of one molecule and the electron shell of the 
other, and 0^ the interaction between the two electron shells. The principleB 
involved are most easily seen by oonsidwing for two diatomic molecules. 

t 60* 3 
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On the assumption that all directions of approach are equally probable, if 
the zero-point energy is neglected the nuclear charge may be regarded as 
being distributed over an infinitely thin spherical shell of diameter equal tf) 
the internuclear distance rg. If Ze is the total nuclear charge for one molecule 
and R the distance between the centres of mass of the two molecules, then 
provided that R > rg, is given by 


G 


n 


R * 


( 2 ) 


If, on the other hand, we take into account the zero-point energy, the thin 
spherical sheU must be replaced by a spherical charge distribution which has 
its maximum charge density at r = Jrg and which falls away on either side 
of this in accordance with the law 

( 3 ) 

where b = is the amplitude of a classical harmonic oscillation of 

energy \hv. The value of is then obtained by calculating the interaction 
between two such distributions when their centres are distant R apart. 
Without carrying out the calculation it is readily seen that for values of R 
which occur in practice 0 ^^ will differ negligibly from the value given by 
equation (1), since it is only the overlapping portions of the charge distribu¬ 
tions which will lead to such diflerences. Thus for a hydrogen moiecmle 
rg 0-75 A, b = 0*09 A, and the charge density at a distance of 1 A from 
the centre has fallen to 10 of its maximum value. 

The same principles apply to the interactions involving the electrons, 
though in this case the effects are much greater. The ordinary electronic 
wave functions represent the probability distribution of the electrons for 
fixed nuclei, and we must superimpose upon this a second probability distri¬ 
bution corresponding to the zero-point energy of the nuclei. Thus the com¬ 
plete wave function (supposed real) for the electrons of one diatomic mole¬ 
cule can be written where r, represents spatial co-ordinates 

referred to the centre of mass and 0:^ is a co-ordinate for the nuclear vibration. 
The interaction between the electron shells of two such molecules is then 
given by 

Og = Z, Z,e* f-i fX^JfldT^dr^dxidxt, (4) 

where the integrationa with respect to r, and r, are over all space, and those 
with respect to a;, and from - cx> to + oo. In the same way the interaction 
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between the nuclei of molecules (1) and the electron shell of molecule (2) is 
given (for not too small intermolecular distances) by 

( 6 ) 

where we neglect as before the effect of the zero-point energy on the charge 
distribution of the nuclei themselves, but allow for its effect on the electron 
shells. The usual expressions for the Coulomb interaction correspond to 
equations ( 4 ) and ( 5 ) without integration over and 

An exact evaluation of the expressions for and is not possible even 
for the simplest diatomic molecu le, since we have no knowledge of the exact 
electron distribution or of its dependence upon the nuclear separation. We 
can, however, carry out the calculation for a simple model, which should be 
adequate to estimate the difference between pairs of isotopes. This model 
consists of a i)oint positive charge Ze surrounded by a spherical distribution 
of negative electricity of equal charge represented by a hydrogen-like wave 
function. The effect of the zero-point energy is introduced by supposing that 
the radius of maximum electron density (which is determined by the effective 
nuclear charge Z') is not fixed, but that its distribution about a mean value 
is described by the wave function of a harmonic oscillator. The total wave 
function can then be written as where 

■ wl 

Z[ * + ^o®i/®o)> 

Z'o = mean effective nuclear charge, 
b » classical amplitude of zero-point energy, 

Uq * radius of Bohr orbit for hydrogen * 0*620 A. 

The interaction between two molecules thus represented can be evaluated 
as an expansion in powers of Zq^/Oq. It is first necessary to calculate the 
Coulomb interaction 0^ between two spherical distributions with fixed 
effective nuclear charges Z, and Z^; this is equivalent to integrating first 
with respect to r, and r, in equations (4) and (6). We have 



(’) 
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where R is the distance between the centres of the two distributions. This 
can be evaluated by the usual methods, using confocal elliptic co-ordinates, 
and gives after reduction 

Go = ^ 3 ^- 1 - A)® [ 3(1 + A)» (1 - A) - (1 - A)« - 2 J(H- A)« 

+ ZA(\- A*)* - yl( 1 - A)*] - -I- A») [ 3 (H- A) (1 - A)* 

-(l-t-A)»- 2 ^(l-A)‘ + 3 yI{l-A»)®-yl(l + A)‘jj, ( 8 ) 

where A = ~(Z[ + Z'^). 

za© 

The observed value of O is then given by 

G=r f Oo^UXi)^l(x^)dx^dx^. (9) 

J — 00 J — OP 

For present purposes we can expand in powers of A, giving 


72g2e-*/i 

- Aa(|.l + Jgt/l* - -h iA* + i^A^) + 0(A‘)}. ( 10 ) 

Equation (9) is then expanded in powers of Eix/o^, noting that only even 
powers in the integrand contribute to 0. Writing /I® = RZo/Og we obtain 


G 


j22e2e-£/. r+« r+«| 

' nRb^ J-« J-» I 

- ^ (4 + 4) (i^o + IMS - UAl + ^At+ 

+ j e-<*i*+*.*V6* dxidxo 


(H) 


We shall now use equation ( 11 ) to estimate the isotope effect for the 
Ttiolemdaw Hg and Dj, where Z = 2 . The equations given by Lennard-Jones 
( 1931 ) for the repulsion between two hydrogen molecules are fitted fairly 
well for R «* 2-3 A if we put 6 = 0 and =■ 0-97 in equation (11). The 
vibrational spectrum of hydrogen gives 6(113) ~ 0-090 A and 6(03) ~ 0‘076A, 
so that it is clear that further terms in equation ( 11 ) are negligible. Table 1 
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gives some approximate values calculated from equation (11). AO in the 
difference between the repulsive energies for the two isotopes (the value for 
hydrogen being the greater), AR is the difference between the distance at 
which the energies of repulsion are the same for the two isotopes, and T is the 
temperature at which ^(Hg) = kT, 




Table 1 



R 


AQ 

AE 

T 

cm. X 10* 

ergs X 10^^ 

ergs X 10'* 

cm, X 10* 


2*26 

2M 

0-34 

0007 

1640 

2-50 

10*1 

0*33 

0009 

740 

2*75 

6-4 

026 

0012 

390 

300 

2-5 

0-39 

0017 

180 

3-26 

100 

OIZ 

0026 

73 

3-50 

0-30 

0-08 

0-048 

22 


The isot/Ofiic differences are thus appreciable, being 2-25 % in 0 and 
0*^1 '4 % in R in the range investigated. In view of the crudeness of the 
model it is not claimed that these calculations can do more than indicate the 
order of magnitude of the isotope effect, but they do suggest that such an 
effect would be detectable by experiment. The most probable means of de¬ 
tecting it would be by measurements of the second viiial coefficients of 
hydrogen and deuterium. It should, however, be remembered that there are 
two other factors which will contribute to an isotopic difference in the viriai 
coefficients. In the first place the exchange forces between the molecules 
will be effected by the zero-point energy of the nuclei in the same way as the 
repulsive forces. In the second place it is strictly necessary to use quantum 
theory in deriving the equation of state of a gas from the intermolecular 
forces, and hence for light molecules there will be some dependence on the 
mass even when the forces of attraction and repulsion are identical. The first 
effect could be largely eliminated by making measurements at fairly high 
temperatures, whore the attractive forces become relatively less important. 
On the other hand, calculation appears to show (Uhlenbeok and Beth 1936; 
De Boer and Michels 1938) that the quantum effect will lead to isotopic 
differences which are at all temperatures considerably greater than those 
due to the difference in repulsive fields. The only measurements for Hj and 
at present available (Schaefer 1937, 1938) are in the range 23 - 45 ® K. 
It is possible that measurements for Hj, Dj and HD over a range of tempera¬ 
tures would make it iK>ssible to disentangle the various effects. 
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SXTMMARY 

It is pointed out that the charge distribution in a diatomic molecule will 
be a function of the zero'point energy of the nuclear vibration, and hence 
that the forces of attraction and repulsion between two such molecules will 
depend upon the nuclear masses. In the case of the Coulomb repulsion the 
magnitude of this effect is estimated by the quantitative treatment of a 
simple model. Calculated numerical data are given which indicate that this 
effect of the nuclear mass should lead to a measurable difference between the 
second virial coefficients of hydrogen and deuterium, though there are 
several other factors which would also contribute to the observed difference. 
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On the statistical method in nuclear theory 

By K. Fttchs 

Carnegie Research Fellow^ University of Edinburgh 
{Communicaied by M. BorUy FM, 8 ,—Received 2 November 1939 ) 

1. Introduction 

The calculation of the energies of heavy nuclei presents a many-body 
problem with a very large number of particles. For the treatment of this 
problem the statistical method seems to be indispensable. 

But the statistical method, as applied hitherto in nuclear physics, has 
some serious drawbacks. It proceeds from the Hartree approximation, each 
particle being supposed to move in the average field of the other particles. 
With this approximation the total wave function can be represented by a 
determinant of independent wave functions. The calculation of the energy 
then leads to expressions containing the wave functions only in the form of 
densities or mixed densities 

Pkr) - (M) 

i 

where the summation extends over all independent wave functions. 
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In nuclear physics it is not permissible to replace the actual field by the 
average field and the objections against this method are well known (of. 
Bethe and Bacher 1936, p. 150 ). 

But the assumption of independent wave functions is not essential for a 
statistical treatment. In this paper I shall develop the general theory of a 
statistical method without making use of any such assumption. This is 
possible by a generalization of the determinantal expression of the total 
wave function, which leads to a generalization of the density functions. 
Expressions for the energy due to various types of nuclear forces are derived. 


2. The kuolbar forces 

In the meson theory of nuclear forces the neutron and the proton are 
regarded as two states of the same particle. This is done by introducing a 
new variable, the ‘‘particle variable’*, which can have two values corre- 
spending to the neutron and the proton state. The ‘ ‘ partide wave function ’ ’ 
has therefore two components, similar to the spin function. 

Lot n(i) and p(i) be the particle functions representing a pure neutron or 
pure proton state respectively of the ith particle. They are the proper 
functions of the neutron and proton operator and such that 

PtP(i)^p{i), Nip{i)^0, I 

P<n(t) = 0, N^nii) *= »(»)./ 

n(t) and p(i) are mutually orthogonal and normalized. They may be repre¬ 
sented by the matrices 



Introduce the operators V{ and which change a neutron into a proton 
and vice versa 

Vtp{i) =■ n(i), W;p(i) = 0, 1 

TJn(i) = 0, «= !>(»)•] 

The matrix representation of these operators is obviously 

y‘-(i :)■ :)• 


( 2 * 2 ) 
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The exchange operators can now be defined as 

( 2 - 3 ) 

With (2*2) the effect of these operators is 

Uikp{i)Mfc) = n(i)p{k), \ 

Ui^n{i)n(k) == Un,n{i)p{k) = U^j,p(i)p(k) = 0.1 

Thus exchanges the ith and kth particle, if the former is a proton and 
the latter a neutron. The total exchange operator, exchanging the two 
particles, if they are unlike particles, is 
Further define the spin operator 

where a is the Pauli spin vector. It can easily be verified that 
8^f,at(i)a(k) = cc(i)(x(k), 8ij,fi{i)a{k) == ot(i)^(k)A 

8,Mi)m ^ fi(i)a(k), 8,Mm = mm-f 

The operator can therefore be regarded as exchanging the spin co* 
ordinates of the ith and kth particle. Here a and y? are the two spin functions 
representing upward and downward spin. 

With the help of these o}>erators the potentials corresponding to the 
Majorana, Heisenberg, Bartlett and Wigner forces can be defined: 


Hifg = JHUk)(^ik^^ki)> 

= d^(rik)8ije7 

W,, ^ J-M 

It will be noted that the Majorana operator exchanges particle and spin 
co-ordinates, whereas the Heisenberg operator exchanges the spin co¬ 
ordinates only. In the original definition the Majorana operator exchanges 
the spatial co-ordinates only, and the Heisenberg operator the spatial and 
spin co-ordinates. This of course amounts to practically the same. But in 
the original definition it must be stated expressly that the operator oi>erates 
only between unlike particles, whereas with the definition ( 2 * 7 ) this is 
automatically the case. In any case, the operator “exchange of co-ordinates ’' 
is so abstract that it seems preferable to reduce it to simpler operators arising 
naturally from the meson theory. 
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The forces between like particles axe only of the Bartlett and Wigner type, 
operating indiscriminately between neutrons and protons. But if the 
neutral meson exists, there should also be forces acting between two like 
particles, but not between neutrons and protons. Such a potential may be 
represented by the operators 

^ik — ^ik ^i^k> | (2^S) 

La - Arik)(Pik + Nal N,, - N,nJ 

These forces correspond to Bartlett and Wigner forces, operating only 
between like particles. 


3. ThK wave KITNCTION 


Consider now a nucleus with a total number A of particles. Let v, fi be the 
numbers of neutrons with spin a, /? respectively and /c, A the corresponding 
numbers of protons. Assuming that the spin and particle functions can be 
separated, we might take the total wave function as a product of the in¬ 
dividual spin and particle functions multiplied into a general spatial function 

0(1,2, >^+l, + ..,,A)n(l)a{l )... 

1)A(^'+1) l)a(>^ + /^+ 1)-. 

AT-f l)/?(i/+/4 + /c+ 1).... (3*1) 

But we must ensure that the total wave function is antisymmetric in the 
co-ordinates of all particles. This can be done by summing (3*1) over all 
possible permutations, adding a -I- or — sign according as the permutation 
is even or odd. This summation can again be written in the form of a deter¬ 
minant. The simplest way of doing so is by means of the symbolic method. 
We split the wave function symbolically into a number of factors: 

+ /c-h 1).... (3-2) 


Hero each factor by itself has no meaning. Only the total product is defined 
by (3»2); the single factors are only symbolic quantities introduced for the 
purpose of abbreviated notation. 

With this notation the total wave function may be written in the form 



j4i(l)n(l)a(l) ... c>^(l)p{l)^(l) 

UA)n(A)oi(A) ... (a^(A)p(A)P(A) 


(3-3) 
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where the tth row contains the following elements: 

<pi(i) n{i) oc.{i), 

n(i) a{i) . ^,(i) n(i) 0 L(i), 

Xi(^) Pii) “(»). -• Xr(*) 'P(i) a(i). 

(Oi(i) p(i)/t{i ),.... w^(t) p{i)fi(i). 

Taking for example the diagonal term in the determinant and substituting 
for the product of wave functions according to {3'2) the term (3* 1) is obtained. 
The other terms in the determinant obviously give all the f>ermutations of 
this diagonal term. 

For shortness I shall assume the language of independent wave functions, 
wherever convenient. Thus I shall say that in the U^rm (3-1) the first particle 
is in the first neutron state with spin a or the first na-state, etc. 

It is clear that the wave function 0 cannot be symmetric in the co¬ 
ordinates of two particles of the same type—say two neutrons with spin a 
for then the total wave function would vanish identically. But it can be 
symmetric in the co-ordinates of two particles of different types. 

The wave function is norm alibied so that 

j^*mT=i, ( 3 - 4 ) 

where the integration includes summation over all spin and particle variables. 

Since the total wave function (3*3) is now of the same form as in the 
independent particle picture, we might simply take over the equations 
derived in that picture, and substitute for the density functions the general¬ 
ized expressions. Indeed, apart from a complication to be mentioned pre¬ 
sently, this would give the correct results. However, in order to obtain the 
correct generalization of the density functions, it is necessary to go more 
closely into the calculation. Furthermore, as far as I am aware, no calcula¬ 
tions have been made taking into account separately the two spin directions. 
Such calculation seems desirable in order to obtain the energies of nuclei 
with uneven numbers of neutrons and protons. This calculation might be 
expected to be rather tedious. However, by another application of the 
symbolic method it can be greatly reduced. 

The complication mentioned above arises from the orthogonality rela¬ 
tions. In the indei)endent particle picture we have the relations 

= if i^k, (3-6) 
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and similar relations for the other functions. With the generalized wave 
function (3*1) these relations are not in general correct, but constitute a 
specialization of the problem. In the form (3»5) of course they are only 
symbolic equations; their real meaning is obviously 



0. (3'6) 


Here 0* is any term in the development of the determinant (3*3) and 0 any 
other term, such that the ith particle is in two different Tia-states (indicated 
by the two crosses). The expression (3*6) is a measure of the exchange 
probability between the two wa-states. Owing to the saturation effect tliis 
probability will bo small for two states of the same type. I shall therefore 
assume that the orthogonality relations are satisfied; the generalization to 
the case for which this is not so can be made without much difficulty. 

From (3*6) together with the orthogonality relations for the spin and 
particle functions it follows that in the normalizing integral (3*4) only 
square terms contribute. These all give the same contribution. Therefore 
(3*4) can be reduced to 

« 1. (3-7) 


For later use I shall now develop the determinant (3-3) with respect to 
the first two rows. In order to avoid the collection of too many indices it is 
convenient to introduce the indices n, m, p, q referring respectively to 
na-, nfi-, pa, p/?-Bta^. Denote by the subdeterminant obtained by 
omitting the first two rows, the ith na-column and the jth »yff-column. The 
subdeterminant is to be taken with its proper sign so that 


- -DJJ". (8-8) 

The other subdeterminants will be denoted correspondingly by 
etc.; if the upper and lower indices are both equal, I define 


D?/* = 0. (3‘9) 

Applying the symbolic method again, the subdeterminants can be split 
into two factors 

Dff - d^df. (3-10) 

In view of the antisymmetry of the subdeterminants, the d anticommute 

d'tdf » (8-11) 
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With the help of these 83 rmbolic quantities, the desired expansion of the 
deteminant (3-3) can be written down in ihe form 

'F^~F(1)F(2), (3-12) 

J(l) = n(l)(a(I) i Ul)d^+fi(l) i f<(l)drl 

I i-1 i-l I 

+P(l)(a(l) i A:i(l)d? + /?(1) S o>i{l)di\ . (3-13) 

I i-i ; 

I^et UB consider now some integrals over the products of two subdeter¬ 
minants. In view of the orthogonality relations most of these vanish; thus 

jDtrDtl‘dT^,=jdrdf’^dtdfdT^^ = 0, unless (3-14) 

Here the integration extends over all co-ordinates except those of the 
first and second particle. Also , 

== unless (3*16) 

and corresponding integrals for the other combinations of upper indices. 
All products of four d-factors, which do not also contain along with every d 
the corresponding d*, give vanishing integrals. For example, 

= 0. (3-16) 


4. The gknebauzed densities 

In this section I shall consider those integrals over products of two sub- 
determinants which do not vanish. They lead to the generalized densities. 
In order to define these I introduce first auxiliary densities 



x0(l,2,...)dT,y. (41) 

Here the indices i, j indicate the tth na-state and the jth nfi~sta,te. The 
integration extends over the co-ordinates of all particles except those of 
the particles in these two states. 

1,2) is the average probability of finding a particle in the »th 
na-state at the point 1 and a particle in the jth n/9-state at the point 2. 
f^(l, 2; 2,1) is the corresponding exchange probability. Summation over 
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all rea-states and »/?-8tates gives the probability or exchange probability 
respectively for a particle in any na-state at the point 1 and a particle in 
any n/?-state at the point 2. These I define as the generalized densities 

^"“( 1 , 2 ; 1 , 2 )= i 1 , 2 ). 

. (4-2) 

^'"»(],2;2,1)= i i//ni,2;2,3). 

The densities for all other upper indices are defined corresj^ondingly. 
(In the case of equal indices we have to add the definition= 0.) 

Integrating once more the average density of neutrons with spin a 
multiplied into the number /i of neutrons with spin ^ is obtained, 


But for equal indices 


1, 2; J, 2) rfTjs = /ipj 1). 

S 

l,2)dT2 = (r-l)p„(l). 


This is a consequence of the Pauli principle, since in the summation over 
the auxiliary densities the summation for the second particle excludes the 
state in which the first particle is « 0), 

Consider now the integral (3*16) for the case i ^ k,j In view of the 
orthogonality relations only square terms contribute, and these give the 
auxiliary densityif multiplied with the missing wave functions of the 
first and second particle. Summation over all i and^’ yields the densities 

L f^ (1) inru i) n^) =p"’"( i. 2; i, 2),' 

^ ‘ ' . (4-6) 

= p'-(l,2: 2.1). 

In view of (3-16) these expressions can also be written as fourfold sums: 

J S 1) rf?" S ^t{2) ) dt S m)drdr,t = 2; 1,2),' 

(4-6) 

I therefore define the symbolic quantities 
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Here indicates that we are dealing only with a symbolic integration, 
which has a meaning only if four such integrals are multiplied, giv ing to¬ 
gether one integral over dr^^. With (4-7), (4-6) reduces to the simple equation 

p*"(l)(0*’'‘(2)p”(l)/>™(2) = 1,2)A 

\ (4-R) 

p*"{l)/>*"‘(2)p«(2)p’"(i) = P""*!!, 2; 2, l).l 

Corresponding equations hold for other indices. 

From the definition (4-7) it follows that the p ol)ey the same commutation 
laws as the d; two p’a anticommute, but p commutes with p* (the commut- 
ability of p and p* is a matter of convenience and has no further significance): 

piipm _ ^pWpn.^ p«p*>« = p*”>p”. ( 4 - 9 ) 

Corresponding to the equations (4-8), (3-16) gives in exactly the same way 

p*"(l)p*”'(2)p''(l)p*'(2) = 0, (4-10) 

and all similar products vanish which do not contain along with every p 
the corresponding p*(l) orp*(2). 

Consider now the case that all indices are equal. For example, 

p*»(l)/>*»(2)p»(l)p«(2). 

This might be expected to be equal to p""!!,2; 1,2). But exchanging the 
last two factors, it could equally well be — p""(l, 2; 2,1). I shall prove that 
it is equal to the sum of both 

p*n(l)p*n{2)p»(i)p«(2) = p«»(l,2; l,2)-p"”(l,2; 2,1). (4-11) 

Introducing the definition (4-7) the left-hand side is 

s j<pn 1) dr<i>n2) d* v*( i) dm^) ^itdr,,. 

With (S'14) this is equal to 

(X^2l! I 1) df^m dr{<f>,{l) d^<j>^(2) d? + 9 i/l) d;<S,(2) d?) dr„ 

This expression easily reduces to (4*11) which is therefore proved. 

Consider now an integral of the form 

-j!F*0„¥^dT„, 


J 


(4-12) 
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where Oxs» operator acting only on the co-ordinates of the first and 
second particle. Introducing (3*12) this integral is 

J J(2)dTa. 

Now split this integral into four symbolic integrals, 

J = X( jri) 

where (?(!) = !|i ^ ^ 

Introducing the expression (3-13) for F, the integrals (4-7) are obtained 
0(1) - n(l){a(l)p»(l)+/S(l)p’«(l)}+?)(l){a(l)p»'(l) + yff(l)p«(l)}. (4-14) 


6. The Majokana energy 

The Majorana potential (2'7) contains the operator There are 

altogether ^(^-1) such operators, all giving obviously the same con¬ 
tribution to the energy. The total Majorana energy is therefore 

Ej^ = A(A - l)j'F*JnS,^Vi,WdT. (6-1) 

Tlie integration over the co-ordinates of all particles except those of the 
first and second particle yields an integral of the form (4-12). Introducing 
the expression (4*13) for this integral, (5-1) reduces to 

Jo*(l) G*(2) JTiSAOH) (?(2)dTidT*. (6<2) 

Now, with (2'4), (2-6) and (4'14) 

5„17„G(l)0(2) = n(l)p(2){a(2)p*>(l)-(-/?(2)p«(l)}{a(l)p»(2)H-y?(l)p’"(2)}. 

Since the particle functions n(l) and p(l) are orthogonal, we obtain there¬ 
fore in (6-2) a contribution only from those terms in 0*{l} and 0*{2) which 
are proportional to »(1) or p(2). The summation over the particle variables 
gives therefore 

Em = p5{a(l)p*»(l)-h/?(l)p*’"(l)}{«(2)p*^(2)-|-/?(2)p*«(2)} 

x{a(2)p»'(l)+/?(2)p«(l)}{a(l)p»(2)-)-/?(l)p-(2)}<iT,dT,. (6-3) 
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In order to sum over the spin vanables, multiply the first bracket into the 
last and the second into the third. In doing so the last two brackets are 
commuted giving a — sign. Only square terms in the spin functions give 
a contribution. Thus 

or with (4-8) 

Em “ 2; 2,1) 2; 2.1) 

+ p^P(l,2; 2,1)+/0»»«(1,2; 2,1)}dTx«iTa. (6-4) 

0. Tkb Heisenbebg bneroy 

The Heisenberg potential (2*7) differs from the Majorana potential only 
in the fact that the operator is absent. It leads therefore to the same 
equation (6*3) except that the spin variables in the last two brackets should 
not be interchanged: 

Em = j7f*{a(l)p*"(l)+A(l)p*’"(l)}{a(2)/t>*^(2)+/?(2)p*«(2)} 

X {a( 1) p>'( 1) + A1) P«{ I)} {a(2) p”(2)+A2) ^"*(2)} dr^dr,. (6-1) 

In order to sum over the spin variables, multiply the first bracket into the 
third and the second into the fourth. For this purpose we need only commute 
p and p* and no change of sign occurs. The result is 

(6*2) 

In order to obtain the factors in the correct order, commute p(l) with p{2) 
and obtain a — sign. With (4*8) and (4*10) it follows that 

Em - - 2; 2, l)+p“*(l, 2; 2, l)dT^dT^. («-3) 

7. The Bartlett energy 

There are A(A —1)/2 Bartlett potentials of the type (2-7). Corresponding 
to (6-2) the Bartlett energy is therefore 

Em - gj(3'*(l) 0*(2)Jt,S»0(l)0(2)dT^dT,. 


{7-1) 
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With (2-6) and (4‘14) it follows that 

«isG(l)(?(2) = [n(l){a(2)p"(l) + A2)p"‘(l))+p(l){a(2)p*’(l)+/?(2)/>«(l)}] 

X [w(2)(a(l)/>«(2)+/?(lV'»{2)} + j>(2){a(l)/i)»'(2)+/?(l)p»(2)}]. (7-2) 

Multiply the first bracket into 6?*(1) and sum over the particle variables; 
the result is 


{a(l)/)*«(l) + /:f(l)p*-(l)}{a(2)/o”(l)+/?(2)/)»'(l)} 

+ {a( 1) />*^( 1) + 1) I)} {a(2) 1) + /?(2) 1)}. (7-3) 


The second bracket in (7-2) multiphed into 0*(2) gives the same expression 
with 1 and 2 interchanged. Now multiply these two expressions with each 
other and insert them in (71). In order to sum over the spin indices, we have 
to commute two anticommuting expressions. Therefore 


j [p*»( I) p“(2) + 1) ^”*(2)] [p»( I) p*>*(2) + p”*! 1) p*”*(2)] ' 

, I +[/’*"(l)/’*'(2)+P*’"(l)/>''(2)][p"(l)p*n2)+P“(l)p*«(2)] 

2j “j +[p*i'(l)p"(2)+p*«(l)p»‘(2)][p»'(l)p*“(2)+p*{l)p*»*(2)] 

I +[p*J>(l)p»’(2)+p*»(l)p»(2)][p*'(l)p*n2)+/>«(l)p’*«(l)] ^ 


Here the second terra is identical with the third, as follows hy exchange of 
the integration variables 1 and 2. In the same way in the first and last 
term the two cross-products are identical. Omitting all terms which vanish 
according to (4'10) and using (4-8) and (4-11), the Bartlett energy is 


Eft 


jp""(l,2; l,2)+p'"’"(l,2; 1,2)-|-p»»'(l,2; l,2)-t-pW(l,2; 1,2) 
ir.J -P""(l,2;2,l)-p«‘'"(l,2;2,l)-p»>»'(l,2;2,l)-p9«(l,2;2,l) 
sj “j -2p'*'"(l,2; 2, l)-2p»''i'(l,2; 2,1) dTi Tj. 

I -|-2p’'J’(l,2; l,2)-h2p*»«(l,2; 1,2) 

(7-6) 


8. Thk Wioneb ekbroy 


The Wigner energy is 

i J(?*(l) 0*{2) J^O{\) 0(2)dTidTr (8-1) 


Multipljdng (y*(l) into (?(1) and summing over the particle and spin vari¬ 
ables gives 

A****! 1) 1)+P*'"( 1)/>”( 1)+p*»'( 1) p»’( 1)-b p*«(l) p«( 1). 
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Insert this expression and the corresponding expression for the second 
particle in (S-l). This leads to 


E, 






/>«»(!,2; 1,2)+^’'»»(1,2; 1,2)+/>"*'{], 2; 1,2)4-/^{1,2; 1,2) 

2; 2,l)-/o''*«'(l,2;2,l)-pw(l,2; 2,1)-/>»"(1,2;2,1) 
+ 2^>«'''(1,2; l,2) + 2/>»'^(l,2; 1, 2) +2p''«(l, 2; 1,2) 

4 2p"*^(l,2: l,2) + 2p''‘«(l,2; 1, 2) + 2pw(l, 2; 1,2) 


dTjdTj. 

( 8 - 2 ) 


9. The energies between eikk particles 

The forces between like particles (2-8) can of course be treated in the same 
way. But it is much simpler to observe that the whole effect of the operator 
E{le + is to cancel all terms containing an interaction between unlike 
particles. Thus we need only omit these terms in the equations (7*5) and 
(8-2) for the Bartlett and Wigner energies. The result is 



y"(l,2; 1,2)+/)"•’"(!,2; 1,2 )+/>p»'( 1,2; l,2)+p««(i,2; 1,2) 

2, l)-p"*"‘(l,2; 2, l)-p»'»>(l, 2; 2,1)-p9«(l,2; 2,1) 
_2p"'"(l,2; 2, l)-2/>»'»(l,2; 2,1) 


dr^dr^, 

(9-1) 





p««(l,2: 1,2)+/J™"‘(1,2; l,2)+pw(i,2; 1,2) + p««(l,2; 1,2) 

2; 2,1)-/5"‘’’>{1,2; 2, 1)-/3Pp( 1,2; 2, l)-p«''(l, 2; 2,1) 
+ 2p»'»(l,2; l,2)-f2^;w(i,2; 1,2) 


[dTidTj. 


(9-2) 


10. CoNomsiONs 

The equations obtained for the various energies are of the same form as 
those obtained in the independent particle picture. The reason for this is 
to be found in the orthogonality relations (3*6) between states of the same 
type, which can be supported by the fact that the exchange probability 
between such states can l>e expected to be small. It seems to me that this 
fact largely explains the fair success which the independent particle picture 
has had in the calculation of nuclear energies. 

But even with this assumption there is one very important difference 
between the results of the independent particle picture and the results 
obtained in this paper. Here the density functions depend on two variables, 
and it must be expected that they are rather larger than in the independent 
particle picture, if two attracting particles are near each other, thereby 
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giving a larger energy. In the independent particle picture thie effect must 
be balanced by asBuming larger oonstante in the expressiona for the poten¬ 
tials, in order to obtain the correct energies. Indeed the constants obtained 
by numerical calculations have always been much larger than those 
obtained for the smaller nuclei by exact methods (cf. Bethe and Baoher 
1936 , p. 157). 

Expressions for the nuclear energies have been derived taking into 
account separately the two spin directions. This makes it possible to differ¬ 
entiate between the and “odd” nuclei and to investigate the 

stability breadth. In the following paper by B. Spain the nuclear energies 
are calculated, assuming independent wave functions but taking into 
account the spin terms, and the stability of nuclei is considered. 


SXJMMAEY 

A generalization of the statistical method for the calculation of nuclear 
energies is given, which makes it possible to dispense with the Hartree 
approximation of independent wave functions. 

The two directions of the spin are considered separately and general 
expressions for the energy of nuclei with any spin aie derived. 
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Calculation of nuclear energies and stability by 
the statistical method 

By B. Spain 
Univeraity of Edinburgh 

(Communicated by M, Born, F,B,8,—Received 2 November 1939) 

L iNTEODtTCTION 

Leaving out of consideration those nuclei of small atomic ntimber it is 
possible to develop a statistical theory of nuclei. Bethe and Bacher ( 1936 , 
p, 149), as well as many other writers, have treated this subject in great 
detail starting from the Hartree approximation. 

All these investigations were mainly concerned with the binding energy, 
and not much attention has been paid so far to the stability of nuclei accor¬ 
ding to the statistical theory, except the determination of the most stable 
nucleus with a given atomic number: this is due to the fact that previous 
investigators have always neglected to distinguish between quantum states 
with opposite spin, thereby losing the distinction between "'odd"* and 
‘‘even” nuclei, which is essential for stability considerations. 

In this paper the statistical theory is generalized by treating the two 
spin directions according to the method introduced by Fuchs ( 1940 ). The 
four different types of nuclear forces are taken into account: for simplicity 
it is assumed that the non-saturation combination of Wigner and Bartlett 
forces vanishes, i.e. the Bartlett force is double the Wigner force. 

The types of interaction potential investigated up to the present have 
usually been the error function or the simple exponential function. The 
meson theory indicates a potential proportional to (a/r)exp ( —r/a). For 
reasons indicated in the next section, I have taken a linear combination 
of the meson potential and the simple exponential function. 

With this potential I have calculated the total energy (§§3-7). The 
constants occurring have been determined from four experimental results 
forieS«^andaoHg««> (§8). 

The results are applied to the calculation of nuclear energies and radii. 
Satisfactory agreement with experiment is obtained (§ 9). 

Finally, the stability of nuclei is investigated. The results are satisfactory 
for odd nuclei: for even nuclei, on the other hand, the region of stability 
obtained is too small. This seems to indicate that the statistical model does 

[ 523 ] 
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not emphasize sufficiently the difference between even and odd nuclei 

(§§ 10 » 11 ). 

2 . TkK NtrCLEAB FOBCES 

The potentials corresponding to the various interaction forces are defined 
by (F. 2-7).* For the purpose of this paper it is necsessary to make some 
assumption about the explicit form of the various J. Tliere is no justification 
(except mathematical convenience) for use of either of the interaction 
potentials jBexp (— or i?exp {— r/a) which are usually assumed in the 
statistical model. There is evidence from the theory of the meson (Kemmer 
1938 ) that the correct form of the interaction potential is B(a/r) exp (— r/a), 
I have attempted to develop the statistical theory according to the Hartree 
method with this form of the potential, but the result of fitting the model to 
the nucleus aoBg^®® gives a value of a much larger than that deduced from the 
meson theory. With the potential ^exp(—r/a) Bethe and Bacher ( 1936 , 
p. 160) find that the corresponding value of a is smaller than the meson value. 
I have, therefore, taken a potential which is a linear combination of the 
ordinary exponential and meson potential, i.e. JS(A: + a/r)exp(-™r/a), and 
fixed a from the meson theory, leaving the absolute numerical constant k to 
be derived from the model. Yukawa { 1935 ) has deduced the relation 
a==S/ifoC, where is the mass of the meson. The most reliable data give 
-Mq =x where is the mass of the electron. With this value I obtain 

a = 2*26 X 10~^® cm. It is of interest to note that for values of r much smaller 
than a, the meson potential is the more important term. 

Explicitly the assumptions are: 

^ a/r)exp(-r/a),'| 

JHrik) = + »/»*) exp (-- rja), 

JHUk) ^ + a/r) exp (-- r/a), 

~ exp (- r/a), 

where m, A, 6 , w are unknown constants of energy dimension, determining 
the strengths of the various forces. 

3 . Wave function and densities 

I now introduce the usual assumption that each particle in the nucleus 
moves independently and its eigenfunction is that of a free particle, i.e. 

♦ Frequent reference is made to equations of Fuchs ( 1940 ). The notation (F. 2»7) 
means equation (2*7) of his paper. 


( 2 * 1 ) 
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a plane wave. The total wave function W in taken to be the determinantal 
form (F. 3*3), where now the various and represent plane waves. 

The calculation of the densities and mixed densities in this case is well 
known (Bethe and Bacher 1936 , p. 153). Since I distinguish between the 
two spin directions, I here introduce four maximum wave numbers: 



(3*1) 


w^here are the numbers of neutrons and protons with spin a, ji 

respectively, and R is the radius of the nucleus. 

Then the densities are given by* 


1 , 2 ) = N^PJV\ etc., 

2 ; 1 , 2 ) = etc., 

2; 2,1) = ^co8j)„^r,a} 

1 J N 


(3-2) 


where V = fTrP® is the volume of the nucleus. 


4. Interaction energies 
(a) Majorana energy 

From (F. 5*4) the first terra in the Majorana energy is 
- 2, IJdTidT, 

m C{, a , 

X {sin -Pp»rxt cos r^} dr,dr*. 

Now the integral over dTjdrj can be replaced by an integral over dTxdT,,, 
where means integration over the relative co-ordinates, i.e. first 
integrate over the co-ordinates of particle 2 keeping particle 1 fixed. Since 

* The notation dififem here lightly fiom Fuchs (1040). See paragraph following 
(F. 8'7). 
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the value of the integrand drops rapidly to zero as rxs increases, the range 
of integration of the relative co-ordinate can be extended to infinity. 
The integration over dr^ gives a factor equal to the volume of the nucleus. 
Integrating also over the angular co-ordinates and introducing the dimen¬ 
sionless quantities 

ri2 = ar, , (4*2) 

the above term takes the value 

4 k a\ . . ... . , 

-^ ^ COS (smx^^r-x^^rooBx^^rjdr. 

Introduce now the function y) by 

rcOf^^r 

/„(x,y) = “{sino^r —xrcosa?r}{sinyr — i/rco8yr)dr. (4*3) 

r 4 tnR^ 

Then 2, l)dT^dT^ = 

where f(x,y) = kli(x,y)-¥l,,{x,y). (4-4) 

The values of 4 and 4 are calculated in Appendix A. From (F. 5*4) the 
total Majorana energy is 

4 

Fju = — “^3 {/(^7Mt» ^pa) /(^na* ^pfi) ^pa) ) 

(6) Heisenberg energy 

From (F. 6-3) the total Heisenberg energy is 

4 AK® 

^ {/(^n«» ^pa) ^pfi)Y (^-6) 

(c) Ba/rUeU energy 

From (F. 7-5) it is seen that the Bartlett energy in addition also involves 
integrals over the ordinary densities. These lead to the following expressions: 

(4*1) 

1 rn 

^ "2 re^^^ik » 1 - (1 + B/a) e“^« (4*8) 

^ J 0 

^ ” is - 2{1 - (1 + B/a + ^B»la*) (4-9) 

^ J 0 
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Then the total Bartlett energy is 
2 622* 

■®!b ~ ~ 0^2 ""^a {f^^nat ^tta) ^nfi) ®ji«) "t ^ pfi ) 

QA/fS 

+ 2/(a:„«, a:„^) + 2/(a:^,, a:^^)}+^ {(2\r„ + P.)* + {N^+ P^)»} C (4-10) 


(d) Wigner energy 

Similarly from (F. 8-2) the total Wigner energy is 
2 wM^ 

jpjr = ^2 {/(a^n«. a;„a) +/{*n/f. »«/») +/(*p«. *pa) +/(a!p^, 

-Y^»(JV.+2vr,+p„+p^)*C. (411) 

(e) Coulomb energy 

Since the two different spin directions are distinguished, the total 
Cbulomb energy is 

Ec = (4-12) 

(/) Kinetic energy 

Obtaining the average densities etc. from (F. 4-3), and using the 
Fermi-Dirao expression for the kinetic energy (distinguishing between the 
two spin directions) the total kinetic energy is 

^ W + Nf+Pi + P^}. (4.13) 

6. SUEFACB BFFBOT 

In calculating the integrals occurring in the interaction energies, we have 
extended the range of integration over the relative co-ordinate of the two 
interacting particles to infinity, neglecting in consequence the fact that 
particles near the surface interact with a smaller number of particles than 
do particles in the interior of the nucleus. Also the boundwy of the nucleus 
cannot be sharply defined, as this would mean an infinite derivative of all 
particle wave functions leading to an infinite kinetic energy. The surface 
layer of the nucleus, where the density of particles drops very rapidly, 
must be spread out over a small region. It is obvious that if this surface 
layer is increased, the kinetic energy decreases and the potential energy 
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increases. Thus for some intermediate surface layer there exists a minimum 
of the energy. The amount by which the energy is increased by the existence 
of the surface layer can be called the surface energy. 

Weizs^icker ( 1937 ) attempts to set up a quantitative method of estimating 
the surface energy. If the density p is not constant he has derived the 
following expression for the kinetic energy: 



(gradp)*»i 

8 #" p~~ \ 


dr. 


(6-1) 


Using this expression instead of (4*13) the con'act form of p ought to l>e 
deduced from the minimum condition 



e total energy) dr = 0 . 


(6-2) 


This variational equation gives rise to a non-linear differential equation of 
the second order which can only be solved numerically, but this procedure 
would be troublesome if not impossible owing to the existence as yet of so 
many unknown constants. 

Weizsacker assumes that the density p is 

P-- 

The parameter A introduced is then determined from a minimum condition, 
and thus the surface energy is obtained. 

I have attempted to estimate the surface energy similarly with the 
density distribution (5*3) and also with several others. Expressing the 
kinetic and potential energies as power series in the parameter A and 
minimizing it gives A. Substituting to find the surface energy, I find that 
the series representing the energy is not convergent. The reason probably 
is that the correct solution of the variational equation is not easily approxi¬ 
mated to by simple analytical functions. Weizsacker avoided this difficulty 
by adopting a numerical method of solution, but this is impossible here 
with the large number of unknown constants.* 

I have, therefore, had recourse to the semi-empirical method, i.e. a t&na 
is added involving an unknown constant to account for the surface energy. 
It is known that the surface energy for large nuclei ought to b© proportional 

♦ For a criticism of Weizsaoker’s method see Bethe and Baoher ( 1 ^ 36 , p. 164). 
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to -4*, where A is the total number of particles. Also we know that approxi 
mately i? »= A*, so that a suitable term for the surface energy is 



(6-4) 


where (o is the unknown constant introduced. 

The semi-empirical term has the unsatisfactory features that it introduces 
a new arbitrary constant and fails to give any indication of the influence 
of the surface effect on the portion of the energy due to the spin. 


6. Total knekoy 

Introducing + + = A = A®, P = rA, 

P^=-p^A, P^=^p^A, 

it follows from {3'1) and (4*1) that 




Introducing the constants 


■■ SttV’ 


37r'*a»’ 


3 , 3 . 


( 6 - 1 ) 

( 6 - 2 ) 

(6-3) 

(6-4) 

( 6 - 6 ) 


the total energy is expressed in the form 

— A®{/(a:^, Xp^^) + 

— C^f®A®(/(x^^, ^nat) /(^pa> ^pa) "h f(^pfiy Xpf) 

+ 2/(w) + 2/(W)} + ^a{{'^. + ^.)*+(^A + Wf 

^iMt) ^n/f) "^fi^pay ^pa) ’t" f(Xp^f ^pyj)} 

+^(«+'5»+«+'V)+^- («•») 


Vol. 174* A. 


34 
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7. Expansion op the enbbot 

The energy (6*6) takes the simplest form if the numbers of neutrons and 
protons with the two different spin values are all equal, i.e. 

=!>/»• ( 7 - 1 ) 

All stable nuclei lie more or less in the neighbourhood of the line (7*1), 
and thus the energy is expanded near this line. To do this introduce 



S==n„ + nf-p^-Pfi, 

i => K-rtfl-p^+Pfl,. 



(7-2) 

and since obviously H-= 1 , 



(7-3) 

it follows that 

= i(l + <^+® + 0. % = J(1 +^— a — 

(7-4) 

Prom (6-3) it easily follows on expanding that 





*n. = x{l+ $V^), = »(1 + dVp), I 

Xp, =" a:( 1 + 5/t,), Xpf * *( 1 + 

\ 

(7-6) 

where 

H 

I! 



(7-6) 

and 

-f ^ 4* ^) — ^ 4* t)^) 

+ S —f) —J( —^4^ —0*» 

► 

(7-7) 


S/lp ———(J— 





Now proceed to insert (7-6) into the function/(x,y) introduced in (4'4). 
By Taylor’s theorem for two variables it is easily seen, since/(«, y) is sym¬ 
metrical in X and y, that 

®n«) =“/{*) + + a -K) + + « + 0*» I 

“ /(*) + Wxi - <1+« - 0 + i/i( - ^- <)*. 

*/(») + Wxi - <1 - a + 0 + i/i( - ^ + 0*. 

/(*)»/(*, a;), 

/x =■ [S/(*.y)/9»]x-». 


where 


(7-0) 

( 7 * 10 ) 
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and = [z^S^fix, y)jdx* + x*a*/(a:, y)ldxdy - 

Introduce /, = [x* 9»/(x, y)ldx* - x*a*/(®, y)ldxdy - 2x/Jj_„. 
Then the other/-functions are similarly 

f{3:n,> ^nfi) = /(*) + y/,^ + i/i** + i/s(» + 0*. 
o^* 

/(*p.. *p/?) = /(») — 3 +i/i ^*+i/*(« - 0 *. 
2x 

/(*na. ==/(»:) + - 3 /*« + i/l+ t/,(i + 0 *. 

/(»««. *p/j) = /(a ;)+-3 /*<+tA<*+iA(^+«)*. 

/(*nA’ *p«) “ - y/a<+«)*. 

/K/!> «p/>) = f{^) - j A«+iA«*+iA(<J- 0 *- 

J 


(7-11) 

(7-12) 


(7-13) 


The expansion of the other terms in the energy (6-6) is simple; introduce 
(7-8) and(7'13)in(6-6) then 


iS = Egir) -f- J^i(r) 9+ Eg(r) 9* 4- ^*(r) «* + E^(r) + jP^(r) at, (7* 14) 

where 

E^r) - - r3A''{4c„ + 2c„ + 8c, - 4c„.}/(») + ^* (6 - 2w) C ] 


E,(r) 

E,{r) 

E,(r) 

m 

M^r) 


e^A® —62^* » e3A* + <(>A^ 

-I ^ ^ 


2ciA® , 4e,A® 

" -f- ^ ~ j 


A rt . /o ^ 2 6* A® 6 63 A® 

-^ {(4Cm + 2c,)/,-I- (8c, - 4c„)/i}4- -9 'V'9 ’ 

r®A® 

flT ~ ^ui)A + (^m + ^ 6 )A} 

3o^,„ 2e,A* 6e,A* 

+ 4 “J3r “ 9 “ + 9 -;5-♦ 

r*A* 

"■ “ 9 ~ {(2®m+46, — 4c„,)/i 4- (2c„ 4- 2c, 4 - 4c,)/,} 


4 e,A* 
9 r • 


2e,A* S cgA^* 
■9“r“‘^9'7*"’ 


(7-16) 


34-3 
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Consider now the energy Eq which is the actual energy when (7*1) is 
satisfied. Disregarding the Coulomb energy, the surfaoe energy and the 
term involving it can be expressed in the form = where E is 

independent of A. It follows immediately that the energy at the equilibrium 
radius r is proportional to the number of particles. This is of course due to 
the saturation character of the nuclear forces. This rotigh approximation 
is well known and the slight variations can be attributed to the Coulomb 
energy and the surface effect. The term in ^ depends explicitly on A, i.e. on 
the total number of particles, and on that account the law of the propor¬ 
tionality of the energy to the total number of particles would be disturbed 
unless this term gives a small contribution. This means that 6 — 2 uj is small. 
Therefore, I shall assume from now on that b = 2w, This means that aU the 
nuclear forces (except the Coulomb force) show saturation. Some support 
for this assumption is obtained from Volz ( 1937 ). 

Introducing 


u = 4c„,4-2ca + 120 
t; = 4 c^4-2c;^, 




-2c;^-f4c« 
= 2c,, + 4c^., 


(7‘1«) 


where only three of these four combinations are now independent, it then 
follows that 

i?o(r) = -ttr3A»/(^) +-, 


E^(r) 


c^A® 4es|A3 

2 —+3-~, 


El / \ \ // o 2ejA* , ScgA® 

E,(r) = - - g- {uMz)-vMx)} + 

E,{r) - 

E,{r) - - Mx) - wj^ix)} - I , 






(7-17) 


where /s^/i-A. fi^fi+U (7-18) 

The funolione fi, /„ /,, ft are given in Appendix B. 
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8. DbTKBMIWATION of THB CON8TAITTS 

For the purpose of numerical calculation I introduce the following units: 
Length: the electron radius 2-8 x 10 "*® cm. 

Energy: the mass unit. 

All numerical values in this and the following sections are expressed 
in these units, unless otherwise stated. Numerical calculation gives 



a = 0*808, 

( 8 * 1 ) 

Cl = 0*825 X 10-*, 

eg = 2.598 X 10'*, 

= 39*22 X 10"*, (8*2) 

and from ( 7 * 6 ) 

a:r=l*23. 

(8*3) 


There are now five unknown constants, k, (o, u, v and to, or w,. To determine 
these from the model itself, five experimental results are required. 

For nuclei with n^~n^ and obviously a = < = 0 , and in this case 

only the four constants fc, w, m and v are involved in the energy. It may 
seem desirable to select nuclei having, in addition, an equal number of 
neutrons and protons, as then the energy reduces to which only involves 
the three constants k, w and m. Thus these three constants could be deter¬ 
mined from only three experimental data. But the largest nucleus of this 
type is in order to obtain three experimental data one more nucleus 

must be chosen. If this nucleus is too small, the statistical method cannot 
be expected to apply. If another nucleus is taken in the neighbourhood of 
gjCa*®, incidental inegularities, which are not expressed in the statistical 
model, will influence the results unduly. For these reasons one nucleus is 
chosen with equal numbers of neutrons and protons and another large 
nucleus. The nuclei selected are igS** and soHg*®®, and the following data 
are used: 

( 1 ) The atomic weight of jgS*® is 31*9823. 

( 2 ) The atomic weight of goHg**® is 200*016. 

(3) The nuclear radius of goHg**® is 9 x 10 -** cm. 

(4) The most stable nucleus of atomic number 200 is ggHg®®®. 

Data ( 1 ) and ( 2 ) are due to Aston. Datum (3) is to some extent speculative. 
Bethe and Baoher ( 1936 , p. 158) assume this radius to be 8 x 10 "*® cm. 
Their justification is that the nucleus has an atomic weight just below that 
of the radioactive nuclei and it, therefore, seems reasonable to assume 
a radius slightly smaller than those of the radioactive nuclei. Bethe ( 1937 , 
p. 166) has redetermined the radioactive nuclear radii according to the 
many-body theory of a-deoay, and he finds values which average about 
8*6 X 10“** cm. larger than the former values. Allowing about 2*6 x 10-*® cm. 
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for the radius of the helium particle emitted in the course of the a-decay, 
I take the radius to be 9 x 10 “^* cm. Datum (4) is justified because there 
is only the one nucleus (goHg*®®) with the atomic weight 200. 

In addition, to calculate the nuclear energies, I take the corrected values 
of Livingston and Bethe ( 1937 , p. 373) for the atomic weights of hydrogen 
and neutron, 1-00813 and 1-00897 respectively. 

Since s = < = 0 for jgS®* and g^Hg®*®, it follows fipom (7-14) that 

E = E^(r) + #+£fj(r) S^. (8-4) 

The radius r is determined from the equilibrium condition 

(8-5) 

dr dr dr dr 
The stability condition is 

^|sJS'i(r) + 2JS?g(r)^ = 0. (8-6) 


For 198 * 2 , A = 3- 175, S=0, = -0-2913, whilst for goHg***, A = 5-848, 

r = 0-552, <y= 0 - 2 , - 1-7108. By substitution two equations are obtained 

for i,S®* from (8-4) and ( 8 - 6 ) and for goHg*®® three equations from (8-4), 
( 8 - 6 ) and ( 8 - 6 ). In all there are five equations for the five unknowns 
k,<i),u,v and r. This value of r determines the radius of 19 S**. These equations 
can be solved numerically and the solution is 

M = 2-86 X 10-2, t,,,, (1.43) X 10-*, 

(0 = 4-46 X 10-», k » 1-5, 
r = 0-560. 

Using (6*4) and (7-10) the force constants are obtained 

2c„ + Cfc = 7 -16 X 10“», c,, = (1-18) 10-») 

2»i + A = 2-79 X 10-2, w = (0-92) 10-».f 

It is of interest to compare the values of 2 m+A with the corresponding 
values derived by Bethe and Bacher ( 1936 ) for the deuteron. Denote by 
large letters the corresponding quantities in the theory of the deuteron: 
Jf - 30 MeV and H - 6 MeV. Thus 


(8-7) 


( 8 - 8 ) 


2m-f A 


0-40. 


(8-9) 


2M + H 



536 


Ccdctdation of nuclear energies and stability 


Owing to the fact that the potential is now proportional to 

{k +o/r) exp (- r/o), 

the above ratio should have a value approximately equal to l/(i:+o/r), 
when r is the mean distance between the interacting particles. This value 
of r is at most the value of r for the nucleus. From figure 1, r can be taken 
as approximately 0-56. hVom ( 8 - 1 ), a = 0*808. Thus l/(i+o/r) = 0*34. Thus 
the true relation between the force constants ought to be 


2m+ h 

2MTH 


< 0*34. 


( 8 * 10 ) 


Thus the forces are at least about 20 % too large, in full agreement with 
the remarks of Bethe and Bacher ( 1936 , p. 168). 

In order to determine the constants completely, the numerical value 
of or Wf is still required. From (7* 17) it can be seen that they only occur 
in the spin terms. For medium and large nuclei, a and t are small in com¬ 
parison with S, and numerical calculation shows that the spin contribution 
is negligible. It is therefore not possible to determine the last constant 
from energy considerations. 

As Cft has only a small influence on the spin terms of the energy, the 
calculations carried out later on stability considerations are not materially 
altered by a reasonable choice of c*. Assuming that the ratio c„,/c,, is the 
same for the motlel and the deuteron, it follows that 

m = 1*29 X 10-®, h = 0*21 x 10-*. (8*11) 


9. Nuclsak bneroibs and BAon 

For convenience of numerical computation I adopt the following method 
of procedure: first, develop the radius r in the form 

r = rQ + riS+rjS^ + rgS^+rifi + r^at. (9*1) 

The radius is determined from the equilibrium condition 

E'(r)ml!i(r) + E'i(r)S + Ei(r)g» + E;(r)8* + + Ji!'Jr)at » 0. (9*2) 

Substitute the expression (9*1) for r in (9*2), then on expansion by Taylor’s 
theorem 

+ + »*» + »■< ■®o(*'o)] + = ®* 

(9*3) 
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This condition is to be true for tdl values of 9, a and t, thus 

- 0 , 

Ea(ro) + h El(ro) + Jr? Eo(ro) +r^ E^(r^) =■ 0, 
JJj;(ro)+nJ5;(rJ = 0, 


Now solve for the various r and substitute in the expression (7* 14) for 
the energy and in (9- 1) for the radius obtaining 

E — + SE^{rff) +S^S•i{rf^) + 6*Eg{rQ)+t^E^{rf^) +atEgi{rf^), ( 9 ’ 5 ) . 


r = r„ 


Eiiro) 

Mh) 


- ^ ^U>-o)gi(ro) _ 1 

I'EWo) (&o(>^o))* 2' (JS;(r„))3 J 


-s* 


E',{ro) 


E’^Tq) . 

Kin) ^ Elixir 


(9-6) 


where 


E^{T,)-E,{r,)~--^^. 


(9-7) 


Now the procedure is to solve the equation J5i(ro) = 0 for a given nucleus, 
obtaining a value rg and by substitution in (9*5) and (9*6) determine the 
energy and radius respectively of the nucleus. In the actual calculations 
the spin terms have been completely neglected. This is justified because s 
and t are small in comparison with S. 

Figure 1 gives both r and R plotted against .d; It is seen that r decreases 
rapidly as A increases, there being a minimum at about .d^^lSO. Ilien, 
as A increases further, there is a gradual increase of r. This is due to the 
opposing effects of the Coulomb energy and the surface effect. We also see 
that the actual nuclear radius R shows a steady increase with A. 

Figure 2 gives the binding energy per particle — EjA plotted against A. 
The crosses denote experimental values. The theoretical and experimental 
values have been made to fit at d 32 and at d » 200. It is, therefore, not 
very remarkable that the curve fits very closely, to the experimental values 
in the range 32-200. It is remarkable that the theoretical values agree well 
with the experimental values as far down as d k 14. 



Fiourb 1. Thft radiuB R, aad r (the broken curve) the radiue divided by the cube 
root of the atomic number as functions of A, The scale on the right refers to R and 
that on the left to r* 



Figxtskb 2. The binding energy per particle ^EjA as function of A, The crosses 
indicate experimental valuee. 
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APPLICATIONS TO STABILITY 

10 . Isotopic numbbes 

For the purpose of this section it will be more convenient to introduce 

8 and T, where 

8^Aa, T^AL ( 10 - 1 ) 

From (6*2), (7*2) and (10*1) we have 

S^N,^N^^P,->P^, ' ( 10 - 2 ) 

The composition of a nucleus is determined if the total number of particles 
A and the isotopic number A is given. 8 and T define different quantum 
states of the nucleus, ^8 giving the total spin, whilst T has no such 
immediate physical interi)retation. The energy of the nucleus determined 
hy A, Ay 8 and T will be denoted by E{AyAy 8y T), 

(a) 8iability conditions 

Disregarding a-disintegration, a nucleus may disintegrate (1) because 
the nucleus emits an electron, (2) because the nucleus captures an electron 
(or emits a positron). 

When A is the isotopic number for the original nucleus, then after 
disintegration the isotopic numbers become A-2 or /I -f 2 according to 
case (1) or (2) respectively. 

Denoting the rest mass of the electron by /t, the conditions of stability are 

E(Ay Ay 8, T) < E{Ay J ^ 2, 8\ T) 

E(A,A, 8, T)<E(A,A + 2,8\ r)-/iJ 

(Cf. equation (9) of Fuchs 1939 . The differenoe is due to E denoting binding 
energies there, whereas here it denotes the actual energy.) 

( 6 ) Nuclear spin 

For a given nucleus and T are not yet detwmined. The lowest state 
is here involved; consequently 8 and T must be chosen in such a way that 
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the energy due to the spin terms is a minimum. From (9-6) and (lO*!) 
this energy is 

~ + T»E^rJ + STB^rJ}. (10-4) 

Numerical calculation shows that > Ei on account of the term involving 
^ and that E^ arising only from the Coulomb exchange energy is small. 
Since N^, P^, are integers, (10-2) restrict the possible values of 8 and T 

to integers. 

The four possible types of nuclei must be distinguished: 

(1) The total numbers of both neutrons and protons are even. It is easy 
to see that both S and T must be even with the restriction 8+T — 4ni, 
where m is an integer or zero. Thus the minimum of the spin terms (10'4) 
of the energy is obviously given by 


S^T = 0. ( 10 - 6 ) 

(2) The total numbers of both neutrons and protons are odd. It is easy 
to see that both S and T must be even with the restriction <S + T = 4t» + 2. 
Thus the minimum is given by (since E^ > E,) 

««0, 7’ = ±2. (10-6) 

(3) The total number of neutrons is even and of protons is odd. It is 
easy to see that both S and T must be odd with the restriction 8+T = 4m. 
Thus the minimum is given by 

5!=i_5r=±l. (10-7) 

(4) The total number of neutrons is odd and of protons is even. It is 
easy to see that both 8 and T must be odd with the restriction -S + T => 4m + 2. 
Thus the minimum is given by 

S » T » ± 1. (10-8) 

Thus the statistical model gives all nuclei with an even number of particles 
spin in complete agreement with experiment. The only exceptions 
are of type (2), but they are so low in the atomic scale that we cannot expect 
the statistical model to apply to them. The exceptions are ]H*, ,Ld*, 
all trith unit spin . The statistical model gives all nuclei with an odd number 
of particles the spin Thus the model fails to account for the fact that 
besides the spin odd nuclei can have spins up to f. 
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(c) Stability breadths 

For nuclei of type (1) (aS = T = 0), the neighbouring nucleus of comparison 
in (10-3), is of t 3 rpe (2) with iS = 0, T— +2. Using (9'6) the stability con¬ 
ditions (10-3) become 


A =, 

W + jW + j-jM 


< W + ^ Kiro) + +/* 


and 


A _ 


< ^o(^o) + ^l(^o) + “^ 2 “ ^2(^0) + * "^2-A* 


Combining I obtain the inequality 

- ^i(»-o) ^ . 1 , > ^ > “ _ 1 _ . fV 

2S,{rJ I^) iE,(r,) 2f*(ro) E~{r^) iS^)' 

( 100 ) 

Corresponding to any even value of the atomic number Ay there is 
therefore a maximum and a minimum value of the isotopic number^ '^thin 
which limits the nucleus is stable. I shall denote these by maxd and 
mind, and call the difference maxd —mind the stability breadth. Thus 
for nuclei of type (1) the stability breadth is 

2{l^E,(r,)IE,{ro)). (10-10) 

It follows in a similar way that for nuclei of type (2) the stability 
breadth is 

2{l-E,(ro)lEM- (10-11) 

For nuclei of type (3) (8=^ —T= ± 1 ) the neighbouring nucleus has 
SmTss ±1, and it then easily follows that for nuclei of type (3) the stability 
breadth is 

2{l + i?^r„)/if,(ro)}. (10-12) 

For nuclei of type (4) the stability breadth is 

2 {l-if^f„)/f,(r„)}. (10-18) 

Numerical calculation shows that EjE^ is about 10~*, and thus this 
ratio can be neglected. Also EijE, is approximately unity. 
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From ( 10 * 10 ) it is seen that the stability breadth for nuclei of type ( 1 ) 
is approximately four, thus allowing in general one or two stable isobars. 

From ( 10 * 11 ) the stability breadth for nuclei of ty{)e ( 2 ) is approximately 
zero; thus there are no stable nuclei of this type. Apart from the few 
exceptions for small nuclei, which hence do not come within the scope of 
a statistical model, this is in agreement with experiment. This result is 
well known and can be explained simply without the model. 

From ( 10 - 12 ) and (10-13) the stability breadths for nuclei of types (3) 
and (4) are practically two, allowing thus only one stable nucleus in general 
for a given value of A, Since the stability breadths are almost equal, one 
would expect that there are about equal numbers of both types (3) and (4). 
This is verified by the experimental data. 



li’lotrRK 8. The maximum and minimum values of the isotopic number A for even 
and odd nuclei ae functions of A . The scale on the right refers to even nuclei and that 
on the left to odd nuclei. The crosses indicate oxperimentol stable nuclei. 


The graph in figure 3 gives both max J and mind against A for the cases 
of nuclei with even and odd numbers of particles respectively. In addition, 
all the known stable nuclei (Gregoire 1938 ) have been indicated by crosses. 

The values of the constants occurring in the model were chosen in such 
a way that the stability condition for soHg*®® was satisfied. One would 
therefore expect that the mid-point of maxd and mind should be 40 for 
d »200. Actually the mid-point is about 14 units higher. This is almost 
entirely due to the fact that in calculating the numerical constants the rest 
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mass of the electron in the stability condition has beoa neglected (this 
accounts for a discrepancy of 1-2 units). A small error is also introduced 
by using the expansion (9-5) in terms of instead of introducing the correct 
radius r, as done in the calculation of the numerical constants. 

From the experimental results for even nuclei, the region of stability 
should be somewhat greater, as only a little over half of the stable nuclei 
of even atomic number lie in the region between the two curves. For odd 
nuclei, the greatest number of stable nuclei do lie in the region between the 
two curves. 

As expected, the statistical model does not give the dips in the experi¬ 
mental curves which can be visualized by looking at figure 3. 


11 , The »-otikvk8 

For some purposes it is more convenient to consider the n-curves intro¬ 
duced by Fuchs ( 1939 ). As in that paper we shall introduce the B 3 nnbol 
(m, n, p) to represent the nucleus, where m is the total number of a-particles 
which can be formed from the nucleus, n is the number of surplus neutrons 
and p is the number of surplus protons. (Clearly p can only h^ve the 
value 0 or 1 .) Thus the isotopic number J has the value n or n — 1 according 
as p has the value 0 or 1 . 

Fuchs defines numbers n^, where i»l, 2 , 3 ,4 corresponding to a given 
value of m as follows: 

and are the solutions of the equation 

1 , 1 ) = if(m-»-l,n —4,0)-fp, (H'l) 

when n is even or odd respectively, 
ng and n^ are the solutions of the equation 

when n is odd or even respectively. 

The various then determine the scheme of stable nuclei to be found in 

Fuchs ( 1939 ). 

To find Ui note that (m,n— 1 , 1 ) is a nucleus of type ( 2 ) having 
T=* ±2, whereas (m-f-l,n-4,0) is of type ( 1 ) having hence, 

by using the expansion of the energy, ( 11 * 1 ) yields on reduction 

2Ei(4im + ni) + .£,(4»} —12) + 4£|» p(4m+%) V 
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where A •= 4m+fUi. Splitting (4m+%)* into its two fsctors A{4m+ni), 
a linear equation for is obtained of which the solution is 

12J!?2 — 8wi^j — 4J1?«+4wiAw ,,, 

Here all the terms are to the first order proportional to so that the 
right-hand side does not change rapidly with A, Thus this equation can be 
solved approximately and better approximations obtained by repeated 
substitution. 


Similarly 

4i?, — HtnEi ~ + ^Afi 

2f, + 4£,-k/t 

(11*4) 


12J^3 — BmE^ -h 2E^^ + Am All 

(11-6) 


— %mEi + ^Ei -f ^tmApi 

(11-6) 

Note that m is fixed and A ^ 71^. Since the values of change slowly 

with A we may assume the same value of .4 in all four equations. Thus 


-I- 4JSL/ 

(11-7) 

and 

S{Et-E,) 

(11-8) 


nj —Wj measures the isotopic breadth for odd nuclei, and numerical 
calculation shows a steady increase from 2 to 2^ as m increases. Experi¬ 
mentally the number of stable isotopes is always 1 or 2, thus must 

lie between 2 and 4. Thus there is a fair agreement here with experiment, 
— fti measures the region in which stable isobars can exist, and numerical 
calculation shows a decrease from 0*2 to -0-1 passing through the value 
zero for m about 30. Experimentally this value should fluctuate between 
3 and 7. Thus there is here no agreement with experiment. 

CONOLXTSION 

The results obtained from the model give good agreement with experiment 
for the binding energies as can be seen from figure 3, 

The stability results for odd nuclei are satisfactory, except that the model 
only gives stable nuclei the spin On the other hand, for even nuclei the 
spin is correctly given as zero, but the region of stability is too small as can 
be seen from figure 4 (or from 7^4—-- 0 which amounts to the same thing). 
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It ia possible that other interaction potentials than (2*1) would give better 
agreement as far as the stability considerations are concerned, but it seems 
more probable that the disagreement is due to the statistical model not 
being powerful enough to emphasize sufficiently the difference between 
odd and even particles. 

I wish to thank Dr K. Fuchs for the helpful advice, valuable suggestions 
and interest which he has taken in the progress of this paper. 


Appendix A 

Here we proceed to calculate and /g. Now 

/o(ir, y) = e“*^[8in xr — xr cos xf\ [sin yr — yr cos yr\dr, 

Jo 

This integral is evaluated by expressing the circular functions in exponential 
form and then splitting it into four terms, each of which can be evaluated 
by repeated integration by i)arts. Then by repeatedly integrating from cx> 
to b with resjiect to A, we obtain /j, etc. The final result is 

y) * + y^) ^ + y) - - y^) fan-^ (x - y) 

- iW + + y*)} log + ***'> 

^6(®. y) = iWi++y*) - - y*)*} 

- + y*) tan"i (* + y) + i («* - y*) tan-> (x-y)- + \xy(x' + j/®). 

Appendix B 

Simple calculations give 

/i = -i*®log(l + 4x*) + ia:* + ^|ja:»log(l + 4a;*)-j-^^|, 

/a “ - 1 + 4a;*) log (1 + 4a:*) + ^a:* + Ja;* log (1 + 4a:*) - a:*}, 

/a - J** log (1 + 4a:*) + *ja:*[ 1 - j. 

ft « - Ja:*(l +2**)log(l + 4a:*)+a:*+i|ix*log(l + 4a:*)-a:*[l + 

/ - ^( 1 + 1 2x») log ( 1 + 4a:*) - ^a:* tan-» 2x - ^x* + 

+ A{ Jx* tan~* 2x—1 + fix*) log (14- 4x*) + ^x*}. 
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Summary 

Nuclear energies and radii are calculated using the statistical method, 
taking into account the two possible spin directions; the interaction poten¬ 
tials of the various nuclear forces are assumed to be proportional to 
(fc-l-a/r)exp( —r/a). The results obtained are in good agreement with 
experiment. 

The stability of nuclei is also investigated, giving satisfactory agreement 
with experiment for odd nuclei, but for even nuclei the results are not so 
satisfactory. This seems to indicate that the statistical method does not 
emphasize sufficiently the difiPerence between odd and even nuclei. 
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Some measurements of 7-ray energies 

By S. C. Cxjbean,* P. I. Dee and J. E. Steothbbs 

{Communicated by J. D, Cockcroft, F.R.8.—Received 2 November 1939) 

The measurement of the quantum energies of y-radiation has presented 
serious difficulties. Crystal diffraction is capable of high resolution and 
accuracy, but is at present applicable only when strong sources are 
available and for quantum energies of less than about 1*0 x 10* eV. When 
dealing with weaker sources the absorption method affords a convenient 
means of determining the energy of y-radiation if this should consist of a 
single line, but is unsatisfactory for the analysis of a more complex spectrum. 
A somewhat more reliable method is found in the determination of the 
energies of Compton recoil electrons produced by the radiation. Results 
obtained by simple absorption methods are again unsatisfactory in the case 
of complex spectra, but by obtaining curved trajectories in a magnetic 
field, the energies of the Compton recoil electrons may be more accurately 
estimated, and hence a knowledge of the quantum enei^es and relative 
intensities of the component radiations may be acquired. The recoil electrons 
may be detected in an expansion chamber or by Geiger-Muller counters. 
Of these, the counters have the great advantage of being practically con- 
tinually “sensitive”, whereas the cloud chamber is sensitive only over a 
relatively short interval, and the difficulty of reducing the statistical 
fluctuations in the number of particles of different energies observed is 
correspondingly greater. The following paper describes results which have 
been obtained by the use of a “y^ray spectrograph” in which the magneti¬ 
cally focused recoil electrons are detected by a system of Geiger-Miiller 
counters. 


Construction oir the spectrograph 

The method of semicircular focusing of electrons has been applied to 
the measurement of y-ray spectra, and where such work has depended upon 
internal conversion a high precision of measurement has been possible. In 
the absence of this internal conversion spectra have been produced by 
photoelectric or Compton processes in the material surrounding the source 
and in these instances serious difficulties arise from the broadening of the 

* Senior Caird Scholar, 
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^J-ray lines dUe to straggling wid other effects (Ellis and Aston 1933 ). 
By the use of very thin foils as the source of secondary electrons, this 
difficulty may be, to a very large extent, obviated, but the technique nooes- 
sitates a correspondingly large increase in source strength. At the present 
time, radioactive sources of the required intensity can seldom be produced, 
so that in most instances the less satisfactory method of employing thick 
emitters has to be rendered capable of sufficiently high resolution. 



Fioukk 1 


Figure I is a diagram of a y-ray spectrograph which has been found to 
function successfully in the study of various sources of y-radiation. The 
emitting surface is an aluminium plate P, at an angle of 20 ° to the vertical, and 
the electron beam produced here is focused on the slit which is from 2 to 
3 mm. wide and 3 cm. long. Behind S are placed three very thin-walled 
counters Cj, Cj, of diameters 0 - 8 , l* 2 and 2-0 cm., which are arranged in such 
a way that the whole of the focused beam originating at P is just included 
within their volume. Three slits /Sj, 8^, 8^ help to define the angular spread 
of the beam and the lead core P 6 is cut in such a way that it is impossible 
for a beam of secondary electrons emitted from any point, other than the 
plate P, to be focused at 8, The slit 8^ is about 2-1 cm. high and the total 
width of the box is 4^0 cm.; with the magnet available this allows electrons 
of energies up to 10 x 10® eV to be bent into a semicirole of radius 6>8 cm. 
The counters (/j, and <7* are made of aluminium foil 0*0008 cm. thick, 
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and are supported in a block of Perspex: they are coupled to a set of tliree 
amplifiers and the coincidences are fed into a scale-of-two counter* The 
details of these circuits have been published elsewhere (Curran and 
Petrzilka 1939). The whole box is filled with a mixture of argon and alcohol, 
the total pressure being generally about 7 cm. The box could be exhausted 
through the tap J, which is also designed to operate a lead shutter L placed 
in the path of the electron beam. A lead block B outside the spectrograph 
shields the counters from the direct action of the y-radiator. The source of 
y-radiation Q is placed immediately above the focal line in the plate P. The 
steep inclination of this plate is convenient when the y-ray source is pro¬ 
duced by the bombardment of elenxents with a horizontal magnetically 
resolved proton beam, in which case the target tube T (figure 1 ) is designed 
to fit accurately against P. At the same time the tilt of the plate permits 
of an increased area of secondary electron emission without loss in sharp¬ 
ness of focus. 


Experimental rksitlts 

(a) Tlwfrium As a test of the efficiency of the spectrograph, the 
spectrum of the secondary electrons produced from aluminium by the 
y-radiation from the active deposit of thorium was investigated. In this 
case the radiation consists mainly of a strong line at 2*65 x 10® eV and some 
much softer components. The experimental results are put forward in 
figure 2, where it is seen that the sj^ectrum rises gradually to a maximum 
and then falls away steeply to a sharp end-point. Beyond the end-point 
there is detected a slowly decreasing number of electrons, but the break 
in the curve at the end-point may be very accurately determined, and 
corresponds to a quantum energy of ( 2-65 ± 0 - 05 ) x 10® eV. The agreement 
with the known value is entirely satisfactory. A search coil, fixed in the 
field gap beside the box, was used to determine the field strength at each 
setting of the field current; the error in the measurement of field strength 
by means of the attached fluxmeter was less than 1 %, and the inhomo¬ 
geneity of the field over the useful area of the box was less than 2 %. It is 
evident from the curve of figure 2a that the absorption of the electrons by 
the contained gas and the walls of the counters has seriously reduced the 
intensity of the soft components of the radiation. A lower limit to the 
electron energy which may be measured by the spectrograph is about 
0*4 X 10® eV. The peak formed by the secondaries produced by the high 
energy radiation of ThC'' is broad and this is mainly due to the fact that 
the electrons ore produced in a thickness of aluminium greater than their 
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range. Two major factors which prevent the sharpening of this peak by 
decreasing the thickness of the emitter are (a) the necessity of using much 
stronger sources of y-radiation, and {b) the emission of /^-radiation from the 
source itself. The inhomogeneity of the Compton recoil electrons projected 
within the useful solid angle of the spectrograph is of the order of 5 % and 
does not contribute much to the breadth of the |)eak. Collimation of the 
y«ray beam falling on the plate P would help to sharpen the peak, but this 
again necessitates stronger sources than are at present available. It will be 
pointed out later that in the analysis of the curves obtained with the 



Figtoe 2 


spectrograph for sources emitting complex radiation, the thorium curve in 
dgure 2 is used as a standard, and that for this purpose a plot of N(Hp as 
ordinate instead of the intensity N is more useful. Figure 2, curve 6, shows 
this ratio NfBp os a function of Hp, and this curve will be used subse¬ 
quently in the analysis of the radiations of *^Na, ®*CI and **Mn. It can be 
separated into three components. The major part is ascribed to the line of 
energy 2-65 x 10® eV, a second peaJc can be observed for an energy of 
l*68xlO® eV, and this is in agreement with previous work (Ellis 1934). 
A third component has an upper limit of 1*1 x 10® eV, but it is obvious that 
this part of the radiation is complex. Known nuclear energy levels suggest 
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that radiation of energy M x 10 * eV might be emitted by active thoriam 
deposit. If the areas under the curves for the 1*68 and 2-66 x 10 * eV lines 
are divided by the ranges of the recoil electrons produced by the radiations 
and the Compton scattering coefficients, the ratio 0-16:1 is obtained for the 
relative intensities of the lines. This is in satisfactory agreement with the 
previous estimate of 0 - 12 : 1 (Ellis 1934 ) and supports the use of this 
method of estinmting intensity. 



Fioxtbb 3 

(b) Radio-sodium **Na. The y-radiation from this source has been in¬ 
vestigated by Richardson and Kurie using the expansion chamber 
(Richardson and Kurie 1936 ), and they report the existence of three lines 
of quantiun enei^ies 1 - 01 , 2-04 and 3'00±0-06x 10 *eV of relative in¬ 
tensities 1-05, 0-96 and 0 * 66 . More recently Kikuchi et al. ( 1939 ) have in¬ 
vestigated the y-ray spectrum using a magnetic spectrograph and their 
results indicate the presence of two strong lines at (l-49±0*08)xl0*eV 
and (2*97 ± 0*07) x 10 * eV, with a doubtful weaker line at 0*8 x 10 * eV. Our 
results are in good agreement with these later observations. The secondary 
electron spectrum is shown in 6 gure 3 and the quantum energies of the two 
outstanding components are 1'46 ± 0-04 x 10 * eV and 3*03 ± 0*05 x 10 * eV. 

An attempt has been made to measure the relative intensities of the 
components by using the shape of the ThC* curve in figure 2 as a standard 
for a single y-ray line of energy about 2 - 6 - 3*0 x 10 * eV, With this assamp- 
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tion, the curve which would have been obtained had there been present 
only the 3‘03 x 10* eV radiation was constructed^ and by combining this 
with the experimented curve, it became apparent that besides the y-ray 
line at 1*46 x 10* eV there was also a small quantity of radiation of energy 
in the region of 2*0 x 10* eV. The relative intensities of the three com¬ 
ponents may be estimated from the area imder each of the separate curves, 
but as pointed out in the case of ThC'' there are three corrections to be 
made: (1) variation in the Compton scattering coefficient with quantum 
energy, (2) variation in the effective thickness of the emitter with electron- 
range, and (3) decrease in the ''acceptance’’ of the spectrograph with in¬ 
creasing field strength. The most convenient method of dealing with (3) is 
to replot the experimental curves of intensity N against Hp, with N jHp as 
ordinate in place of N. This is done in figure 4, and after correction for 
the variations (1) and (2) the relative intensities obtained are as shown in 
table 1. 

Tablk 1 

Quantum energy X10® eV 1*46 2*00 3*03 

Intensity 1*17 0*27 1*00 

Feather and Dunworth (1938) have suggested that following the y?emission 
of **Na, de-excitation of the **Mg nucleus usually occurs in two stages from 
the level at 4*49 x 10* eV (j)reviously determined as 4 x 10* eV by Richard¬ 
son), by the emission of successive y-quanta of energy 1*46 x 10* eV and 
3^03 X 10* eV, and more rarely by the emission of two quanta of energy 
about 2 X 10* eV. According to this picture it would be expected that the 
intensities of the 1*46 x 10® eV and 3*03 x 10® eV radiations would be equal. 
The experimental value of 1*17 for the ratio of these intensities is in fair 
agreement with this. The sum of the intensities of the quanta of energy 
about 2*0 X 10* eV is of the order of 26 % of that of the two stronger lines, 
a value not at all in agreement with that given by Richardson (1938), 
whose results indicated a much higher yield of tlxis radiation. However, 
Kikuchi et oi. (1939) failed to observe the presence of any radiation of 
energy between 1*6 x 10* eV and 3*0 x 10* eV, but it is possible that they 
might fail to observe it should the intensity be as low as the above analysis 
indioates. In connexion with the excitation level of the **Mg nucleus at 
4*49 X 10* eV, it is of interest to note that preliminary results obtained by 
the use of the spectrograph in the examination of the capture y-radiation 
emitted during bombardment of sodium with protons of energy 0* 86 x 10* e V 
(as equation (1)) 




(1) 
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indicate the presence of radiation of about 4*46 x 10* eV energy, llie 
emission of quanta of lower energy is suggested by our results, but a mote 
detailed investigation is necessary for the determination of their energies 
and intensities. From investigations upon **Na, the transitions from the 
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4-49 X 10® eV level in the excited **Mg nucleus would appear to be forbidden 
and yet this radiation appears in the case of proton capture by **Na. The 
upper limit to the quantum energy release in equation (1) with O’ SSO x 10*eV 
protons is about 11’2 x 10® eV (Curran and Strothers 1939), and hence it 
may be that the excited *®Mg nucleus returns to the ground state by the 
successive emission of two y-ray quanta of energies 4 * 6 xlO'eV and 
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(11*2"- 4 * 5 ) X I0« eV; this would require the existence of an excitation level 
at 7*3 X 10® eV in the *®Mg nucleus. 

Another possible explanation would be found in the existence of a double 
level at 4*5 x 10* eV in the *®Mg nucleus. 

(c) ®*Mn, Sources of the radioactive isotope of manganese, ®*Mn, pre¬ 
pared in the Cambridge cyclotron by the bombardment of pure manganese 
dioxide with 2-4 fiA hr. of deuterons of energy 9 x 10® eV proved to be 
sufficiently strong to permit us to investigate the spectrum of the y-radia- 
tion emitted by the element. The half-life of the activity was checked 
during the experiment and was found to l>e 2*6 hr. in agreement with 
the known value. Previous investigations of this y-radiation by the 
absorption method (Liviiigood and Seaborg 1938) have shown that its 
average energy is 1*2 x 10® eV, and the half-value thickness for the absorp¬ 
tion of the secondary electrons has given the value of l* 65 xl 0 ®eV 
(Mitchell and Langer 1937). More recently Dunworth (1939) has shown 
that the y-rays are not homogeneous and his results indicate the presence 
of y-rays of energy 1*7 and 0*6 x 10® eV. A typical curve obtained by means 
of the spectrograph is shown in figure 5 . 

It is seen that two y-rays of energies ( 0*91 ± 0 * 05 ) x 10® eV and 
( 2*03 ± 0 * 05 ) X 10® eV are present. By carrying out an analysis similar to 
that described in the case of ®®Na (figure 4 ), and making the necessary 
corrections, the relative intensities of the two lines are found to be 1*4 : 1 . 
This ratio probably indicates too low a value for the intensity of the soft 
radiation, since the slower electrons are more strongly absorbed by the 
counter walls and the gas in the spectrograph. An attempt has been made 
to estimate the correction to be applied in order to allow for this effect and 
the corrected ratio of the intensities of the two components is apj)roxi- 
mately 2*1 : 1 * 0 . Considering the rather large corrections to be made, this 
estimate of the relative intensities is not inconsistent with Dunworth’s 
(1939) ratio of 2*6 : 1. The upper energy limit of the radiation has also been 
investigated by an absorption method, the recoil electrons producing coin¬ 
cidences in two thin-walled Geiger-Muller counters being gradually ab¬ 
sorbed out by aluminium sheets placed between the counters. A precise 
measurement was not possible as a well-defined end-point could not be 
obtained, but the result was in fair agreement with the value of 
( 2*02 ± 0*05) X 10 * eV given above. Recent measurements carried out in 
this laboratory by Townsend®* have shown that the difference in the upper 
energy limits of the >(?-ray spectra (Aiichanian, Alichanow and Dzelepow 
193 s; Brown and Mitchell 1936; Goerttner and Crane 1936) of ®®Mn is in close 

♦ In course of publicati<m. 
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enough agreement with our value from the y-ray measurements to support 
the view that the hard y-rays follow the emission of the soft /8-rays. 



Hp X 10® (gauas^cm.) 
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(d) Fluorine, The radiation emitted from fluorine during proton bom¬ 
bardment has been the subject of several investigations. Early experi¬ 
ments (Delsasso, Fowler and Liauritsen 1939) failed to decide whether the 
y-radiation consisted of a single line, or was more complex, but more 
recently Halpem and Crane (1939} have stated that theie is a single line 
at 5*8 X 10* eV. By the method of y-y ooincidenoes we have been able to 
show that the radiation is in fact homogeneous. The energy spectrum of 
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the seoondaiy electrons produced by the y-radiation has been investigated 
by means of the spectrograph, and the results are shown in figure 6. 

The form of the curve is precisely that which would be expected if the 
radiation consists of a single line, and the quantum energy of the y-ray is 
determined as (6*6 ± 0-2) x 10* eV. To carry out this experiment targets of 
barium or calcium fluoride wore deposited upon the target head of the tube 
T shown in figure 1, and were bombarded with a magnetically resolved 
proton beam. It was found that alight fluctuations in the position and in¬ 
tensity of this beam, though too slight to be recorded by the usual current 
measuring meter, caused a considerable change in the strength of the 
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effective y-ray source, and to overcome this difficulty a subsidiary Geiger 
counter was employed. This was placed close to the target heewi and was 
enclosed in an iron box to ensure efficient magnetic shielding. Using two 
scale-of-two counting meters, a count in the single counter was obtained 
over the same period as the triple coincidence count, and by plotting the 
ratio of these two counts as a function of Hp, the change in the source 
strength during the experiment was largely eliminated. It is this ratio 
which is plotted as the ordinate in figure 4 , where the energy of the 
bombarding protons is 7 x 10 * eV, 

It was shown also by means of the spectrograph that the quantum energy 
of the radiation ramamed unaltered when the bombarding proton energy 
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wBs changed, and it was therefore suggested (Dee, Curran and Strothers 
1939) that the radiation arises in the process 

«F + («»Ne) WQ* + *He ( 2 ) 

In the case of fluorine the analysis of the radiation by means of the spectro¬ 
graph was greatly facilitated by the high yield, and if sufficiently intense 
radiations can be obtained from other capture reactions it will also be 
possible to investigate their energy spectra rapidly and with accuracy. 

(e) Chhrine. The y-radiation from radio-chlorine, ^®C 1 , has been in¬ 
vestigated by Richardson {1936), who reported the presence of a weak line 
of energy 2-5 x 10® eV and a strong line of energy 2*0 x 10* eV. The experi¬ 
mental upper limit of the y^-ray spectrum (Kurie, Richardson and Paxton 
J936) is 4-8 X 10* eV, but analysis of the spectrum shows that it consists of 
two com|)onentH whose upper energy limits differ by about 3*7 x 10* eV so 
that the emission of radiation of total energy equivalent to this amount 
is to bo expected. The sum of the energies of the two lines reported by 
Richardson ( 4*5 x 10* eV) does not agree with the known energy difference 
of the y?-ray limits ( 3*7 x 10 * eV), although agreement is obtained if the 
K.-U. limits* of the /tf-spectra are employed. However, the assumption that 
the y-rays are emitted in cascade implies that their intensities should be 
equal, in disagreement with his measurements. The energy spectrum of the 
y-radiation has been measured by means of our spectrograph and the results 
are shown in figure 7 . The source of *®C 1 was prepared by bombardment of 
KCl with l/iA hr. of deuterons of energy 9-Ox 10* eV. The radio-chlorine 
was chemically separated and the period, determined simultaneously with 
the results of figure 7 , was found to be 37-5 min. This was taken as adequate 
evidence of the purity of the radioactive preparation. The ordinates of 
figure 7 represent the ratio of triple coincidences to y-ray counts obtained 
simultaneously with a standard counter, correction for decay being thus 
eliminated. The statistical fluctuation is less than 6 % for each of the points. 

From figure 7 we find that two strong y-ray lines are present, the energies 
being (1-66 ± 0 - 05 ) X 10* oV and ( 2-15 ± 0 - 06 ) x 10* eV. A plot of N/Bp 
against Hp shows that the relative intensities of the two lines are 3 ; 4 , 
and at the same time it reveals the presence of some softer radiation. These 
facts are in better agreement with the y?-ray data. The sum of the two 
quantum energies 3-76 x 10* eV is approximately equal to the difference in 
the experimental values of the upper energy limits of the )?-ray spectra.* 

• The K.-U. limits of the spectrum are 6*1 and 1-5 x 10* eV, and the emission of 
quantum energy of 4*6 x 10* eV, which is appreciably larger than the vahie obtained 
from our measurements, is therefore to be expected. However, the K.*U. limit of 
6*1 X 10* eV is very much greater than the observed limit of 4*8 x 10* eV. 
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The approximate equality of intensity of the two y-rays agrees with the 
assumption that they are emitted in cascade. A very small intensity of 
radiation of energy 2-6 x 10* eV is seen to be present. 



electron-energy 10* eV 
Fiauas 7 

We are indebted to those in charge of the Cambridge cyclotron for the 
preparation of the radioactive sources. One of us (J. E. S.) is indebted to 
the Department of Scientific and Industrial Research and to Newnham 
College for the award of grants. 


StTMMAEY 

Using the method of semicircular magnetic focusing of secondary elec¬ 
trons, it has been possible to construct an instrument which is suitable for 
the measurement of the quantum energies of y-radiation between the limits 
of about 0*5 and 16*0 x 10* eV, and which is capable of giving a reliable 
estimate of the relative intensities of the components of such radiation. 
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The deteoting system consists of three thin-walled Geiger-Miiller counters 
coupled to an amplifying system which records triple coincidences. The 
construction of the apparatus is such that it may be used for the analysis of 
y-radiation emitted during the bombardment of light elements by protons, 
as well as that emitted by radioactive sources. 

The apparatus was standardized by using the y-radiation from the active 
deposit of thorium. Its accuracy having been thus established, it was used 
in the investigation of the y-radiation from the sources **Na, ®*Mn and 
***01, and also the radiation emitted during the bombardment of fluorine 
by high-energy protons. The results are tabulated below: 


Source 

Quantum energies 

X 10«eV 

Relative intensities 

"Na 

1*46; 2 0; 3*03 

117 : 0*27 i 1*0 

«Mn 

0*91; 2 03 

21 : 10 

«C1 

1 * 66 ; 2*15 

3 : 4 


6*6 

— 


Befebenoes 



Aliohanian, Alichanow and Dzelepow 1935 NcUure, Lond,, 136, 267. 

Brown and Mitchell 1936 Phy 9 * 50, 693. 

Curran and Potrzilka 1939 Proc» (7am6. PhU. 80 c. 35, 309. 

Curran and Strothers 1939 Proc, Roy. Soc. A, 172, 72. 

Dee, Curran and Strothers 1939 Nature, Land., 143, 769. 

Delsasao, Fowler and Lauritsen 1939 Phya. Rev. 51, 527. 

Dunworth 1939 Nature, Land., 143, 1065. 

Ellis 1934 Rep. Intemai* ConJ. Phya. 

Ellis and Aston 1932 in Rutherford, Chadwick and Ellis, RadicUiona from Radio- 
active Suhatanoea. 

Feather and Dunworth 1938 Proc. Comb. Phil. Soc. 34, 442. 

Oaerttner and Crane 1936 Phya. Rev. 49, 793. 

Holpem and Crane 1939 Phya. Rev. 55, 206. 

Kikuohi et al. 1939 Pfoc. Phya. Ma;^. Soc. Jap. 21 , 260. 

Kurie, Richardson and Paxton 1936 Phya. Rev. 49, 368. 

Livingood and Seaborg 1938 Phya. Rev. 54, 391. 

Mitchell and Longer 1937 Phya. Rev. 52, 137. 

Rioliardson 1936 Pfi^a. Rev. 49, 203. 

— 1938 P/tj/tf. Rev. 53, 124. 

Richardson and Kurie 1936 Phya. Rev. 50, 999. 



Reciprocity failure of photographic materials at 
short exposure times* 

By W. P. Berg 

{Communicated by ( 7 . E. K. Meea, FM. 8 . — Received 28 November 1939) 

Eeoent work in which photographic materials were exposed at low tem¬ 
peratures (Berg and Mendelssohn 1938; Webb and Evans 1938; Berg 
1939a; Evans and HirschlafF 1939) has given results which can be explained . 
by the assumption that an electronic and an ionic process occur in the 
formation of the latent image (Trivelli 1928; Gurney and Mott 1938). At 
low enough temperatures these two processes are separated because the 
ionic mobility is reduced to zero and the ionic process is j^ostponed until 
the emulsion is warmed up prior to development, whereas the electronic 
mobility is but little afiFected, 

It should be possible to separate these two processes even at room tem- 
I)erature, because the electrons are much more mobile than the ions, and 
thus for sufficiently brief exposures the electronic process should be over 
before the heavier ions have moved appreciably. If this were correct, no 
difference would be found between exposures sufficiently short to make 
certain of this separation, and shorter exposures still. In other words, 
reciprocity failure, the occurrence of which has been accounted for by the 
electronic and ionic processes taking place side by side (Gurney and Mott 
X938), should disappear. The shape of the reciprocity curve is well repre¬ 
sented by a catenary over the range hitherto investigated (Webb 1935). 
According to the present argument the catenory-like curve would be ex¬ 
pected to bend over and become horizontal at its short exposure end. The 
longest exposure on the horizontal part of the curve should then bear some 
relation to the mobility and concentration of movable silver ions, and, 
in so far as these properties depend on temperature, the position of the 
‘‘bend-over point” should depend on temperature also. Experiments on 
these lines are imported below. 

♦ Communication No. 746H from the Kodak Eesearoh Laboratories, Harrow, 
Middlesex. 
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Experimental 
( 1 ) Th^ apparaina 

The apparatus used may be described as an intensity-scale sensitometer^ 
the general lay-out of which is shown in figure 1 . Exposures are made 
through a photographic step-wedge on film having a range of densities from 
0 to 4 , to the image of the ball of a 100 c.p. Pointolite lamp La. The image, 
7*5 mm. in diameter, is projected on to the wedge and film by means of a 
lens of 5 cm. focal length and aperture J’/l-O. The wedge is wrapped around 
the periphery of a drum D \ the wedge itself, the drum, and thin spacers 
between them form a pocket into which the film to be exposed is inserted. 
That part of the drum around which the film is placed forms a chamber ( 7 , 
which can be filled with a cooling medium. The drum is rotated by a 
gearless synchrorious motor (“Saja*’ gramophone cutting) giving speeds 
of 78 and 33 J r.p.m., simply by operating a switch. In some experiments 
the drum was also rotated at a slower rate by a small synchronous motor 
driving the periphery of the turntable by means of a small rubber disk. 

The exposure time is determined either by the speed of the drum and the 
width of a slit diaphragm just in front of the drum or by a fast sector 
shutters. In the latter case, the exposure consists of a series of small patches, 
one for each revolution of the sector, each patch being an image of the 
pointolite ball. In order to ensure that at least one of the exposed areas is 
clear of the dividing line between the steps of the wedge, the dimensions 
and the speed of drum, sector, and wedge, are so chosen that, on the 
average, two such exposures fall into each step of the wedge. Thus, the 
drum and sector motors need not be exactly synchronized, and to expose a 
film it is only necessary to o\)en an auxiliary shutter Sh for about one 
revolution of the drum. This is done by hand, the position of the drum in the 
dark being indicated by a small pilot lamp attached to it. 

The sector itself is made from cardboard for reasons of safety and carries 
several apertures, the edges of which consist of strips of black paper. The 
width of the narrow apertures is determined on a travelling microscope, 
the angle subtended by the large ones being determined directly. The 
accuracy is ± 2 % for the smallest aperture, and rather better than this for 
the larger ones. The sector is situated about 3 mm. away from the drum, 
and is rotated by a series-wound D.C. motor which is designed to go up 
to 10,000 r.p.m. The speed was not specially controlled but turned out to 
be constant to within ± 2 %. The various apertures of the sector are brought 
into action one after the other by sliding the lamp and the optical projectiing 



Beciprociiy failure of phoiogreuphic materials 561 

system, which form one unit, along a kinematic slide in the dkeotion of the 
double-headed arrow in figure 1. 

By these various means, a range of exposure times of firom l/3rd to 
l/300,000th sec. could be covered. 



(2) Procedure 

It was found that the PointoHte lamp could not be relied upon to give a 
constant output from one experiment to the next, although the supply 
voltage was controlled. For this reason, a constant control exposure was 
made with every exposure. To make this possible the sector had an aperture 
of constant angle close to every aperture, and these apertures were so 
arranged with respect to the image of the pointolite ball that one-half of 
that image was exposed through the control aperture, the other half 
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through the other apertiire. In the case of the diaphragm exposures, all the 
diaphragms had a control aperture separated from the other aperture by a 
narrow strip of black pai>er to avoid irradiation effects* In the evaluation 
of the results corrections were made if the individual control exposures 
deviated from the average control exposure, which itself contributes one of 
the points on the reciprocity curve. Further corrections were applied if the 
speed of the sector varied, as was verified by measuring the distances 
between the exposed areas on each piece of film. 

The lens aperture was occasionally altered to change the level of intensity 
incident on the wedge, but the accuracy of this adjustment was not high 
enough to vary the intensity in a reproducible fashion and was therefore 
only used to extend the range of the wedge. If this was done it was usually 
arranged that several points on the two sec^tions of reciprocity curve 
obtained at the two aperture settings overlapped so that the two curves 
could be fitted to each other properly. 

In order to obtain reciprocity curves from the measured densities, the 
photographic density of the wedge had to be accurately known, since the 
wedge was here the only means of varying the intensity on the film in a 
known manner. The density readings as obtained on a densitometer cannot 
be expected to represent exactly the changes in intensity on the film under 
working conditions, and the wedge was therefore calibrated photo¬ 
graphically, using the method described by Toy (1925). 

A serious source of error lies in the inefficiency of the shutter for the very 
shortest exposure times. For the exposure to be defined accurately, the 
shutter should be effectively in contact with the film. If this condition is 
not fulfilled, there will be a gradual rise in intensity up to the full value, 
which is maintained* for a time shorter than the nominal exposure time 
followed by a similar fall in intensity. The total exposure is not affected, but 
the effective exposure time cannot be defined properly, and the total time 
is longer than the nominal time of exposure. For the shortest exposure used 
here the logarithm of the total exposure time is equal to the nominal 
exposure time -f 0 * 4 ; for the next longer + 0 - 15 . A similar correction applies 
for the shortest diaphragm exposures. For the longer exposure times in 
both cases the corrections become negligible. The experimental points on 
the curves are drawn as ellipses elongated to cover the range of exposures 
from the nominal to the total exposure time. No corrections have been made 
to allow for the possibility that the effective exposure time might bo shorter 
than the nominal time, because any objection against the present results 
could only be based on the assumption that the effective time was longer 
than the nominal time. 
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For the experiments at reduced temperatures^ no attempts have been 
made to control the temperature of the film within close limits. The film 
was in contact with the metal drum, the metal itself being in contact with 
solid carbon dioxide. The step wedge was covered by an additional piece of 
clear film base in order to protect the wedge from condensed moisture. This 
piece of base would ice up considerably during any one experiment, but it 
was not necessary to remove the ice, since the change in intensity occa¬ 
sioned by this circumstance was taken care of by the control exposure. The 
ice would, however, cause the intensity level incident on the wedge to be 
different at room and low temperatures, so that the absolute ordinates of 
the reciprocity curves obtained at the two temperatures cannot be com¬ 
pared. The reproducibility was fairly satisfactory and showed that, although 
the temperature of the film was not actually that of the carbon dioxide, a 
definite equilibrium temperature must have been reached. This was checked 
by thermocouple measurements which showed the temperature to be about 
— 40 " C, equilibrium being reached 30 sec. after the film was inserted into 
the pocket. 

All the films belonging to one experiment were processed together in a 
normal metol-hydroquinone developer. 

Results 

Figures 2, 3 , 4 and 5 a show reciprocity curves of (I) a blue-sensitive, 
coarse grain, high-speed film at various densities, (II) of a blue-sensitive, 
fine grain, medium-speed film at two densities, and (III) and (IV) of two 

--l-OO t 



panchromatic medium grain, high-speed films. All these were ex{)osed at 
room temperature. These emulsions were chosen because of their widely 
varying reciprocity oharaoteristios. It is clear that reciprocity failure does 
disappear for all these emulsions at sofSoiently short exposure times. The 
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point where the curves bend over into the horizontal is, within the limits of 
accuracy, always at the same exposrae time of about 4 x 10~* sec., and 
independent of the type of emulsion or the density. The position of the 
bend-over point does, however, depend on temperature, as is shown by 
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curve 6 of figure 5 , which gives the reciprocity curve for film IV at ** 40 ® C. 
The bend-over point shifts towards longer exposures with decreasing 
temperature* 


Disoussioif 


The order of magnitude of the time of exposure at which the bend-over 
point occurs can be estimated theoretically in the following way. 

It is assumed that at any point on the horizontal portion of the reciprocity 
curve the sensitivity speck acquires a charge of N electrons before the first 
ion reaches the speck. This charge attracts N interstitial silver ions and 
neutralizes them, forming a mass of metallic silver large enough to make 
the grain developable (Gurney and Mott 1938). If the number of silver ions 
in interstitial positions per unit cell is C, these N ions are contained within 
a sphere of radius I, given by 


^ 3 y 

N iwC * 


( 1 ) 


wherep is the lattice constant, jp == 6‘78 x 10“® cm. The time t for the farthest 
ion to travel, assuming that the charge of the speck does not alter, is given 

by 

t sa 


I, 


‘ ^ 1 * 


( 2 ) 


where m is the ionic mobility, k the dielectric constant 13 ), and r the 
distance between the charge Ne and the ion. Thus finally 


^TtCme' 


( 3 ) 


or since Cme[p^ is the ionic conductivity {K) in e.s.u. due to the interstitial 
ions. 


Measurements of the ionic mobility and of the concentration of ions in 
interstitial positions over a limited range of temperatures on pure silver 
bromide melts, have been reported by Koch and Wagner (1937)* The 
logarithms of mobility (1) and of the concentration (2) are plotted against 
IjT in ^pite 6. The equations given by Kocb and Wagner have been used 
for the purposes of extrapolation. Curve 3 in figure 6 gives the conductivity 
as the product of mobility and concentration, curve 4 the conductivity from 
measurements by Toy and Harrison (1930) on silver bromide melts, and 
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curve 6 Bimilar meaBurementH on single crystals by Lehfeld (1933) over a 
wider range of temperatures. All the conductivities except 6 are plotted in 
relative units and the curves can thus only be used for comparing the slopes, 
i,e. the temperature coefficients. The absolute values of conductivity depend 
to a large extent on the history and state of purity of the material, and have 
not been determined at all by Toy and Harrison. Curve 6 covers the widest 
range of temperatures and shows a sudden bend at about room temperatures. 
The high temperature branch is parallel to the conductivity curve 3 as 
determined at high temperature by Koch and Wagner, The low temperature 
branch is parallel to the ionic mobility curve 1 and fits fairly well to curve 4 
by Toy and Harrison, which was also obtained at low temperatures. The 
obvious conclusion is that the ionic concentration does not change at tem¬ 
peratures below a certain critical point at about room temperature. This 
may be explained in two ways. Lehfeld (1933) suggests the change in his 
curve to be due to impurities which would cause surplus ions to be present, 
the number of which would be independent of temperature. Another 
explanation is that the number of interstitial ions is higher than that 
corresponding to the equilibrium temperature because the crystal has not 
been kept at that temperature sufficiently long for equilibrium to be 
reached (Koch and Wagner 1937). 

These data make it possible to evaluate equations (1) and (4). The 
distance I over which the farthest ions travel is of the order of 10“^ cm., if N 
is assumed to be equal to 1, and cm., for 1000, taking the value 
for C from curve 2 in figure 6 at room temperature {C = 8*3 x 10”*). This 
result is significant because it shows that the ions travel over distances 
which are much smaller than the average emulsion grain. In all ordinary 
emulsions, therefore, the grain size itself will not influence the position of 
the bend-over point. 

To evaluate equation ( 4 ), the value of the conductivity as determined by 
Lehfeld is the most reliable, viz. 9 x 10* abs. units. This total conductivity 
is about twice that due to the interstitial ions, since according to Koch and 
Wagner about one-half of the conductivity is due to the mobility of the 
holes left on the lattic?e when the interstitial ions are formed. Inserting, 
therefore. 4*6 x 10 ”® in equation ( 4 ), the time at which the bend-over shotild 
occtir, is found to be f = 2 x 10"^ sec. It is to be noted that this figure is only 
an approximation since the assumptions on which the calculation is based 
are somewhat artificial. Further, the conductivity of the iodo-bromide 
emulsion grains is probably higher than that of Lehfeld’s preparation. This 
would tend to decrease the time and bring it nearer to the experimental 
figure of 4 X 10”® sec. Since N, the number of ions forming the latent image, 
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does not appear in equation (4), the time at which the bend-over occurs 
should be independent, or substantially independent, of the sensitivity of 
the grains. This accounts for the fact that materials of different type and at 
different densities all have the bend-over points at the same time of 
exposure. 



It follows from the considerations given above that the shift of the bend- 
over point for temperatures below room temperature should depend on the 
ionic mobilities only. The ratio of the mobilities at the two temperatures 
+ 20® C and — 40® C is 1/120, and the ratio of the times for the bend-over 
points in figures 5a and 56 is 1/180. The agreement is satisfactory. 
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The fact that reciprocity failure disappears for sufficiently short exposures 
is consistent with the earlier result (Berg and Mendelssohn 1938), that 
reciprocity failure disappears at 90 ° K over the whole range of exposure 
times used. At that temperature the bend-over would be expected to occur 
at 10® sec. This was explained (Berg i 939 < 3 ^) by comparing the exposures at 
low temperatures with very brief exposures at room temperature and the 
present experiments are to be considered as confirming that suggestion. 
The loss iti sensitivity at low temperature was thought to be brought about 
essentially by the low capacity of the sensitivity specks (Webb and Evans 
1938) which was made responsible for any further electrons being repelled 
and trapped elsewhere (Berg 1939a). Whether trapping of electrons outside 
the sensitivity specks also occurs at room temperature cannot be deter¬ 
mined from these experiments. Evidence that this trapping does occur has 
been provided by other means (experiments by Brentano, see Berg 19396). 

The author wishes to put on record his thanks for the assistance with the 
experiments given by Mr S. E. Brett and Mr L. J. Sumner, and with the 
theoretical considerations given by Mr E. W. H. Selwyn. 

Summary 

Experiments at very high intensities and at various temperatures show 
that for sufficiently short exposures reciprocity failure disappears. The 
bend-over point in the reciprocity failure curve is shown to be connected 
with the mobility and concentration of the interstitial Ag+ ions, and below 
room temperature varies with temperature as the mobility. These results 
provide further confirmation that the latent image is formed by the 
aggregation and neutralization of silver ions on sensitivity specks. 
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On the photon component of cosmic radiation and its absorption co¬ 
efficient. By B. Rossi and L. JAnossy. {Communicated by R M. ;S’. Blackett, 
F,R,8,—Received 17 November 1939.) 

Photons, imlike ionizing particles, cannot be obsf^rved directly with counters. 
Owing to this difficulty very few investigations dealing with the phoUin component 
of cosmic radiation have been carried o\it. In the present paper a simple method is 
described which is suitable for the observations of cosmic *ray photons. The transition 
effect of photon-initiated showers in lead has been measured. The result is in agree¬ 
ment with the predictions of the cascade theory of Bhablia and Heitler as extended 
by Arley. The absorption coefficients of cosmic-ray photons have been measured 
in lead iron and aluminium and they agree with the theoretical values as given by 
Bothe and Heitler, The lower limit for the total flux of cosmic-ray photons, above 
10 ’ gV, has boon found to be 10 % of the ionizing component of the cosmic-ray beam. 


The combustion of aromatic and ailcyclic hydrocarbons. III. Ignition 
and cool-flame characteristics. By J. H. Burgoyne, D, M, Newitt imd 
T. L. Tano. (Communicated- by A. C, Egerton, Sec.RB.—Received 22 Not)em- 
her 1939.) 

The general ignition characteristics of eleven aromatic and alicyclic hydrocarbons 
have been investigated, and previous conclusions regarding their relative reactivity 
to oxygen are confirmed. 
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While benzene, toluene, and ethylbenzene show smooth ignition curves within the 
limits of presHuro available, the other hydrocarbons examined exhibit low-tempera¬ 
ture ignition systems and, except in the case of p-xylene, cool dames are propagated. 

Cyclohexane l>ehaves as a typical paraffin, but tetrahydrobenzene, while resembling 
the oledm^s in most respects, has cool-flame limits characteristic of the aromatic series. 

Chemical analyses of the ultimate products of slow combustion and ooobflamo 
reactions show that the two types of combustion yield similar ressults at the same 
temperature. The low-temperature systems of the aromatic hydrocarbons are similar 
to those of the })araftlns atul what differences occur appear to be conditioned merely 
by the relative stability of analogous int^jrmediate products. 


The combustion of aromatic and allcyclic hydrocarbons. IV. The kinetics 
of the slow combustion of benzene and its mono-alkyl derivatives at low 
temperatures. By J. H. Bubooynk, Ph.D. {CommnnivMed by A, C. 
Egertcm, Sec.R.8.—Received 22 November 1939.) 

The kinetics of the combustion of benzene and the four simplest mono-alkyl 
derivatives have been studied in the teraporaturo range between 250 and 400^ C, 
and the results compared with those previously obtained relating to the region above 
40(r (’. 

It is conoludod that, excepting in the cas(^ of benztme itself, the oxidation of these 
fiu'lH oonsists of t wo co-existent chain reactions, m is thought t<o he the case with the 
aliphatic hydrocarboriK als(j. Of these processes, one is predominant below 300" C 
and the other above 40tf‘ ( whilst in the intervening range of temperature the two 
mochaniems proceed on terms of approximate etjuality. The low-temperature reac¬ 
tion on intonsification gives rise to cool flames, wliile from the high-temperature 
mechanism a chain-thermal ignition results. The kinetic characU^ristics of the two 
processes are d<5monstrated and compared. 

In the intermediate tem|)erature zone (300-400" C), the prominence of the process 
of cool-flamt? initiation is thought to be the partial cause of the observed increase 
in the “order of reaction and it is suggcsttjd that the negative temperature coefficient 
is due to the mutual interaction of the co-existent chain reactions. 


The equilibrium and lattice-spacing relations in the system magnesium- 
cadmium. By W, HuMK-RoTHEEy, F.R.S. and G. V. Raynor. (Received 
23 November 1939.) 

The equilibrium diagram of the system magnesium-cadmium has been investigated 
by tlwrmal, microscopic, and X-ray methods. The liquidus and solidus curves pass 
smoothly from t he melting point of magnesium to that of cadmium, with no indication 
of a discontintiity characteristic of a f)eritectic reaction. Miorosoopio methods show 
no indication of a two-phase region above the temperatures of the superlattiee 
transformations. The supposed compound MgCd^ of Hume-Rothery and Eowell is 
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not a true conatituent of the system magnesium-cadmiutn, b\it is an oxide-nitride 
complex formed when the alloys are ex]x>sed to the atmosphere. It is formed most 
readily when the composition of the alloy corresponds with the formula MgCd,; 
a somewhat similar effect- has been noted in the system nickel-chromium. Tl)o two- 
phaae region claimed by Grul>e and Hchiedt is not confirmed. 

The lattice spacings of a complete series of alloys at 310^^ C have been measured 
with a high-temperaturo X-ray camera. The first additions of cadmium to magneshim 
cause a contraction of the a parameter of the unit cell, but have little effect on the 
axial ratio, so that the c pai'ameter contracts in almost the same proportion. With 
further additions of cadmium, the axial ratio increases slightly. The addition of 
magnesium to cadrrxiitm causes an expansion of the a parameter, but, at the same 
time, the axial ratio decreases so markedly that the c parameter diminishes, so that 
each metal decreases the c parameter of the other. A stage is then reached at which 
the solid solutions derived from magnesium and cadmium acquire identical lattice 
spacings, which persist unchanged over a narrow range of conxposition. I'hese effects 
are disotiased, and are shown to be in agreement with the Brillouin Zone theory 
developed by Jones. 


A current-meter for measuring turbulence. By A. T. Doodson, F.R.S. 
(Received 26 November 1939.) 

The measurement of tidal currents presents many difficulties, and many tyi)e8 of 
apparatus liave been designed witlx special objects in view. These types are reviewed 
and the advantages of instruments of imiversaJ types capable of recording tidal 
ciurents moment by moment, are emphasized. Instrmnents for recording turbulence 
need to bo very sensitive, yot robust, and the lack of suitable instruments led to the 
development of an electrically operated ouirent meter whiolx lias been constructed 
with the aid of grants from the Government Grant Committef5 of the Royal Society. 
The apparatus is described in detail. It is highly sensitive to weak currents, has 
a scale practically linear with the velocity of current, and it gives records os frequently 
as at intervals of 16 sec. If required, velocities only con be registered continuously 
on a very open time scale. It has been used at sea for many wf?eks, and heis given 
much satisfaction in performance. 


The thermal decomposition of nitrogen iodide. By F. R. Meldrum. 
(Communicated by W. E, Gamer, F.R,S.—Received 27 November 1939.) 

The thermal decomposition of nitrogen iodide lias been studied at low pressures 
and the reaction shown to be 2NHj.Nl8-> 2NHj,-f Nj-l-3Ij. The activation energy 
from the temperature coefficient and from calculations made with the aid of the 
Polanyi-Wigner equation is 13-19 kcal. The reaction is retarded by ammonia and 
water, and also by an iiwirease in pressim^ over the solid. 

The mechanism of the reaction is discussed in the light of the above I'esults and of 
the calorimetric results quoted in the following paper. 
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The heat of formation of nitrogen iodide. By F. B. Msldbttm. (Gom- 
municated by W. E, Garner, F.B.8.—Received 27 November 1939.) 

From measurements of the heat of reaction of nitrogen iodide with excess of aqueous 
hydriodic acid, it is shown that the heat of formation of nitrogen iodide from the 
elements is — 34 kcal./moL 


The reciprocity failure of photographic materials at short exposure times. 

By W. F. Bero. [Communicated by C, E, K. Mees, ER.8,—Received 
28 November 1939.) 

According to recent conceptions on the formation of the pliotographic latent image, 
electric and ionic movements occur side by side. For sirfflciontly short times of 
exposure, the electronic process should >>e over before the less mobile ions move 
appreciably. Thus, for a range of short exposure times up to a certain maximum, the 
latent image should be formed in essentially the same manner. Electronic and ionic 
processes are then completely separated, and reciprocity failure, whicli is explained 
by the simultaneous occurrence of these two processes, should disappear. This is 
found to be the case, and the maximum time at which reciprocity failure begins to 
occur is found to be of the order of 4x sec. at room tornfM^raturo for four 
differont emulsions, and irrespective of the density. This Tuaximum time can be 
calculated from data on ionic conductivity and agrees reasonably well with the above 
figure and also with the variation of the maximum with temperature. This is in 
agreement with the earlier result that at very low temperatures reciprocity failure 
was absent over the whole range of exposure times investigated. 


The effect of unilateral castration on the production of spermatozoa. 

By Joseph Edwards. {Communicated by J. Hammond, FM,S.—Received 
29 November 1939.) 

The effect of unilateral castration in the sexually mature rabbit on the production 
of spermatozoa has been studied quantitatively by means of semen exhaustion tests. 

The frequency of ooU€X5tion is shown to have kept pace with the rate of production 
of spermatozoa by the testis. Contrary to what occurs in the ovary, there is no hy|>er- 
trophy of spermatogenu! function or of weight of testis following unilateral castration. 
There is a highly signitieant positive relationehij) between the woiglit of the testicular 
substance and the numbers of sixirmatozoa which it iirtMluces. The passage of 
sjKsrmato/.oa through the epididymis may be acoornplishtKl in 4-^7 days. 
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The measurement of tides by means of the Fav£ pressure gauge. By 

R. H. CoRKAN, A. T. Doodson, F.R.S., and J. Proudman, F.R.S. {Received 
13 December 1939.) 

The measurements and analyses described in this paper were made with tlie object 
of calculating the variable parts of the components of the horizontal gradients of 
pressure in the sea. For such a purpose, and in the part of the Irish Sea considered, 
the principal harmonic constituent of the tidal elevation must have its amplitude 
determined to the nearest cm. and its phase determined to the nearest 0*3“. 

The instruments used were three models of the marSgraphe plongeur Fav6. Thougli 
this mstrument has bean described in great detail by its designer, very little has been 
previously published on results obtained with it. Our greatest diRlculties were in 
connexion with the calibration of the instruments. 

The results obtained from the records taken at sea may be regarded as giving a 
good determination of ihe principal harmonic constituent of the tides at the stations 
considered, but not sufficiently good for a reliable calculation of the horizontal 
pressure gradients. 

The investigation has given us very valuable experience, and when opportunity 
next occurs we intend to make further measurements. 


The dynamic constants of human muscle. By A. V. Hill, Seo.R.S. 
(Received 14 December 1939.) 

liie oharaoteristio equation of muscle is modffied to meet the case of a oonstant 
mass aoeelerated instead of a oonstant force overcome at uniform speed. 

The theory is compared with experimental results obtained on htiman arm musoles 
with an inertia wheel. The agreement is good. 
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The value of the dyxiamic oonatant 6 is deduced. Its order of eiae is muscle length 
per second. PJa cannot be very far from 4, its mean value in frogs’ mtisoie. 

The maxinium speed of shortening (unloaded) is determined experimentally. This 
is of the order of size P^h/a deduced from theory. 

The mechanical efficiency^ the optimum speed, the possibility of redex inhibition 
during rapid shortening, certain practical applications and some proposals for further 
reeearoh are discussed. 


The photolysis of ammonia. By E. A. B. Bibsk and H, W. Melvtllb. 
(Communicated by J, Kendall, F.R.S. — Recewed, 15 December 1939.) 

The anomalously low stationary hydrogen atom concentration during the photo* 
decomposition of ammonia is due either to the fact that the in’imary photochemical 
efficiency is not unity or that the hydrogen atoms are removed at an abnormally 
fast rate. It is shown by utilizing the para-hydrogen conversion that photodocom- 
poaing ammonia has no effect on the stationary hydrogen atom concentration of the 
conversion and therefore the low concentration of the ammonia photol 3 W must be 
due to inefficiency of the primary process. The primary efficiency is determined by a 
careful comparison of the mercury sensitized and the ammonia sensitized conversion 
of para-hydrogen. A method is developed for meastiring accurately the rate of pro¬ 
duction of hydrogen atoms, which method is essential to the foi*egoing determination. 
This primary efficiency is found to be 0*58. 

A method is also developed for measuring the lifetime of amine radicals. 

Similar experiments with trideuteroamraonia are also described. The primary 
efficiency is 0*28. 

A revised and simplified scheme for the ammonia photolysis is given as a result of 
these new experiments. 


The reaction of atomic hydrogen with hydrazine. By E. A. B. Birss 
and H. W. Mklville. (Communicated by J, Kendall, RR.S.—Received 
15 December 1939.) 

The efficiency of the reaction of atomic hydrogen witli hydrazine has been measured 
in the temperature range 20-200° C by comparison with that of the hydrogen atom 
sensitized conversion of para-hydrogen. A static system is employed, the hydrogen 
atoms being produced by excited mercury atoms. The energy of activation is nearly 
the same as that of the |>ara-hydrogen conversion, namely ca. 7 kcal, and the static 
fcMstor is ca, 10“**. From those residts it is shown that hydrazine is not responsible 
for the low stationary hydrogen atom concentration in the photolysis of ammonia 
as has hitherto been supposed. 

Althoiigh the hydrogen atoms react with hydrazine very efficiently the quantum 
efficiency of this reaction is only 0-4 instead of the expected value of 2. An exp^anatkm 
of this result is suggested. 
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It m ftlso shown that photodeoomposing hydrazino converts pora-hydrogen. This 
is taken to mean that the primary decomposition is represented by 

]Sr,H^4-hv=N,H, + H. 

The quantmn effloionoy of the mercury sensitized decomposition of hydrazine has 
been found to be 0*37. An explanation of this unexpectedly low value is given. 

A now simpMed method of analysing the ternary mixture p-H,—n-H,—is 
described. 


The phosphorescence of various solids. By J. T. Randall and M. H. F. 

Wilkins. {Communicated by M. L, E. Oliphant, F,R,8.—Received 18 
December 1939.) 

A complete understanding of luminesoenoe phenomena in solids involves the study 
of such properties as emission and absorption spectra, decay laws of phosphorescence, 
and photoconductivity. In this paper accurate results on the decay laws of phos¬ 
phorescence of a number of solids are given together with oorreeponding observations 
on photoconductivity. Measurements of thephosphort>8cenoeof pure and impure solids 
have been carried out by two methods. In the first and more accurate method the 
intensity of phosphorescence of an annulus of powder on a rotating disk was measured 
by means of a vacuum i)hotocelI and d,c. amplifier of the electrometer triodo type. 
In the second method an intermittent beam of ultra-violet radiation falls on a stationary 
specimen; during the illumination period the intensity of luminescence rises to an 
eqmlibrium value, afterwards decaying when the ultra-violet radiation is cut off. By 
allowing the varying luminescence radiation to fall on the primary cathode of an 
electron multiplier coupled with on ostjillograph, rise and decay curves of various 
solids can be obtained on the oscillograph scrcnsn and photographed for measurement. 

In general the results are not simple for compounds activated with impurity. Pure 
uranyl salts, however, give a simple exponential decay /= ; moreover, the salts 

are not photoconductors. The results confirm the idea that the luniinosoonce of these 
salts is a property of excitation states within the co-ordination group of the uranyl 
ion. The time of decay suggests that forbidden transitions are involved. Tungstates 
on the other hand are slightly photoconducting in tl>e pure state, and have a very 
faat decay. ^ 

A number of inorganic solids coixtaining manganese impurity have also been 
examined; these include cadmium chlorophosphate, zinc nu^odisilicate, cadmium 
silicate, cadmium borate, zinc beryllium silicates and zinc orthosiiioate. In all these 
solids the initial decay is approximately exponential with a slight curvature of the 
semidog plot convex with respect to the time axis. In the zinc beryllium silicates 
and in zinc orthosilioatt^ this curvature is more pronounced, and in the latter case 
develops into a long phosphorescent toil. In all cases, however, the slope is a function 
of time and not of phosphorescence intensity, thus showing that the decays ore not 
of the bimoleoular type. The photooonduction results show that the pure non- 
fluorasoent compounds and the impure fluorescent ones conduct in general to the 
saoie extent. We are inclined to the view that the photooonduction arises from 
secondary causes such as lattice defects or interstitial matrix atoms. In the solids 
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cAdmium ohlorophosphate, ziao mesodisIHoate, oadmkun oilioate^ and oadmium 
boxftte, we suggest that the decay law is of the type I a ZJ^e***; such a result can 
easily arise from the non-equivalent positions of impurity atoms in various parts 
of the crystal. From the slope of the semi-log plot the lifetime of the excited man¬ 
ganese ion may be calculated. 

The long tail observed for most zinc orthosiiioates can best be explained by sup¬ 
posing that the absorption process first sets free the excited electrons. This is followed 
by electron trapping probably in the neighbourhood of the manganese ions. The free 
electrons recombine with manganese ions very rapidly; these electrons, however, 
remain in the excited state an appreciable time, thus giving rise to the initial ex¬ 
ponential decay. The phosphorescent tail depends only on the rate at which ^ectrons 
are released thermally from trapped positions. 


Comparison of the acceleration due to gravity at the National Physical 
Laboratory, Teddington, and the Bureau of Standards, Washington. By 

B. C. Beowne and E. 0. Bullabd. {Communicated by Sir Oeraid Lenox- 
Conyngluim, F,R.8>—Received 20 December 1939.) 

The values of the acceleration due to gravity at the points used for the recent 
absolute determinations at the National Physical Laboratory, Teddington, and at 
the National Bureau of Standards, Washington, D.C., have been compared. The 
difference found is l‘O90, cm./sec.*. The difference between the two absolute deter¬ 
minations is I'lOl# cm./sec.*, whilst that deduced from previous indirect relative 
connexions is 1*095, cm./seo.*. The agreement is within the uncertainties of the 
measurements, and leaves little doubt that the hitherto accepted value at Potsdam 
is some seventeen parts in a million too groat. 


The kinetics of decarboxylation in solution. By P. Johnson and 
E. A, Moelwyn-Hitohes. {Communicaied by R. <?. W, Norriah, F.B.8. — 
Receivedie&l December 1939.) 

Tlie kinetics of the d€>oarboxylation of trichloracetic tribromaoetic, and trinitro- 
benzoic acids have been studied over extended temperature ranges in aqueous 
solution. The results oonfiiot with the formula of Arrhemus, and conform better to an 
equation of the type 

J E 

Inib s= c + InT——. 

The experimental values of J are found to be negative. Decarboxylation reactions 
thus come into line with catalysed and unoatalysed hydrolyses in aqtieous solution. 

Certain theoretical considerations are advanced to account for the observations. 
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Crystal boundaries in tin. By B. Chalmers. {Communicated by 
E, N, da C, Andrade, F.R.S, — Received 2 December 1939.) 

A new technique is described for preparing specimens of tin consisting of two 
crystals of controlled orientation, of such a size and shape that a tension can be 
applied transversely to the boundary. It is found that the temperature at which 
the crystals separate under tension is below the melting point of the crystalline 
material, and that the difference is independent of the angle l>etween tho crystal 
axes of the two crystals and of impurity providing this does not exceed about 
0*02 %. The mechanism of boimdary formation is considered, a distinction being 
drawn between two types of boundary described as columnar ” and ‘‘segregational”. 
The structure of the boundary is discussed in the light of tho new experimental 
evidence, which favours a ''transitional lattice” rather than an “amorphous layer” 
theory. 


The paedogenetic male cycle in Salmo salar L. By J. W. Jones and J. H. 

Obton. {Communicated by C. T, Regan, FR,S.—Received 11 December 1939.) 

• . 

In a further atiidy of the male sex phases throughout the year in salmon parr— 
accompanied by histological investigation of the gonad—the earlier observations 
have been oonffrmod. Some 2790 parr and smolts, oaptiued mainly by rod and line 
from Rngiiab and Welsh rivers, have been examined; 50 % of these were male. All 
the females are immattire virgins; the males exhibit a seasonal sexual cycle in 
which the gonad develops in the summer, becomes matxire in the autumn and is 
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spent in winter. After spawning, a high proportion of the mala parr migrate to sea 
as amolts. All the male smolts examined, i.e^ 490, had quiescent testes, being either 
spent or immature and virgin. It is hereby established that two types of male 
smolts migrate to sea. The gradual disappearance of ripe male parr during the 
spawning season (beginning about November) and the correlated appearance and 
increase of males with spent gonads renders it virtually certain that the ripe male 
parr spawn on the salmon redds. 

The temperature ranges in the rivers during the development of the male gonad is 
noted. 

The finding of only 60 % spent amongst the migrating smolt males as against 75 % 
ripe spending and spent male parr in the preceding spawning period, November and 
December, may be an indication of a slight mortality among the spawning males. 

The sex records given herein, along with those of ripe parr in the literature, leave 
no doubt that paedogenesis in the male of the Atlantic salmon occurs throughout 
its geographical range. 

The remarkable paucity of males amongst the younger classes of immigrating 
salmon noted by Hutton on the Wye may be general and be compensated biologically 
by the abundant paedogenetio males. 


Histological changes in the testis in the sexual cycle of male salmon parr. 

By J. W. JoNKS. {Omnmunicated by C\ T. RegaUy F,B,S.—Received 11 
Decewber 1939.) 

Over 2500 salmon parr and smolts have been examined for condition of the gonad. 
The male gonads were classified according to the nomenclature of the International 
Council. All female gonads were immature, and the development of the male gonad 
was fotmd to be seasonal. Bpermatogenetic development begins from late May to 
July, and ripe sperm was first noticed in late September. The greatest percentage of 
ripe testes was taken in late October and November (the adult spawning time), 
during which period ripe sperm was extruded on the application of slight pressure 
to the abdomen. From November-December to June-July spent testes in various 
stages were found. 

The ripening and spending of the testes may be followed maorosoopioally. The 
yoixngest teetos sampled are paired threaddike bodies extending the length of the 
body cavity. As development proceeds the testee widen anteriorly; such widening 
extends backwards with increase in sise. The ripe testes occupy almost all available 
space in the body cavity. The rosy pink colour of the thread-like immature testes 
changes to the greasy white of the almost ripe condition (stages IV and V), and even* 
tually the milky white of a rip© testis. 

As spawning proceeds a general collapee of the testee takes place, accompanied 
by a correlated series of colour changes. When almost all the sperm had been extruded 
the testes were similar in size to the II and II + developmental stages, but were of 
a peachy pink colour with white spots of relict sperm, and often with much relict 
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aperm in the wide collapsed ducts. In the last stage in spending which could be 
ascertained mac^osoopioally the testis was of a fawny colour with faint longitudinal 
striae, and had a rather wide duct. 

Spermatogenio changes in the tube-like stage I were confined to an inward 
migration of the germ cells and their transformation into germ mother cells. These 
cells are large with lightly staining nuclei and cyto|fiasm and one or two plaamo^ 
Somes; in the I-f- stage they are more numerous and begin producing occasional 
spermatogonia. Further increase in size of the gonads is correlated with an increase 
in the number of the later spermatogenio products. Sperm appears in the larger II + 
stages and is fairly abundant in the stage III gonads. Sperm increased in number 
at the expense of the earlier germ oalb. In the almost ripe stage V testis and the ripe 
stage VI the testicular crypts are full of sperm with a few spermatiib: secondary 
spermatocytes occur in the very tenuous crypt walk. 

With the collapse of the testes due to extrusion of the sperm the outer testicular 
tunica becomes thicker and folded, the crypt walk become more pronounced, anti 
the oiypt cavity decreases in size. Germ mother colb reappear in the emptied 
testes; it b thus possible that the testes may develop more than once in the river. 

No actively developing testes were found in the migrating fish. 


The dehydration of crystals of chrome alum. By J. A. Cooper and 
W. E. Garner, F.R.S. {Jteceived 27 December 1939.) 

Measurements have been made of the rate of growth of dehydration nuclei over 
the 111 surfaces of crystals of chrome alum for a range of temf^eratui'es. These rates 
have been compared with the rates of penetration into the crystal. The self-cooling 
of the crystals has been measured and the heat of dissociation calcifiated both from 
the self-cooling and the temperatiu-e ooeffioient of the dissociation pressure. The heat 
of dissociation, 10 kcal., b much less than the calculated activation energy for the 
dehydration, viz. 81 kcal. An explanation b advanced for the abnormally high 
activation energy. 

It b shown tliat small pressures of water vapoiu* cause an acceleration of the rate 
of dehydration. 


InveBtigations of Infra-red spectra. Determination of G—frequencies 
(^3000 in paraffins and olefins, with some observations on 

**polythenes^\ By J. J. Fox and A. E. Martin. {Ccmrnunic4ited by Sir 
Rob&rt S(^ertson, F.R.S. — Received 3 January 1940.) 

The infra-red absorption spectra of some twenty hydrocarbons in carbon tetra¬ 
chloride solution have been studied in the region /«with the following results: 

groups in ethylene and higher olefins give rise to two OH fieqiienoies with 
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mean values 3079 and 2978 oorteapunding, respeotivaty, to unaymmetiidat 

and symmetrioal valency vibrations of the CH, group. 

^CH groups in olefins have usually a single CH valency frequency close to 
3019 om.“^, i.o. almost half-way between the two bands of the group* The 

“CH frequency in saturated compounds is 2890 cm.“^ 

groups have normally two CH valency vibrations witli moan values 2926 

and 2868 om."S corresponding, respectively, to the unsymmetrical and syminetrioai 
vibrations within the CH, group. In long-chain paraffins the position of these bands 
and their intensity per OH, group remain remarkably constant from one compound 
to another. As found previously, bands additional to these two may occur in some 
oases. 

CH^ groups also have two main CH valency frequencies, corresponding to un* 
symmetrical and symmetrical vibrations within the CH, group. These frequencies 
are close to 2962 and 2872 cm, respectively, when the methyl group is attached to 
another carbon atom, but in methyl bromide the frequencies are 3049 and 2968 cm.“^, 
i.e. 87 and 86 cm. “'^ higher. The CH force constant in methyl bromide is almost 
exactly the same as in methane, and this indicates that the CH intemucloar distemce 
does not differ from that in methane by eis much as 0*001 A. The CH force oonstanl 
in a CH, group attached to a carbon atom is nearly 6 % lower tlian in.metiiane and^ 
methyl bromide. In saturated hydrocarbons the position of the methyl bands and 
their intensity per CH, group remain fairly constant, but when a methyl group is 
adjacent to a double bond, as in propylene, the positions and intensities of the bands 
vewy greatly from one oompoimd to another for comparatively small changes in the 
molecule. The band near 2872 om.‘"* is split in these compounds, the mean position 
of the two components being close to 2872 cm."'*. The total area of all the bands 
atfrributable to CH, groups in the unsaturated molecules, although somewhat lower 
tlian in sat\irated compounds, is still, however, approximately proportional to the , 
number of GH, groups present. 

Identification of the cia and <mna forms of 2-butylene is readily carried out by 
examination of the infra-red spectra. A striking resemblance exists between the 
speotrom of the trans form and that of propylene. 

Two samples of a polytliene (condensed ethylene resinoid) have been examined 
and have spectra similar to those of long-chain normal paraffins. A band at 2960 cm."^ 
characteristic of the methyl group is found in all cases and the proportion varies 
from 1 CH,: 8 CH, for the most soluble part of the polythenes to 1 CH,: > 0 CH, for 
the whole sample. The signifioance of these results in relation to X-ray examination 
is briefly discussed. 

CH force constants ore given for eleven varieties of CH bond, aaad mean integrated 
absorption areas are given for ^OH, ^CH, «=CH,, and CH, groups. 
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